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RECORDS OF PROCEEDINGS AT MEETINGS 





SESSION NOVEMBER, 1904—JUNE, 1905. 


Thursday, November 10th, 1904. 
ANNUAL GENERAL MEETING. 
Prof. H. LAMB, President, in the Chair. 


Present nineteen members and two visitors. 

Dr. G. H. Hallett was elected a member. 

The President referred to the losses sustained by the Society by the 
deaths of the late Prof. Pirie and Mr. R. W. H. T. Hudson. 

The Treasurer presented his Report. On the motion of the President, 
seconded by Prof. Hill, the Report was received. 

Dr. Leathem was appointed Auditor. 

Prof. Love, as Secretary, reported that the number of members at the 
beginning of the previous Session was 260. During the year the Society 
had lost 4 members by death and 1 by resignation. The number of new 
members elected was 14. The number of members at the beginning of 
the Session was 269. 

In connexion with the election of a Council and Officers for the ensuing 
Session, the President stated that Prof. Burnside was retiring from the 
office of Honorary Secretary. He expressed the appreciation of the Society 
of the services which Prof. Burnside had rendered during his tenure of the 
office, and referred to the advantage which had accrued to the Society 
through having had Prof. Burnside as a Secretary. 

The Council and Officers for the ensuing Session were elected. The 
list is as follows:—President, Prof. A.. R. Forsyth; Vice-Presidents, 
Prof. W. Burnside, Prof. E. B. Elliott, Prof. H. Lamb; Treasurer, Prof. 
J. Larmor; Secretaries, Prof. A. E. H. Love and Mr. J. H. Grace; other 
members of the Council, Mr. A. Berry, Mr. J. ZH. Campbell, Dr. J. W. L. 
Glaisher, Dr. EH. W. Hobson, Major P. A. MacMahon, Mr. G. B. Mathews, 
Mr. A. E. Western, Mr. E. T. Whittaker, Mr. A. Young. | 

Prof. Forsyth having taken the Chair, the retiring President, Prof. 
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Lamb, delivered an address on “ Deep-Water Waves.’ The Address 
was ordered to be printed in the Proceedings of the Society. 
The following papers were communicated :— 
*Note on the Application of the Method of Images to Problems 
of Vibrations: Prof. Volterra. 
*On the Zeroes of certain Classes of Integral Taylor’s Series (two 
papers): Mr. G. H. Hardy. 
*The Linear Difference Equation of the First Order: Rev. E. W. 
Barnes. 
Remarks on Alternants and Continuous Groups: Dr. H. I. Baker. 
*Expansions of the Elliptic and Zeta Functions of 2K in powers 
of g: Dr. J. W. L. Glaisher. 
*Hxamples of Perpetuants: Mr. J. EK. Wright. 
Two Simple Results in the Attraction of Uniform Wires obtained 
by Quaternions, with, for comparison, their Verification by the 
Geometry of the Complex: Prof. R. W. Genese. 
*On the Reducibility of Covariants of Binary Quantics of Infinite 
Order: Mr. P. W. Wood. 
A Theorem relating to Quotient Groups: Prof. G. A. Miller. 
+On certain Classes of Syzygies: Mr. A. Young. 





Thursday, December 8th, 1904. 
Prof. A. R. FORSYTH, President, in the Chair. 


Present fifteen members and a visitor. 
Messrs. H. W. Chapman, I. O. Griffiths, L. N. G. Filon were elected 
members. 
The following papers were communicated :— 
*On a Deficient Multinomial Expansion: Major P. A. MacMahon. 
+The Application of Basic Numbers to Bessel’s and Legendre’s 
Functions (Second Paper): Rev. F. H. Jackson. 
*On Groups of Order p*q® (Second Paper): Prof. W. Burnside. 
+On the Failure of Convergence of Fourier’s Series: Dr. H. W. 
Hobson. 
+An Extension of Borel’s Exponential Method of Summation of 
Divergent Series applied to Linear Differential Equations : 
Mr. EK. Cunningham. : 
On the Linear Differential Equation of the Second Order: Prof. 
A. C. Dixon. 








* Printed in Proceedings, Ser. 2, Vol. 2. t Printed in this volume. 
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Thursday, January 12th, 1905. 
Prof. A. R. FORSYTH, President, in the Chair. 
Present seventeen members and a visitor. 
Mr. O. Glauert was elected a member. 
Messrs. J. H. Jeans and H.W. Chapman were admitted into the Society. 
The President stated that the Report of the Auditor had been received. 
On the motion of the President, seconded by the Rev. F. H. Jackson, the 
Report of the Treasurer (presented in November) and the Report of 
the Auditor were adopted, and the thanks of the Society were given to 
the Treasurer and Auditor. 
The following papers were communicated :— 
Basic Generalisations of well known Analytic Functions: Rev. 
I’. H. Jackson. 
*Current Flow in Rectangular Conductors: Mr. H. Fletcher Moulton. 
*On the Kinematics and Dynamics of a Granular Medium in Normal 
Piling: Mr. J. H. Jeans. 
*Generational Relations for the Abstract Group simply isomorphic 
with the Group LF[2, p”|: Dr. W. H. Bussey. 
*On Alternants and Continuous Groups: Dr. H. F. Baker. 
*A Generalization of the Legendre Polynomial: Mr. H. Bateman. 
“A Class of Expansions in Oscillating Functions: Prof. A.C. Dixon. 
Isogonal Transformation and the Diameter Transformation: Mr. 
H. L. Trachtenberg. 


Thursday, February 9th, 1905. 
Prof. A. Ri: FORSYTH President. insthesG hair 

Present sixteen members and a visitor. 

Mr. E. Cunningham was elected a member. 

Dr. L. N. G. Filon was admitted into the Society. 

The President referred to the loss sustained by the Society by the 
death of Mr. R. Tucker, who was Honorary Secretary for thirty-five years, 
and moved a resolution of condolence with Mr. Tucker’s surviving relatives. 
This was seconded by Dr. Glaisher and carried unanimously. 

The following papers were communicated :— 


*On the General Theory of Transfinite Numbers and Order Types : 
Dr. E. W. Hobson. 


*On the Function 5 a Mr.-G. Hy Hardy 
n=1 








* Printed in this volume. 
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*On the Reducibility of Covariants of Binary Quantics of Infinite 
Order. Part HI.: Mr. P. W. Wood. 

*The Maclaurin Sum-Formula and the Asymptotic Expansion of 
Integral Functions of Finite Non-zero Order: Rev. E. W. 
Barnes. 





Thursday, March 9th, 1905. 
Prof. A. R. FORSYTH, President, and, temporarily, Dr. E. W. HOBSON, 
in the Chair. 
Present eighteen members and a visitor. 
Dr. W. H. Eccles and Mr. J. F. Cameron were elected members. 
Dr. W. H. Eccles and Mr. H. Bateman were admitted into the Society. 
A cabinet photograph of the late Mr. Tucker was placed in the 
Society's Album by Prof. Hill. 
The following papers were communicated :— 
“On the Projection of two Triangles on to the same Triangle: Prof. 
M. J. M. Hill, Dr. L. N. G. Filon, and Mr. H. W. Chapman. 
*The Weddle Quartic Surface: Mr. H. Bateman. 
“On the Complete Reduction of any Transitive Permutation Group ; 
and on the Arithmetical Nature of the Coefficients in its 
Irreducible Components: Prof. W. Burnside. 
*On the Theory of the Logarithmic Potential: Prof. T. J. I’A. 
Bromwich. ; 
“Alternative Expressions for Perpetuant Types: Mr. P. W. Wood. 
Prof. Forsyth made an informal communication : 
“On the Theory of Geodesics.”’ 





Thursday, April 18th, 1905. 
Dr. E. W. HOBSON in the Chair. 
Present nine members and a visitor. 
The following papers were communicated :— 
*On Irreducible Jacobians of Degree Six: Mr. P. W. Wood. 
*Ordinary Inner Limiting Sets in the Plane or Higher Space : 
Dr. W. H. Young. 
+Note on a case of F(a, 8, y, 6, ¢, 1): Rev. F. H. Jackson. 
Informal communications were made as follows :— 
+Fermat’s Numbers and the Converse of Fermat’s Theorem: Mr. 
A. K. Western. 
On the Strains that accompany Bending: Prof. A. E. H. Love. 





* Printed in this volume. 
+ Abstracted in this volume under the heading ‘‘ Notes and Corrections.’’ 
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Thursday, May 11th, 1905. 
Prof. A. R. FORSYTH, President, in the Chair. 


Present eighteen members and two visitors. 
Mr. W. M. Roberts was admitted into the Society. 
The following papers were communicated :— 
*On the Intersections of two Conic Sections: Mr. J. A. H. Johnston. 
On a System of Conics yielding Operators which annihilate a Cubic, 
and its bearing on the Reduction of the Cubic to a Sum of 
Four Cubes: Mr. H. G. Dawson. 
Informal communications were made as follows :— 
+High Pellian Factorisations: Lt.-Col. A. Cunningham. 
The Stability of a Loaded Column : Prof. A. EK. H. Love. 





Thursday, June 8th, 1905. 


Prof. A. R. FORSYTH, President, and, temporarily, Prof. W. 
BURNSIDE, Vice-President, in the Chair. 


Present eleven members. 
Mr. V. Ramaswami Aiyar was elected a member. 
The President announced that the De Morgan Medal for 1905 had 
been awarded to Dr. H. F. Baker for his researches in Pure Mathematics. 
The following papers were communicated :— 
*On the Conditions of Reducibility of any Group of Linear Sub- 
stitutions: Prof. W. Burnside. 
*On Criteria for the Finiteness of the Order of a Group of Linear 
Substitutions: Prof. W. Burnside. 
tOn a Class of many-valued Functions defined by a Definite 
Integral: Mr. G. H. Hardy. 
Informal communications were made as follows :— 
The First Principles of Cauchy’s Theory of Functions: Mr. G. H. 
Hardy. 
Differential Kquations whose Integrals are expressible by Partial 
Quadratures: Prof. A. R. Forsyth. 





* Printed in this volume. 
+ Abstracted in this volume under the heading ‘‘ Notes and Corrections.’’ 
{ Printed in this volume with the title ‘‘ On a Class of Analytic Functions.’’ 


LIBRARY 


Presents. 


Between January and October, 1905, the following presents were 
made to the Library :— 


From the Right Hon. Sir James Stirling :— 


C. G. J. Jacobi. —‘‘ Gesammelte Werke,’’ 7 vols., and Supplement ; Berlin, 1881-1891. 
H. Resal.—‘‘ Méchanique Générale,’’ 7 vols. ; Paris, 1873-1889. 


From La Société Hollandaise des Sciences :— 


‘‘ uvres Complétes de Christiaan Huygens,’’ vol. 10; Harlem, 1905. 


From the respective Authors or Publishers :— 


Anthony, E.—‘‘ Decimal Coinage and the Metric System’”’ ; London, 1905. 

Dini, U,—‘‘ Studii sulle Equazioni diff. lineari.”’ 

Kiepert, L.—‘‘ Grundriss der Diff.- u. Integral-Rechnung,’’ Teil 1., 10e Auflage, ed. Dr. M. 
Stegemann ; Hannover, 1905. 

Kiseljak, M.—‘: Zahlentheorie eines speziellen Systems von komplexen Gréssen’’; Bonn, 
1905. 

Lucas, A. Santos.—‘‘ Quelques Mots sur Mathématiques en Portugal.’’ 

Picard, E.—‘‘ Sur le Développement d’ Analyse ’’ ; Paris, 1905. 

Zeuthen, H. G.—‘* Théoréme de Pythagore,’’ and ‘‘Gebrauch u. Missbrauch historischer 
Benennungen.”’ 


Breslauer Naturforscher- Versammlung, Verhandlungen, 1905. 

Hamburg: Math. Gesellschaft, Mittheilungen, bd. 4, heft 5, 1905. 

Indian Engineering, vol. 35, nos. 26, 27, 1904; vol. 37, 1905; vol. 38, nos. 1-12, 1908. 
La Plata, Buenos Aires: Demografia, afios 1900, 1902. 

London: Mathematical Gazette, vol. 3, nos. 50-52, 1905. 

London: Educational Times, vol. 58, nos. 526-530, 1905. 

London: Educational Times, Math. Questions and Solutions, vol. 7, 1905. 
Nautical Almanac for 1908 (presented by the Admiralty). 

Paris: L’Enseignement Math., ann. 7, nos. 1-5, 1905. 

Sad Paulo, Brazil: ‘‘ Revista da Soc. Scientifica,’’ no. 1, 1905. 

South African Association for the Advancement of Science, Report, 1904. 

Tokyo: Mathematico-Physical Soc., Sagaku, vol. 2, nos. 13-20, 1905. 

Warsaw : Wiadomosci Matem., tom 8, zeszyt 4-6, 1904; tom 9, zeszyt 1, 2, 1905. 


Exchanges. 


Between January and October, 1905, the following exchanges were 
received :— 
American Journal of Mathematics, vol. 27, nos. 1, 2, 3, 1905. 
.American Mathematical Society, Transactions, vol. 6, nos. 1, 2, 3, 1905. 
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X LIBRARY. 


American Mathematical Society, Bulletin, vol. 11, nos. 4-10, 1905; vol. 12, no. 1, 1905. 
American Philosophical Society, Proceedings, vol. 43, no. 178, 1904 ; vol. 44, nos. 179, 180, 
1905. 
Amsterdam: Nieuw Archiev, deel 6, stuk 4, 1905; deel 7, stuk 1, 1905. 
Amsterdam : Revue Semestrielle, tome 138, pts. 1, 2, 1905. 
Amsterdam: Wiskundige Opgaven, deel 9, stuk 3, 1905. 
Belgique : Académie Royale des Sciences, Annuaire, 1905. 
Belgique : Académie Royale des Sciences, .Bulletin, 1904, no. 12; 1905, nos. 1-5. 
Berlin: Jahrbuch iiber die Fortschritte, bd. 33, heft 3, 1905; bd. 34, heft 1, 1905. 
Berlin: Journal fiir die Mathematik, bd. 128, hefte 3, 4, 1905; bd. 129, hefte 1, 2, 1905; 
bd. 130, hefte 1, 2, 1905. 
Berlin : Sitzungsberichte der K. Preuss. Akademie, 1904, nos. 41-55 ; 1905, nos. 1-35. 
Bordeaux : Société des Sciences, Mémoires, tome 2, cah. 2, 1904. 
Bordeaux: Société des Sciences, Procés- Verbaux, 1904. 
Cambridge Philosophical Society, Proceedings, vol. 18, pts. 1, 2, 1905. 
Cambridge, Mass. : Annals of Mathematics. vol. 6, nos, 2-4, 1905. 
Catania: Accademia Gioenia, Atti, Ser. 4, vol. 17, 1904. 
Catania: Accademia Gioenia, Bollettino, fasc. 80-83, 1904 ; fasc. 84-86, 1905. 
Coimbra: Jornal de Sciencias Mathematicas, vol. 15, no. 5, 1905. 
Edinburgh: Mathematical Society, Proceedings, vol. 21, 1903. 
Edinburgh: Royal Society, Proceedings, vol. 24, nos. 4-6, 1903 ; vol. 25, no. 1, 1904. 
Edinburgh : Royal Society, Transactions, vol. 40, pt. 3, 1903. 
Erlangen: Physik.-medicin. Societat, Sitzungsberichte, bd. 36, 1904. 
France: Société Mathéematique, Bulletin, tome 32, fasc. 4, 1904; tome 33, fasc. 1-3, 1905. 
Gottingen: Konigl. Gesell. der Wissenschaften, Nachrichten, Math. Klasse, 1904, heft 6; 
1905, hefte 1-3. 
Gottingen : Kénigl. Gesell. der Wissenschaften, Mittheilungen, 1904, heft 2 ; 1905, heft 1. 
La Haye: Archives Néerlandaises, tome 10, liv. 1-4, 1905. 
Leipzig: Beiblatter zu den Annalen der Physik, bd. 29, hefte 1-19, 1905. 
Leipzig : K. Sachsische Gesell., Math. Klasse, Berichte, 1904, no. 5; 1905, nos. 1, 2. 
Leipzig: K. Sichsische Gesell., Math. Klasse, Abhandlungen, bd. 29, nos. 3, 4, 1905. 
Livorno: Periodico di Matematica, anno 20, fasc. 4-6, 1905 ; anno 21, fase. 1, 1905. 
Livorno: Periodico di Matematica, Supplemento, anno 8, fasc. 3-9, 1905. 
London: Royal Society, Proceedings, vol. 74, nos. 503-506, 1905; vol. 75, pt. 4, 1905; vol. 76, 
Series A, nos. 507-512, 1905; vol. 76, Series B, nos. 507-512, 1905. 
London: Royal Society, Transactions, Series A, vol. 204, 1905. 
London: Royal Society, Evolution Committee, Report 2, 1905. 
London: Physical Society, Proceedings, vol. 19, pts. 5, 6, 1905. 
London : Institute of Actuaries, Journal, vol. 37, pts. 5, 6, 1903; vol. 38, pts. 1-3, 1903-4. 
London : Institution of Naval Architects, Transactions, vol. 45, 1903. 
London: Nat. Physical Laboratory, Report, 1904; Collected Researches, vol. 1, 1905. 
London: Nature, vol. 71, nos. 1837-1852, 1905; vol. 72, 1853-1863, 1905. 
Manchester Literary and Philosophical Society, Memoirs, vol. 47, pts. 3-6, 1903; vol. 48, 
pt. 1, 1903. 
Marseille : Annales de la Faculté des Sciences, tome 14, 1904. 
Milano: Reale Istituto Lombardo, Memorie, vol. 20, fasc. 3, 4, 1905. 
Milano: Reale Istituto Lombardo, Rendiconti, vol. 37, fasc. 17-20, 1904; vol. 38, fase. 1-4, 1905. 
Napoli: Accademia delle Scienze, Rendiconti, vol. 10, fasc. 8-12, 1904; vol. 11, fasc. 1-3, 
1905 ; Indice, 1737-1903. 
Odessa : Société des Naturalistes, tome 26, 1904; tome 27, 1905. 
Palermo: Rendiconti del Circolo Matematico, tomo 19, 1905; tomo 20, fasc. 1, 1905. 
Paris: Bulletin des Sciences Mathématiques, tome 29, Jan.—Aoiat, 1905. 
Roma: Reale Accademia dei Lincei, Rendiconti, vol. 13, sem. 2, fasc. 12, 1904; vol. 14, 
sem. 1, and sem. 2, fasc. 1-5, 1905. 
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Roma: Reale Accademia dei Lincei, Rendiconto dell’ Adunanza Solenne, vol. 3, 1905. 
Stockholm : Acta Mathematica, bd. 29, pts. 2, 3, 1905. 

Toulouse : Faculté des Sciences, Annales, tome 6, fasc. 3, 4, 1904; tome 7, fasc. 1, 2, 1905. 
Wien: Monatshefte fiir Mathematik, jahr. 16, 1905. 

Zurich: Vierteljahrsschrift, 1906. 


International Catalogue of Scientific Literature. 


In the year April, 1904, to March, 1905 (inclusive), the following 
exchanges were sent in the first instance to Prof. Love to be indexed for 
the International Catalogue of Scientific Literature :— 


‘¢ Proceedings of the Edinburgh Mathematical Society,’’ Vol. xx11., 1904, and Index of 
Vols. 1.-xx. 

‘¢ Proceedings of the Royal Society of Edinburgh,’’ Vol. xxv., Nos. 2-6, 1904-6. 

‘¢' Transactions of the Institution of Naval Architects,’’ London, 1904. 

‘« Journal of the Institute of Actuaries,’ Vol. xxxvut., Pts. 4-6, and Vol. xxx1x., Pt. 1, 
1904-6. 

‘* Proceedings of the Manchester Literary and Philosophical Society,’’ Vol. xtvur., Pts. 2, 3, 
and Vol. xuix., Pt. 1, 1904-5. 


The following also were sent especially for the purposes of the 
Catalogue :— 


‘¢ Mathematical Gazette,’’ Nos, 45-50; London, 1904-6. 

‘‘ Educational Times,’’ Nos. 516-527 ; London, 1904-5. 

‘¢ Journal of the Royal Statistical Society,’’ Vol. xuvir., Pts. 1-4; London, 1904. 

‘‘ Transactions of the Royal Society of Edinburgh,’’ Vol. xzz., Pt. 1, 1904. 

‘‘ Transactions of the Insurance and Actuarial Society of Glasgow,’’ Series 5, Nos. 15, 16, 
1904. 


OBITUARY NOTICE 


ROBERT TUCKER 
[For this notice the Council is indebted to Prof. M. J. M. Hill. | 


Ir was with a deep sense of responsibility that the writer of this 
notice undertook the task, committed to him by the Council of the 
London Mathematical Society. The Council desired that an adequate 
presentment of the life and work of one who counted for so much in 
the fortunes of the Society should be prepared for the Proceedings. 
Without the kindly co-operation of several members of the Society, 
and of others acquainted with the work of our late honoured Secretary, 
no approximation to the desired ideal would have been possible. 
Fortunately, the most ready help has been rendered by those to whom 
the writer has applied for imformation. 


Mr. Tucker’s Lire.* 


Robert Tucker was born at Walworth, in Surrey, on April 26th, 1832. 
His immediate forefathers were men of the Isle of Wight who had 
probably migrated from Devon or Dorset; and his near kinsmen were, 
for the most part, of military profession, and therein did good service 
for the King. His father, Robert Tucker (who died in his son’s early 
infancy), was in the Commissariat branch of the Army during the 
Peninsular War. His mother, Fanny Tucker (husband and wife being 
second cousins), was daughter of Richard Tucker, who was for many 
years in His Majesty’s Customs. Uncles on both sides followed careers 
of equal loyalty. His father’s brother, Richard Tucker, served also in 
the Commissariat in the Peninsular War, and afterwards was manciple 
at the Charterhouse. 

Robert Tucker’s early training commenced at a school in Newport. 
Later on he was transferred to the “ Woodard” School at New Shoreham, 
of which the temporary head was his cousin, Henry Jacobs, Michel Fellow 
of Queen’s College, Oxford, and afterwards Dean of Christchurch, New 
Zealand. 





* This account is taken in substance from an article in the University College Magazine, by 
one of Mr. Tucker’s former pupils, Mr. Geoffrey T. Bennett, who has kindly placed the article 
at the writer’s disposal. 
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It was with this cousin’s assistance and advice that he became a 
candidate for a sizarship at St. John’s College, Cambridge. The first 
attempt was unsuccessful; but a second, in the followimg year, was 
rewarded, and the Johnian freshman entered upon his University career 
in the Michaelmas term of 1851. 

St. John’s in those days was, doubtless, not greatly different from the 
St. John’s of to-day; yet, at least, some present features must be 
counted new, and some few old ones have disappeared. ? 

The Hagle, the faithful chronicle of all good Johnians since 1858, 
was not then fledged. In the matter of college examinations, the viva 
voce and the ‘“‘ Seven Devils’ had yet to disappear. ‘The latter, thus 
profanely nick-named, was nothing worse than an examination paper in 
algebra, consisting of seven problem-puzzles of the most trying de- 
scription, in which the data mostly translated themselves into simul- 
taneous equations in an appalling number of unknowns. The mathematical 
‘“vivas’’ must have been truly a terror. Imagine being asked to expand 
tan a in series to the first few terms as a mental exercise! Such is one 
of the recollections of the subject of this notice, nor did his success 
stop at the first term of the expansion. How many of us would get 
beyond the cheerful « with which we should promptly start ? 

The reward of steady work did not fail: three years later he was 
promoted to a Foundation Scholarship, and in the Tripos lst of 1855 
he came out thirty-fifth Wrangler. He next turned his attention to 
Hebrew, gaining a prize for his effort, and afterwards to Moral Science, 
in which he was beaten only by his friend Leonard Courtney, second 
Wrangler of the same year, and afterwards Member of Parliament for 
Bodmin. At this time he had the intention of undertaking the Voluntary 
Theological Tripos, which was soon afterwards abolished. His plans, 
however, were changed, and he took his first mastership under the Rev. 
J. R. Pears, of Windlesham, Bagshot, who was the Head Master of a pre- 
paratory school for Haileybury. After eighteen months spent here, there 
followed a short period of mastership at a private school (Mr. John 
Ogle’s) in St. John’s Wood. In February, 1859, he took his M.A., and 
went as a master to the school of the Rev. J. A. Wall at Portarlington. 
Here he taught, with success, for five years. Among the pupils he recalled | 
with pride the name of W. M. J. Morgan, who afterwards took a brilliant 
degree at Trinity College, Dublin, and became Head Master of the Royal 
School, Armagh. In 1864 he returned to the Isle of Wight for a year’s 
rest. After this he took a mastership at Brighton College, where he 
had part charge of the Civil and Military Department. In September, 
1865, University College School had need of a successor to the late 
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George Campbell De Morgan as Mathematical Master. The Head Master 
of the school, Professor Key, influenced chiefly by the warm support of 
Mr. Tucker’s candidature by Isaac Todhunter, appointed him to the post 
which he was to fill so well until July, 1899. He is remembered 
with respect and affection by all those pupils who had the good fortune 
to come within the sphere of his influence. As to his success as a 
teacher, let the Tripos lists of the University of Cambridge bear evidence. 

In the year 1865 there was founded the London Mathematical Society, 
and in October Mr. Tucker was elected a member. This was followed, in 
November, 1867, by his appointment to the Honorary Secretaryship of 
the Society, which office he held until 1902, and to his work therein 
a special section of this notice is devoted below. 

In April, 1866, he married Elizabeth Byles, the only daughter of 
William Byles, of Freshwater, by whom he had three daughters. 

In 1871 the Association for the Improvement of Geometrical Teaching 
was formed. The impulse to which the origin of this Society was due 
was given in a correspondence in Nature, in which Mr. Tucker took part ; 
and its success was in no small measure due to his influence and geo- 
metrical enthusiasm. This Association he first served as local Secretary 
for London, and subsequently as Honorary Secretary and Vice-President. 

In the year 1896 he was elected an Honorary Fellow of the College 
of Preceptors. 

To his duties as master were added, for a long period of years, those 
of examiner at South Kensington, the College of Preceptors, and the 
Scotch Education Department. It is difficult to record this without 
a groan. How much of the energy of the teaching profession is expended 
upon a system which an unenlightened public opinion insists upon 
demanding! Will the members of that profession never earn a living 
wage for their professional services? Mr. Tucker, at any rate, did not. 
Though he resigned his mastership after a period of service and at an 
age which entitled him to rest, it was necessary for those who knew the 
obligations of mathematical science to his unselfish devotion to make 
an application to the Crown for a Civil List pension. In this application 
they were happily successful—a pension of £40 a year being obtained in 
the year 1900. Though small in amount, it must have relieved to 
some extent the anxiety which weighed upon him. 

The members of the Society will learn with sorrow that, when he 
left London for Worthing in 1902, he was obliged to sell his fine mathe- 
matical library, and that the necessity of parting with it affected him 


deeply. He died at Worthing on January 29th, 1905, after a long 
period of illness. 
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As SECRETARY. 

The first meeting of the Society which Mr. Tucker attended was 
held on the 20th November, 1865, when he made the acquaintance of 
the then President, Augustus de Morgan, of Sylvester, and of others 
who have made valuable contributions to mathematics. On the death 
of the younger De Morgan in 1867 he succeeded him as Secretary to 
the Society. He told the Society that from this latter date, until he 
vacated office in 1902, he was absent from only three meetings of the 
Society. He edited the Proceedings from No. 12 to No. 766. Comparing 
this editorial work as it was when he began with what it had become 
when he laid down his office, we may note that Vols. 1. and 1. contain 
110 and 256 pages respectively, and extend over four years (1865-9), 
whilst Vol. xxrx. (1897-8) contains 741 pages and extends over one 
Session only. Only one meeting of the Society failed through the 
absence of a quorum during the whole period of his tenure of office. 

It is impossible to estimate the value and the extent of his services 
to the Society, especially during its early years. No one was so anxious 
as he to obtain new members for the Society, and for it no one worked 
with more unselfish devotion. The large amount of time which he 
devoted to the Minutes of the Society, to the editing of the Proceedings, 
and to the correspondence with authors of papers, involved great personal 
sacrifice to one so ill-paid for his professional work. To his unfailing 
promptness and courtesy in conducting that correspondence is largely 
due the successful establishment of the Society upon its present assured 
foundation. 

In his Presidential Address on November 10th, 1898, Prof. Elliott 
said of Mr. Tucker: ‘‘ Nearly all the papers which the Society has 
ever received have caused him correspondence. Sixteen Presidents have, 
like myself, found their office free from anxiety because of his and 
his colleagues’ assiduity. There has been no limit to the burdens he 
would willingly take upon himself in his absolutely unselfish devotion 
to the interests of the Society. Such a use of what might have been 
the leisure of half a life-time has put mathematical science under an 
obligation for which no gratitude would be excessive. May he long be 
good enough, and have the health and strength, to add to this load of 
obligation ! ”’ 

His tenure of office was unique. In most cases the secretary of a 
scientific society, after a few years of service, passes on to one of the 
higher offices, and then withdraws gradually from active co-operation 
in its work. He held this office for thirty-five years without loss or 
diminution of interest in its work. 
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In 1902, when he ceased to live in London, he resigned the office 
of Secretary, and the Society unanimously passed, on the 13th November, 
on the motion of the President, seconded by Dr. Glaisher, the following 
resolution :— , 

“That the thanks of the London Mathematical Society be offered to 
Mr. Robert Tucker for the eminent services which he has rendered to the 
Society during the thirty-five years in which he has held the office of 
Honorary Secretary.” 

This resolution but faintly indicates the warmth and the depth of the 
feeling expressed in their speeches by the proposer and seconder of the 
resolution. 

On the 8th January, 19038, a testimonial was presented to Mr. Tucker 
by the members of the Society. In returning thanks he said that he had 
served under nineteen Presidents of the Society, of whom the first six were 
gone, and three later ones as well, and he concluded with these words :— 

“There is one man who stands out as a brilliant mathematician and 
kind friend—I mean W. K. Clifford. He and H. J. 8. Smith made our 
meetings delightful to look back upon. To the former I was glad to be 
able to render such service as it was in my power to show. His wish that 
I should edit his papers was totally unexpected, and would have been 
impossible of execution had it not been for the promise of aid from others. 

“The resignation of the Secretaryship to which I have devoted half 
my life will at first exercise a depressing effect upon me; but the rest 
I shall obtain, and the knowledge that I shall have acquired that my 
labours, though falling short of what they might have been, have been 
valued, will cheer me in my retirement. 

“And now I conclude with a quotation which I used in my preface to 
Clifford’s papers: ‘If I have done well, it is that which I desired ; but, if 
slenderly and meanly, it is that which I could attain unto.’”’ 


His Screntirrc Work. 


From 1863 onwards he was a constant contributor to the mathematical 
columns of the Hducational Times. His memorial and_ biographical 
notices of Gauss, Sylvester, Chasles, Spottiswoode, and Hirst may be 
found in Nature. There are others in the Academy, the Saturday Review, 
and the Journal of Hducation. He edited, as has been already mentioned, 
the late Prof. Clifford’s papers. 

His own contributions to mathematics, a list of which is given at the 
end of this notice, deal with the Modern Geometry of the Triangle and 
investigations arising out of this subject. Of these I select the three 
which attracted most attention for special notice, viz., the investigations 
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dealing with the Triplicate-Ratio Circle, the group of circles now known as 
Tucker Circles,* and the Harmonic Quadrilateral. 


THE TRIPLICATE-RATIO OR FIRST LEMOINE CIRCLE.t 


If through the insymmedian point of a triangle parallels be drawn to the three sides, the six 
points in which they meet the sides will be concyclic. 

This circle was first discovered by Lemoine in 1873. Ten years later Mr. Tucker (Quarterly 
Journal, Vol. x1x., 1883, pp. 344-346), unaware of M. Lemoine’s researches, rediscovered the 
circle, and obtained some new properties, viz. :— 

Calling the triangle ABC, the insymmedian point A, and the points in which the circle 
meets the sides D, D’; E, HE’; F, F’, Mr. Tucker showed that the triangles cut off from ABC by 
EF, I'D, D'E are together equal to the triangle DEF or D’/E’F’; that the following six angles 
are equal: DFB, EDC, FEA, D'E'C, F’D'B, E'F'A. 

If each of these angles be denoted by w, then 


CARER o By Cos 
PE BRD 2 Gnd = w, 
RODD? Cl hat Ay Roa 


The following points are concyclic:—B, C, E’, F; C, A, F’, D; A, B, D’, &. 


A 





The circle is called the Triplicate-Ratio Circle because DD’, FE’, FF’ are proportional to the 
cubes of BC, CA, AB. 


THE TUCKER CIRCLES.t 


If two triangles ABC, A,B,C, be similar and similarly situated, and have K the insymmedian 
point for centre of similitude, then the six points D, D’, EZ, H’, F, F’ in which the sides of 4,B,C, 
meet the sides of 4 BC are concyclic. 

The circle on which these six points lie is called a Tucker Circle. Its centre is at the 
mid-point 7' of the straight line joining the circumcentres O, 0, of the triangles ABC and 
A, B,C,. 








* For Mr. Tucker’s detailed account see Vol. x1v. of the Proceedings of the London Mathe- 
matical Society, pp. 316-319. 

+ Quarterly Journal of Pure and Applied Mathematics, Vol. x1x., 1883, pp. 342-348, 

t Ibid., Vol. xx., 1884, pp. 57-59. | 
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The triangles FDE, E’F'D’ are directly similar to ABC and congruent to each other. It 
E'F, F'D, D'E be produced to meet and form a triangle 42B2C,, then T is the incentre of the 
triangle A,B, 0, and the radius of the incircle is half the sum of the radii of the circumcircles of 
ABO and A,B,0,. When the triangle 4,B,C, becomes the triangle 4BC the Tucker circle 
DD’ EE'FF' becomes the circumcircle of ABC. 





When the triangle 4, B, C, reduces to the point X, i.e., when the parallels B,C,, C;-A,, A,B, 
to the sides of the triangle ABC pass through A, the Tucker circle DD'EE’FF’ becomes the 
triplicate-ratio or first Lemoine circle. 





THE HARMONIC QUADRILATERAL .* + 


The first systematic study of harmonic quadrilaterals was made by Mr. Tucker. In his 
article ‘‘ Some Properties of a Quadrilateral in a Circle the Rectangles under whose opposite 
Sides are equal,’’ read to the London Mathematical Society on 12th February, 1885, and printed 
in Mathematical Questions from the Educational Times, Vol. XuIv., pp. 125-135, 1886, he states 
that in his attempt to extend the properties of the Brocard points and circle of a triangle to a 
quadrilateral, he was brought to a stand at the outset by the fact that the equality of the angles 
does not involve the similarity of the figures for figures of a higher order than the triangle. 


* Mathematical Questions from the Educational Times, Vol. xutv., 1866, pp. 125-1385. 
+ This account is due to Dr. Mackay. 
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Limiting his consideration to quadrilaterals which can be circumscribed by a circle, he arrived at 
several beautiful results, of which the most important are the following :— 


Let ABCD be a quadrilateral inscribed in a circle. Let its diagonals meet at H. Suppose 
that a point P exists such that 
PPAR = LEC = 7 PCD = 2 PDA. 


The condition for the existence of such a point is that the rectangles contained by opposite sides 
of the quadrilateral must be equal. 

[It was pointed out by Prof. Neuberg that the vertices of a quadrilateral of this kind 
were four harmonic points on the circumference of the circle; and they are now generally 
described as harmonic quadrilaterals. | 

Mr. Tucker further showed that, if there were one such point P for the quadrilateral, there 
would be another point P’, just as there are two Brocard points for any triangle. He proved 
further that the four points in which P4 meets /”B, PB meets P’C, PC meets P’D, PD meets P’A, 
and the points P, P’ lie on the circumference of a circle whose diameter is OZ, where 0 is the 
centre of the circle ABCD. Next, if through £ parallels be drawn to the sides of the quadri- 
lateral, these parallels will meet the sides in eight points which lie on a circle concentric with 
the previous one. 

Lastly, he shows that the symmedian points p,, pp of ABD, BCD lie on AC; the symmedian 
points 0), «, of ABC, ADC lie on BD; the lines Op,, Op,, Oo,, Ooy are the diameters of the 
Brocard circles of the triangles ABD, BCD, ABC, ACD respectively ; the centres of the four 
Brocard circles lie two and two on straight lines, parallel to 4C, BD; the circles themselves 
intersect two and two on the diagonals 4C, BD at their mid-points, that is, where the Brocard 
circle of the quadrilateral meets the diagonals. 

Mr. Tucker’s researches were taken up by Messrs. Neuberg and Tarry, Dr. Casey, and the 
Rev. T. C. Simmons, and there now exists a tolerably extensive theory of harmonic polygons. 


LIST OF MR. TUCKER’S PAPERS. 


(I.) From the Proceedings of the London Mathematical Society :— 
1. On Radial Curves, Vol. 1., 1866, No. 5. 
2. On certain Fractions, Vol. x., pp. 225, 226. 
. On Two Concentric Circles, Vol. x1v., pp. 316-321. 
. [Geometry of Triangle], Vol. xv., pp. 279-281. 
Conjugate Tucker Circles and Orthocentroidal Circle, Vol. xvir., pp. 420-4380. 
. Uni-Brocardal Triangles, Vol. xvi1., pp. 393-399. 
. Isoscelians, Vol. x1x., pp. 168-170; Vol. xx11., p. 178. 
. A Group of Isostereans, Vol. x1x., pp. 218-220. 
. Isoscelian Hexagrams, Vol. xx1., pp. 4-29. 
10. Some Properties of Co-normal Points on a Parabola, Vol. xx1., pp. 442-451. 
11. A Property of the Circumcircle, Vol. xx11., pp. 470-472 ; Vol. xxv., pp. 315-318. 
12. On a Group of Triangles inscribed in a given Triangle ABC whose Sides are 
Parallel to the Connectors of any Point P with 4, B, C, Vol. xx1v., pp. 131-143. 
13. A Geometrical Note, Vol. xx1v., pp. 162-166. 
14. Some Properties of Two Tucker Circles, Vol. xxv., pp. 389-394. 
15. Note on Isoscelians, Vol. xxx11., pp. 87-90. 
16. Two In-triangles which are similar to the Pedal Triangle, Vol. xxx1u., pp. 91-97. 
17. The Brocardal Properties of some Associated Triangles, Vol. xxxm1., pp. 404, 405. 
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(II.) From the Messenger of Mathematics (First Series) :— 
18. The Trigonometrical Ratios of 4+ established by means of Ptolemy’s Theorem, 
Euce. vi., D, Vol. 111., 1866, p. 123. 
19. Construction for Axes of an Ellipse, Vol. 111., 1866, pp. 151, 152. 
20. Curves whose Evolutes are similar to themselves, Vol. m1., 1866, pp. 191, 192. 
21. Trigonometrical Ratios of Compound Angles, Vol. 1v., 1868, pp. 31-33. 
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(III.) From the Messenger of Mathematics (Second Series) :— 


22. 
23. 
. Note on Mr. H. M. Taylor’s Six-Point Circle, Vol. x11., 1883, pp. 181, 182. 

. Graphical Construction for the Cube of any Number, Vol. x1v., 1855, p. 114. 

. The ‘‘Sine-Triple-Angle ’’ Circle, Vol. xv1., 1887, pp. 125, 126. 

. The ‘‘Cosine’’ Orthocentres of a Triangle and a Cubic through them, Vol. xvIt., 


Note on a Formula in Trigonometry, Vol. Iv., 1875, p. 101. 
To find the Latus Rectum of a Parabola, Vol. 1v., 1875, p. 189. 


1888, pp. 97-108. 


(IV.) From the Quarterly Journal of Pure and Applied Mathematics :— 


28. 
29. 
30. 
él. 


The Radial of an Ellipse, Vol. xvu1., 1882, pp. 311, 312. 

The Triplicate-Ratio Circle, Vol. xtx., 1883, pp. 342-348. 

A Group of Circles,* Vol. xx., 1884, pp. 57-59. 

The Symmedian Point Axis of an Associated System of Triangles, Vol. xx., 1885, 
pp. 167-169. 


(V.) From the Proceedings of the Edinburgh Mathematical Society :— 


32. 
33. 
34. 
30. 
36. 
. Notes on an Orthocentric Triangle, Vol. x1z., 1894, pp. 118, 119. 
38. 
39. 
40. 


Geometrical Notes, Vol. x1., 1893, pp. 57-60. 

Two Circular Notes, Vol. x11., 1894, pp. 17-22. 

Geometrical Notes, Vol. x1z., 1894, pp. 51-54. 

Two Triplets of Circum-hyperbolas, Vol. x11., 1894, pp. 69-75. 

Three Parabolas connected with a Plane Triangle, Vol. x11., 1894, pp. 79-84. 


Parabolic Note: Co-normal Points, Vol. x11., 1895, pp. 29-35. 
Properties of some Groups of Wallace Lines, Vol. x1v., 1896, pp. 116-120. 
Geometrical Note, Vol. xv., 1897, pp. 98, 99. 


VI.) From Vol. xtiv., 1886, of the Mathematical Questions from the Educational Times :— 


41. 


Some Properties of a Quadrilateral in a Circle the Rectangles under whose Oppo- 
site Sides are Equal.f 


In addition to the above Mr. Tucker contributed a large number of questions to the Educa- 


tional Times. 


* The Tucker circles. 


t The harmonic quadrilateral. 


NOTES AND CORRECTIONS. 


Dr. W. H. Busssy sends the following correction of his paper printed 
in this volume, pp. 296-815 :— 


P, 312, line 8, for *[A® BAB (AWB... read [A292 BAMBAM(B... .? 


Mr. P. W. Wood sends the following corrections of his paper printed 
in this volume, pp. 316-333 :— 


P. 318. In the expansion of P, the coefficient of a2 262, should be ‘* —1,’’ instead of ‘17’ ; 


and the coefficient of z 28,2, should be ‘‘ —14,’’ instead of ‘* 14.”’ 


> 
a 


The Rev. F. H. Jackson sends the following abstract of his paper 
“Note on a case of F(a, 8, y, 6, ¢, 1), communicated at the April 
meeting :-— 


In connection with the product expressions for the sum of the series of cubes of the binomial 
coefficients, and the sum of the series F(a, a—3+1,a—e+1, 5, «, 1), investigated by Prof. F. 
Morley and Prof. A. C. Dixon in the Proceedings, Vol. xxxtv., p. 397, and Vol. xxxv., p. 284, I 
think that the following binomial form analogous to Vandermonde’s may be of some interest. 

If [vz] = (g*-1)/(g—1) and [2], = [4][v—1]...[v—7r+1], 
it is easy to establish 

q(#h ye -2) [41 [2] y+ 7 @h Wh =-Pl elle +y—-1, 

and similar identities corresponding to binomial forms for » = 4, 6,8. I have verified for 
% = 2, 4,6, 8 

_ [x]! 

ao) far DT! 
in which the index () of the g-factor of the general term on the left is 4 {3 (n—27r)?—2 (n— 2r)} ‘ 
and shown that for » an even integer in general the g‘")-factor of the general term must 
necessarily be of this form if the equation (A) is to be valid. Although such forms are easily 
obtained, it is not easy to establish them in their generality. Form (A) may be of interest be- 
cause, if » be unrestricted except by conditions for convergence, it contains 

neeee n|[m+1]\3 ,_ v 1 Sq (m) Tq (1-8) 26 _ n24on 
1+ [np gt-3" 4+ ae g2- re = (Gi +1) Sy(4n) TEL —4n E24 )) 

(cf. Prof. Morley’s paper, Vol. xxxtv.), S, (2) being a certain sigma-function reducing, in case 
g = 1, to sinnr. 


Q”) []n-r YIn-r 2 )e [Ly]. = (— 1)" [Zhan [yan [e+ y¥—d2] yn, (A) 








Mr. Western sends the following statement concerning his “Note 
on Fermat’s Numbers and the Converse of Fermat’s Theorem,” com- 
municated at the April meeting :— 


The note contained a statement that the author had calculated the residue of 3?" (mod 21°5 + 1), 
and had thence proved that 2!°341 is not a prime number. Reference should be made to Lucas, 
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Théorie des Nombres, t. 1., p. 441. The calculation has been carried out simultaneously and inde-. 
pendently by Dr. J. C. Morehead (Bulletin Amer. Math. Soe., for July, 1905, Vol. vir., 
pp. 548-545), and the two calculations have been found to agree exactly. The composition of 
2'8 4 1 is therefore definitely established. 


Lt.-Col. Cunningham sends the following abstract of his “‘ Note on 
High Pellian Factorisations,’’ communicated at the May meeting :— 
A method was explained for constructing very large factorisable numbers of the form 


N = y*?+1 (with complete resolution into prime factors) from the Pellian equation y?— Dz? = —1. 
Examples were given, ending with a number of 78 figures, 


N = (21343 .292)241 = (25 4 1)(285 + 1)2, 


The resolution of the factors on the right-hand side has been given by Lucas. 


Heeeeeieky yas 
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J (x) = Ey (ix) Ey (—ix) J (2). 
Results derived from this Relation, A Multiple Function Jn,» ; its relation to Jin. 


Introduction. 


In a previous paper the basic exponential function H,(x) was used to 
obtain a generalized form of Neumann’s addition theorem for Bessel’s 
function Jy. The generalized functions J;,) belong to the class commonly 
known as q functions. In this paper the function H(z) will be used to 
obtain various relations between the generalized forms of Bessel’s and 
Legendre’s functions. An example of such a relation is 


B, (ir cos) = {g—4}! 5 M[2n-+q—2] Ba(q, cos 0) L eG = 
n=0 
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which reduces when p = 1 to 


ei? 0080 — 93-1] (4g —1) = a" (n+3¢q—1) Px (q, cos 9) fue (7) 
a result due to Dr. Hobson (‘‘ Bessel Functions,’ Proc. London Math. 
UC ay OLPXXY., p.'09). 
A variety of such forms will be obtained, and by means of these 
theorems the following series of generalized Legendre functions will be 
formed and its summation effected for all values of 2 :— 


. | 
Ly 
a0) OF ae 
This series and another of similar type afford remarkable parallels to the 
binomial form. As in previous papers, [7]|! is a convenient expression for 
T,(n+1) and {2n}! =[2]"P»(n+1) while [nm] = (p"—1)/(p—D). 
The function 


yr 


E,(«) = 1 {1-+2(p—1)p**| = tag tant. (jp|>1; 





so EL, (; 2) = (l1—ap7*"). 

This infinite product expression for the basic exponential enables us to 
connect the theory of the functions J;,; and Pr) with the q theory of 
theta function products. In previous papers it was found that on 
inverting the base p in the function Jp,j(x) another form of function 
Pp” Benj (w) was obtained, and that Jinj Bom] = BrnjJ[m) (p. 195, Ser. 2, Vol. 2). 
In this paper a very simple equation is found to connect the functions, © 


viz., Tinj (©) = Ey (iz) Ey(—tx) Bon (2), 


which leads to many remarkable identities, and opens up a theory for a 
double J function, denoted aha r(@). The function #, will, moreover, be 
used to form a function 


Bro (2x, cos 0) = > (—1)" oe cos? 6 cos? (0+)... cos? (0+70—w) 
r=0 i 


such that Brio] (2xy, COs Q) = Ji0} D0} + aD) (— aie Jin] Bnd, 
n=1 


in which the arguments of the functions J and J on the right side of the 
equation are ae” and y’e~/p respectively. 

In the section of the paper which deals with theta function products 
reference is made to the memoirs on q products and series by Prof. L. J. 
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Rogers (‘Certain Infinite Products,’ Proc. London Math. Soc., Vols. 
XXIV., xxv.). Various relations are obtained between the coefficients 
denoted by Prof. Rogers 4,(@), B,(@) and the functions denoted Jin} In 
this and previous papers. As an example, 


x 
ivy (=. = Aa ager Boy A itp’ Bio Ag—...; 


ip —_.| is 
1 Vi ANG ah 
in which the argument of J is xe~"*/(p—1), and the argument of # is 
xe~"*/(p*—p). TI is used to denote the generalized Bessel series in which 
all the terms are positive. A coefficient analogous to Legendre’s is 
expressed in terms of Rogers’ coefficients as 


dae (@) B,. (0) _ pt-or. 


WheZae Pini(g, ¢08 6) =  (— iN, = Or tt Delt 


A series of novel form is found to express the theta function product 


gy Uae 
nv— 1 (1 -+- Qap™ GOs O+27p*") cao 


cos 8... cos (0-+nw—w) 


are 
Y 
Th). 9. 


A == 1 er REPEC aT LE 
Cae =n) a =a 

x LS yar {2n}! cos 8... cos (+70 — w) ) 

eae 19n—2Qr'! {27\! cos (0-+-nw—w)... cos (@Q+nw—1w)) ” 


The properties of the functions A,(@), B,(@) and their use in the 
investigation of theta function products is shown in the papers of 
Prof. L. J. Rogers (loc. cit.). Finally, two theorems analogous to Neu- 
mann’s theorems for the expansion of arbitrary functions in series (1) of 
Bessel’s functions, (2) of Legendre’s functions, are given. 


F(z) — an Jin (x), 


where eee | O, () f(O dt, 
204 C 
25 BEE t | 
ae On) = “ear |1~ foT[an—a] © 


The expression for f(x) in a series of Pin) (#) functions gives 
= HEN) onl fod 


I hope that the results given in the paper may be of interest not 
merely because of their remarkable likeness to well known results in the 


case of ordinary functions, but because they link the functions Jn, Pn, .. 
B 2 
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by means of their q generalizations with the qg theory of elliptic functions. 
With regard to the expansions of arbitrary functions in basic (or q) series, 
it seems noteworthy that functions not involving p should be capable of 
expression in terms of functions involving this arbitrary parameter. 


Se 


It will be well to collect together in one section certain subsidiary 
results required in subsequent work. The analysis required to establish 
these results has no novelty of method, and if given at length would be 
somewhat tedious, so the main points only of the analysis will be given. 
Some of these results, such as Lemma II., Lemmas IV., V., have a certain 
interest in themselves apart from the work which is based upon them. 


Lemma [.— 


1 —p-* [ 27°] [Qn--¢—-56) 
[2|[2n+¢q—2r—4] 


appt te LEr eres 2 Trae oe 2a 
[2)[4] [2n+q—2r—4][2n+q—27—6] 


the p prefix of the general term being p**+?~?" (s = 1, 2, 8,...). The 
sum of this series to (r-+1) terms is zero. In general the series can easily 
be summed term by term; the sum of s terms is always a factor of the 
(s-+1)-th term: for example, the sum of the first three terms is 


Pen [27—2] [2r—4][2n+q—4][2n+¢q—6] 
[2}[4]|2n+q—2r—4][2n-+q—2r—6] 


In case 7 is a positive integer, the sum to (x-++1) terms is zero, owing 
to the appearance of a zero factor in the numerator of the product which 
represents the sum of the series. 


Lemma II.— 


nN 


x [2n+4] 
| on, {Qn}! ! = Jin} + ——= oe J in+2] ate 


ree 2n+ 2s —2][2n+2s—4]...[2n4+2] 
+ p*' rte a) on ee 
[2](4]... Bs] ii 
There is no difficulty, on taking out the terms involving a"*?", in 
showing that the sum of the coefficients of 2"*?” vanishes, 2” arises only 
from J(nj, and its coefficient is 1/{2n}! The convergence, &c., of this 


series is discussed in a note at the end of the paper. A similar series for 
¥ functions is there given. 
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Lemma III.— 


— any yn [mn —1]...[n—2r+1 
Pon) = pt 928 Fe 


2r+1 
je ( 2). st wep ) 2r24+r—2rn 
Xx ( a 1 2 1 2) P . (a) 
It has been shown in a preceding paper, Ser. 2, Vol. 2, p. 215, that 


(2) 





Xx 


Invert the base p in this theorem; then _~ 
Prnj(z) becomes p2l"—I-22 Dap) 
and the expression on the right side of (6) becomes 


ole ae Pe (1-2). EP). 


On replacing x by zp~*, we have the theorem as stated in (a). 





Lemma IV.— 


n { eet De ¢ 
bee, = aE Se | Pin MM) +p Aas eel Pin—2] (7; Ms) 


[nm]! {@n+q—4!! (2) 
6 | 2n+q—4][2n+q—10] ] 
nei [2 | [4] ink ee + eee ° 
The p prefix of the general term of the series within the large brackets 
is p*’, and | 
ot zliese —2r—A4}! ioe 
" —_ 12 net) a _t f n 20 


Comparing P;nj\(q, «) with the function eee P,,(p, w) by Dr. Hobson 
(see Proc. London Math. Soc., Vol. xxv., p. 57), it is seen that when 
the base p is unity the function Pj»;(q, «) reduces to P,(p, u), allowing 
for the use of q in place of Hobson’s parameter p, since p is already 
appropriated to denote the base of the functions. In series (y), if we 
expand the P functions and arrange according to powers of wu, it is plain 
that uw” arises only from P,,; and that the term involving it is u”/[n]!, 
and the coefficients of the terms involving u”~*” form the series 


rs = aes Qr—4'! (4 p22 [7 ]{[2n+q—6] | 
a) 2 fome7= —Al! {art ![n— sane ee pi Seg ear eg 


which is identically zero by Lemma I., and so the required result (y) is 
established. 


6 Rev. F. H. Jackson | Dec. 8, 


Lemma V.— 


n 2: 6 gy 
os alee D(a, w+ Carga t o.5Q0) 


[2Q2n+q—4]|[2n+q—10] x Ma 
EY ame” 


- , e nt HeD stain Ir—A4}! ye 
2 — eas DP oe Ci) 27 
#,.(q, [X) Z ( 1)"p ‘_ 4} {Or} [n—2r]! MM 
Series (0) differs from the analogous series in Lemma IV., in that 
there are no p prefixes to the terms of the series. This lemma may be 
established on just the same lines as Lemma IV., and depends on the 
identity given in Lemma I. We notice that 


Bn (q, [A) = Dit Pra (q; jp). 


In case g = 8, Lemma IV. reduces to a result given in a previous paper 
[(74), page 217, Ser. 2, Vol. 2]. The double forms of these theorems afford 
examples of the double forms of all (g) function series and products. 
This duality of form is necessary to give convergent series, as the base 
eo a> ol cor aa 


§ 2. 
Form the product 
E,(r cos 0) {Ayg+4yr?+Agri+...} 
in which A,, A,, ... are p functions of 0, viz., 


— (— 4)» (P= p"* cos? #) (p’—p* cos? 6) ... (pi"*! —pl"™* cos? 8) 


EP eae x 
The series 2A,7°" and E,(r cos @) are absolutely convergent if |p| > 1. 
The coefficient of 7” in the product is therefore 


5 cose 9 tlm 1]... [n= 2r-+1] (p®—p? cos? 6)... (p"*!—p!"=? cos*6) 
L? ai [2P[4)... [20 cos”” 0 


and this series, by Lemma III., is i ali Pini (cos 0); so that we write 


E,(r cos 6) Bir, =) = > rad Pinj (cos 6), 
in which 
ia) 3 2 2 2n4+1 4n—2 2 
eB) 1) —p* cos’) ... (p*"t'—p cos’ 8) ,, 
ee a0. ane Sia 
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reducing when p = 1 to 


e998? Jo sin O) = > - P,, (cos 8). 


In a similar way, forming the product E,-1(7 cos 6) 38 (7, 9), V1Z., 
E,-\(r cos 6) 1A, 44,7 +4,77+...}, 


, 2 2 
in which Hy-v(r cos 0) =1i+ 7 cos 6 + 1 cos’ 0 +. 
\ [1]! [2]! 


0 9 


— cos” 0) (p*— cos" 6)... (p?"*1— cos" 8) po 


Pees 


we find that the coefficient of 7” in the resulting series is 


a, — ab ie (p 


? 


s Lares nalml[n—1] ... [n—2r+1] 
Se ieee A a 


. (pi=eos? 8) ... (pit! — cos" 8) ,a1+r—2m 
cos?” 6 


This, by (a), Lemma ITL., is aT Ping (cos 6). 


We write the theorems 
E, (r cos 6) B(7, 8) = Da ral Pinj (cos 9), 
(1) 
E,-1 (7 cos 6) 33 (7, 0) = = or Prnq (cos 4). 


Since E, (7 cos 9) Hyjp)(—7r cos 6) = 1 and the B functions involve only 
even powers of 7, it follows that 


B (r, 6) B (7, 8) 


2 


( 2 yt 2 7? 
= (i+ om Pot pa Pry t.--} = {rPayt yy Peat 


(cf. Proc. London Math. Soc., Voll XxV.8 p- 00): 
Again, since for the E function H,(a) L,-1(—@) = 1, we can write 


ioe) yr sad 
E,,-1(—r cos 0) = Be Prnj(cos #) = Br, 0). (2) 


This gives us a new form of B(r, 0) expressed in a series of ascending 
powers of 7. The coefficient of 7” in the expression on the left side 
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of (2) is 


an | P ia e cos 8 Pin—1) +P eT ui cos’ 6 Pin—2} 


—...(—1)pilne—v} cos" O Pro; | (3) 


The coefficients of the series within the large brackets follow the binomial 


form 
G2), = 1— bap p lle 
[1] a [2]! 
(Proc. London Math. Soc., Ser. 2, Vol. 2, p. 198). 
Now B(r, 0) is an even function of 7; so that when » is an odd 
integer it necessarily follows that the expression (8) is identically zero. 


In case 7 is an even integer we obtain, by equating coefficients of +” and 
replacing cos@ by 2, 
on = [Qn ][2n—1] » _ 
Gall [Poa x Pre 2n—1 | +p Ae. x Pron] cee 
i (p?x?—p’) (p*a?—p) .. ae — ptt) ne) 


[2P[4?... [2n) 
Similarly, from the second expression of (1) we obtain that, if n be odd, 


—] 
Tepe a eo ee J 2 Pina -- a= 0, 


and for 2n (even integer) 


2n 2n || 2n—1 
Prenj— nal Pe eresiap aT a? Pron—2)— 
(a? —p’) (x*—p’*) és (a? —p?"*) | 
= [2n|! —_+_,_ fe, 
ea Ta) .. nk ©) 
These theorems are easily verified for integral values of n, and suggest 
interesting extensions in case 7 be not integral. 
In (5), if we take out the terms involving x*"~*’ from the left side, 
the coefficient of x*"-?" is found to be 


p (r+2) [4n az 21] ! 
{2r}! {4n—2r}! [Q2n—2r]! 


(,  [2n] [2n—2] [2a] [22—1] [2n—2r]|[2n— one —1) _ 
s euctT) [4nr—2r—1] ar [2]! [4nr—2%2r—1][4n—2r | fh 


The sum of the Heinean series within the large brackets is easily found 
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to be for all values of 
[2m]! | 2n—2r—1}! 
19n'! 14n—2Qr—1)!? 


2n—2r 


and the coefficient of x may be written 





r(r+2 [2m]! wan 
Be Tinh anor} ae 6) 


nT, CA? Gap eee. =p) 


Now oe SGD a GeO AO A ENGAn = O OL O eT © 
t bere (a0? —p?"*?) (7? — py?" +5) ey (x? —p?" tet!) 


may be expanded without difficulty (cf. Proc. London Math. Soc., Ser. 2, 
Vol. 1, p. 73) as 


‘S > [2n][2n—2] ... [2n—Br+2] pret?) gin — ar, 
Zo [2] (4). [2a] 


On comparing this with (6), viz., the coefficient of 2”—*” obtained from 
Pienj— ay ” @Prm-y+..., we are justified in writing generally for all 


values of 2n, except positive odd integral values, 


= .- - Pes 
ole [rv]! [2n—r]! x" Pron—r) (2) | 
= gi en) (o!— pap). @—p"") _ a ey. (0) 








{2n]! 12 Reaen (a? — p?"*?) (2? —p?"*”) pe (0? — "+28 +1) 
A similar theorem may be obtained as a general expression of 


[Qn]! 


= BANAT (it) 
et bee [vr]! [2n— 


r| ! as et prey (x) 


- ca (p2x?— p) (pi? g2— p+), (8) 





A result which is easily derived from (1) is 


1 sili Dy ne CS Nae | Bir, 8) 8 (ir, 8) 





=1+ 5, (—1)” Pent er Peo eric ea Pion—2] Pit -.- 
ariel ery I 1? (9) 


reducing, in case p = 1, to 


ie ai An ere 
cos (27 cos @) J, (7 sin @) = 1+ Ss (—1) {2 Pon 2 Pee HS 3 Bas 
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§ 3. 
Writing (Lemma V.) 


I a yt +aq—-1 ( 1 72 
ek = Taazg—ayi UT [BY enka] 
Bi(g, Mm) = ian {sents _[nj[n—1] ur? 


[mn]! {q—4}! (2) an+q—4] “ 


[2 ][2~—1][m—2][n—38] ie, ) 
TP [aya ifantq—4]2npq—6) 


consider the series 


4}! ! S eae 2| 


{q- I Temirpy (7) PD, (9; {). 


m=0 


The coefticient of 7” in this series is 


ig—4}! [2n-+q—6] ] 
{2n+q—4}! Br (q, ite io a Br-2(9; H),T | : 


and this, by Lemma V., is equal to u”/[m|!; so that we are able to 
write, subject to the absolute convergence of the series, 


(q—a}y 3 mean 3d 7. a(t) Ba (qs c08 6) 


n=0 
2 
=1+47 “ae & ao +... = E,(r cos). (10) 
Replacing 7 by 77, 


Mie 4}! ! Si Lanta 2) Sharer Ge 1] (7) Bn (q; cos O)e E, (ur cos €). (1 1) 


n=0 


By means of Lemma IV. we may show in the same way that 


iq—A4}! E itp» Rata 2 J in+4q-1) (7) Pini G, cos 9) = EH, (trp~* cos @) (12) 


wen yd 1 
and again from these theorems, by inversion of the base p, 


{q—A}! zi picasa lT 2g+h [mm — 1) Fn aq—1) (7) 9, (g, Cos 8) = EHy-1(¢7 cos 6), 
(13) 


n=0 


{q—4}1 3 mp BAF d a3] patmo01 Fe, 49-19 0) Peay (Q, 008 6) 


= H,-1(¢rp* cos 9), (14) 
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in which Py, and #, are defined as in Lemmas IV. and V., while we define 


3)’ 1)" mr (r+ 9-2) {2n-+gq— 2 —4)1 Fis 
#q, pb) = S 1)"p iq—4}! | | 2r | '[n—2r]! : 


{2n-+q—2r—4}! wh 


a S — 1) mr (r+9—5) 
ine 1)"p Tg—4}! 1 Ort! [n—2r]! 


The four forms (11), (12), (18), (14) reduce to Dr. Hobson’s result if 
the base p be made unity. When the parameter g = 3 the functions P 
reduce to the basic generalizations of Legendre’s function. 


§ 4. 
It can be shown without difficulty that 


UL RAC a Ltt a ryt: = Be (Fp): 


In a previous paper it has been shown (p. 198, Ser. 2, Vol. 2) that 


BF) Be (— Ta) = yt qt 


Replacing ¢ by ¢’, p by e’’, we can write 








Ee) a 
eae) bak icone ite an 4p sin 0 sin (0+) +.. 
P\[2]¢ ante 
se a 7 piln@—D 2” sin 0 sin (0+w)...sin (0+nw—w). (15a) 
Similarly 
E,(— Mr) 
TAS, ee 
Ea(— 7) 1+ fay 2 sin ++ parry AP sin 8 sin O— 0) +. 
ON S| 2\ 
+ un” prin 1)] 2” gin 6 sin (0—w).. gin (0—nw+w). (158) 


(2n}! 


Take the product of these series ; then, by result (8), p. 196, Ser. 2, Vol. 2, 
we obtain Ae 
> UIT tni (A) 


aaaEaa ee Ly Aa ee 
& t-" Jd inj (A) 
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in which 
ee ain@ aD in Oat Bs 
Co Tony? sin 6 sin (0+)... sin (@+nw—w) 
(2 {Qn}! sin 6... sin (@Q—rw+w) ) 
i ewe {Orl\! [8n—2r}! sin (@-+-nw—we)... sin (@-+-nw—70)) * ou 


The product of the # functions, besides being expressed in series of 
Jen} functions, may be expressed in theta function product form: for 


By (Fs) = I {1+do—D ep}. 
On replacing A by 22/(1—p) we obtain 
“Ag Me 
E (=) ah ee ee 
(os 1—p’ Hj 1 vetp } ’ 
so that the product of (15a) and (158) gives us, fads 


© (1—2xp-" sin 0+ 27p-*™) 





mai (L+2a0p-?" sin 0+ 27p-*™) Zana" 
= (in Sin 8 sin (Owe) (5 py __1 20}! 
oe FDO D- PD laa” TBF [GBT oo 
en Oot) _| (un) 
sin (0-+nw—a)... sin (0+nw—rew) P 
Similarly, 
2 (1—Qep-" cos O+-p-*" x") _ 
aM (1+2ap->" cos 0+” to 2 bux 
( 
he ean cos 6... cos (0+nw—w) ( (5 fe ed {On\! | 
(GD... @—D CP” Tari [anor a7) 


__0089...cos(O-tw—re) | eee 
cos (0-+nw—a)...cos (0-+-nwo—ra)) © 


Since 
Akt a 
Lip (cn Lipp (an 5) = rpc 2] = 2, cos 0+ p = 2. ony 2? cos 0 cos (8-+)+.. 


+ pilren—D) cme 2" cos 0...c0s[0-+(n—1)w]+... (18) 
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and 
Be(—"ar) Bue(— Bara) 


= 1 — ¥5—- 2 cos 0+ Pr 2? cos 8 cos (0-+w)+..., (19) 


also we know that 


Act ew lt 4 
Ep() E,(— ra] ) os Ti ADH (KAR DTW ADH (WC +« ) Fr (At+.. 
(20 


Pol BoA) 
= In (4 5) + plea Hua (3 5) +p (am Io (5 5) bee (21) 


On taking the product of (20) and (21) we find 





(Fne)-+ 5 [et-+(— "Ton re} 
( / Xx —i = net pe PA YL Xx —6 I 
x Tin (Fe \+ 5p Peet (ox) 19m(5 c ) 


= Fo) (2A, cos 6) +X p™[«"+(—k)~"] Hrnj (2A, cos 4), (22) 


in which J,,)(Ae°) and Bypnj(Ae~*/p) are the generalizations of Bessel’s 
function defined p. 195, Ser. 2, Vol. 2, but 


ae 
{Qr}t} In aryl? 


X cos[O6+(n+7—1)] cos 6 cos (0+)... cos[OA+(7—1)w]. (23) 


Bini (2A, cos 0) = E(—1)" 2r(2+7) egg 8 cos (O-+w)... 


In case p = 1, this function reduces immediately to J,,(2A cos @). 
By equating coefficients in (22) we obtain interesting forms of quasi- 
addition theorems. For example, from the terms independent of « we find 


J 50) Doo 22 (—1)" pT ng Bony = Boj (2A, cos 6), 
in which 
oa) 27 
Ho) (2A, cos 0) = XT (— ee p’™ cos? @cos*(0-+)...cos?[6+(7—1) |, 
r=1 i ia as | ee 
(24) 


the arguments of the functions J and J on the left side of (24) being Ae” and 
e~“’/m respectively. By similar reasoning we may show that more generally 


Bo} (Qxy, cos 0) = Seoj (ae) Proj (y*p e+ 2Z(—1)"p" Tiny Btnj, (24a) 


and other theorems of similar kind may be obtained by equating co- 
efficients of «” in (22). 
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8 5. 
at etl 
(1— 2x cos 0+ 27)27-! 


is well known (ef. Proc. London Math. Soc., Vol. xxv., p. 57), and the 
properties of the coefficients P,(qg, cos 8) have been investigated by Dr. 
Hobson. It may be of interest to form the basic coefficient analogous to 
P,(q, cos 8) and connect it by means of the # function with other general- 
izations of P, and J,. Take the basic analogue of the binomial theorem 


=p’) _y_ 4,1 —1) ,»_ 
pai (1—p"t'n) Pry ah ELE 
and let us apply this to obtain the analogue of (25). Changing p into p’, 


and making » = 1—3gq, we find 


et (Lie Cec) anes o[2— [2—q] io 6L2—q]|[—q] put 
U Gp rt 2 Tap sale ze’+ p Tees pew—..,.> (26) 


The expansion = Dx"P, (q, cos 8) (25) 
n=0 


In the usual way, by taking the product of two such series, we find 


(1—2p"" x cos 0+ 27 p*’) {y¥ ae etna 
UL Gap Fx ens Opatp a = I+E(— Vie Pen(g, cos), 2M) 


i 4s 


in which 


lg—2)lq]...[g+2n—4] 


(es (q; cos 0) aaa { Qn ! 


| Lg—2] [20] hae | 
X {2 608 20+ pat Boos n 2)0-+...1. (28) 


The infinite products 


1 1 nad AC) ee 
a (1—2xp™ cos 0+ a? p?”) ar 2 (l—p’)! g 


Il (1+2ap™*? cos A+ 22 p22) — ree aa , 
r=0 


have been discussed by Prof. L. J. Rogers (Proc. London Math. Soc., 
Vols. xxtv., xxv.). In the notation of Rogers’ papers we have 


{ya yA, pd (ep) (44 y BO, p) (_a_\” 
pashan oni GS a WicesornuE = j 


_ 1+ 5(—1)"2"p4-9"P,,4(g, cos 6). (29) 


Kiquating coefficients of x”, we see that 











(4—n)r D ‘ ( , COS 6) = ARB oe (4—9)r ARS 
p bald / (L=p)" aie y Go {2r}! [on—ar} 1? bas eae 
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The discussion of this for general values of m would be interesting, but is 
not attempted here. 


The properties of the coefficients A,, B, are discussed by Prof. L. J 


Rogers (doc. cit.). Some interesting relations may be found between the 
coefficients J;,; and A,. We have 


IL {1+ 2xarp-?" cos 0422? p- | “1 
m=1 





Satis Ln (81) 
A,(0) = 2cos r+ 215) cos 20+ 2 a) era ee eee Ot 
Consider the product Ep (ar 25) E, »(- ork (32) 


Since £,,(a) H,-1(—a) = 1, we can write (82) as 


ne( Aol) 
eae (tee ebeNt pps Plc eA p— 1) pa) 

E (es) E (= mai {i+KeAt(p—1)p-™} {1+ e AEN p— 1) po} 
PM2)/ * \ 2] xt (38) 

Replace A by z/(p—1), « by e’?, ¢ by e”; then the infinite product (33) is 


2 (1 +2«crp-?" cos 0+ 7.2? p-*") Gu 
m=1 (1 +22p7°" COs (0+ ¢)+27?p-*")’ 


while (32) becomes De Try Y (1) phe” Bory, 
r=0 pil 


the arguments of J and ¥ being respectively xe~”/(p—1) and xe~*/(p?—p) 
[cf. (22), p. 201, Ser. 2, Vol. 2]. Hence 


n 1 
al ae 


=/1+3 2-1 a A, (6) [Ee Feat E(— Dep" Sea} (35) 


The infinite product on the left may be expressed in a series of generalized 
Bessel functions as 


tal5= 
I \n—p 





5) + + > 2p" cos (r8+ 7rd) Len} ese amr —), (36) 
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qnt" 
0 {2r}! On ar}l ? 


because in # function form the product is 


2r(v+7r) 
’ 


in which Tr(a) = 2 


Bo ee) a=) OE 


— Toit > >) Gs 1)"4 yn” (K nN tytn eae) Tivete 


Equating coefficients in (35) and (36), we find - 


Tio} = 2) = J(o)—P pat PAs +p = p Fe 2 Ay— 
(37) 


SyAit+.- (38) 





pre Tiny = P"Dtnj —P"" ate => 


in which the argument of I is x/(p—p’), of J is xe~"/(p?—p), of J 
is xe~*/(p—1). 


§ 6. 
Expansion of an Arbitrary Function in Series of Functions Jen or Bin}. 


Lie) eee le 
pede ac 
eas 


F434 OP a nae 


Now express each power of z in a series of J;,; functions by Lemma II. as 


| _ i. Yn+4 Qn+8 || A2n+2 
peri 7 Pres ¢ ey eye [2] lees + et at 


Arrange the series according to the order of the J functions. Terms 
involving J;,; will arise from the series which represent 








gi gh? g—4 
prt ’ pot ; 4n-3 ’ a) 
and these terms will give 
{2nt! ( t” ue bare 
FD l@) a le =e 2 (BI 
(my (@) - gs [2n—2}[ 2} aes [2n—2][2n—4 |[2][ 4] aes 
{2n}! | ie : t* ) 


Tf Otm(!) = “aa Uh ea +P [2)(4] (an —2][an—4] 7 
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in which the p prefix of the general term is p"’-”, we may write 


an = Of) (OJ 0) (@) + = Orn (OD J pn (2) (40) 


(cf. Heine, Kugelfunctionen, Vol. 1., p. 249). Thus 
PAGS Ly 
fo=s\ A 


1 = 
za| £0 f OmOTm + ¥ Om OFen (a) | at 
= ApJ (0) () FAQS (1) (&) + ag J [2 (x) +..., 
; 4] 
nee =|. Orns (t) f (t) dt. (41) 
In a similar way by means of (77), Dees; per..2, Vole 2; 


Aco) = 2 Wn be (x), 
n=0 


10 eal FOQm Ode (t| > | a) > 1). — 42) 
7 CG 
S 7. 
In connection with the theory of the function Z,(z), we may show that 
J tnq (2) = Ey (02) Hy (— tx) Benj (2), 
and derive thence many interesting results. It is easily shown that 


| _ at | [2n+8] 0 __[2n+5] 5 
ra) ToT CA oy OxNanDY Le a (ane. [2n-+-2]" 


[2n+5][2n+7 | pial ) 
v [4]! [2n+2] [2n-+4]~ ‘ylae a 
Tia ah = te dita (Ux). 


Inverting the base p, we obtain 


2n-+ 3 Pe | ve 
Hin(—2) Tin (x) = a af {ion ae eae . Zon ’ (43a) 
in which as (2) = &" Donj 02), 


because Tenj() becomes p”I;,;(x), and the series 


pei becomes p” 
{2n}! ~ aa kad 
within the large brackets of (43) is unchanged by the inversion of p. 


2 C 
Syn. 2. VOL. 5. NO. 883. = 
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vai E,.(—2) Ipuy (e) = Ep(—2) Ip @), (44) 
and it easily follows that 

E,,-1(—%2) J[nj (@) = Ey(— ta) Boj), (45) 
also Jen (@) = Hy (ta) Hy (— 12) Diny (&); (46) 


so that the extension of the series for Lommel’s product Jn (x) Jtnj (2) 
(Proc. R.S., Vol. uxxtv., p. 67) may be written 


i (1x) ithe (—72x) Sm] Btn} 
= Hix) By-1(—12) J tm Tay 


ae S = 7 ich A een M+ +20 47 
ps a re !Om+2n+2r'! {Qm+2r\! 4Q2n+2r!! { Orit” (47) 


It follows also that 
Jim] Jiny = E; (22) Ei ee) Ben) Btn}: 


r 


At this point we see that interesting equations may be formed giving 
relations between the functions J;,; and analogous functions which may 
be conveniently termed multiple Bessel functions. The notation for such 
a function will be 


o ‘ op n+2m+4r 
Pap) eS Lye NE en 
Fin, n ) fan " {2m + 2+ 27}! {Qm+Arh! {Qn+Ark! {Ar}! ae 


In the denominator of the general term we have the same expression as 
appears in the denominator of the general term of (47), which is a 
generalization of a series due to Lommel. 

When m and » are integers the function may be derived from the 
function J;,; in the same way that J,,; was derived from H (cf. p. 196, 
Bere sVolicn): 


Consider the product Jp (xt) Jpn (at). 
We may arrange in a series of ascending and descending powers of ¢ as 
ab AO ag, > eb eel Cree eer IE tak (49) 


Consider the equations 


at seme wo Bnne | 
a (50) 








2p (st) (— 2) = 0 (2) 429+ (). 
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Since Ey Bin) = i, 1d tn} (51) 


[ef. (45)], we can write the quotient of the two expressions on the left 
sides of (50) and (50a) as 


re wt p? ( xt 

Ue ee) a se) (52) 
p a p (— rat 

fe oH S00 \~ pHi 


the index p” being necessary to indicate that the base of the functions 


is p’. This quotient may be expressed in series of Jn,, functions by 


means of result (49), viz., as 





a Or bE OH IIe 3) 


n,m denotes the function derived from the product Bpnj (vt) $m (et~') in 
the same way that J, was derived from J{n3. 

Equating the above expression to the quotient of the two series which 
form the right sides of equations (50) and (50a), we obtain from cross 
multiplication, equating constant terms (independent of 2), 


+2, 3 (—1)” J [2m] x. m 


J 50} (2) ws; 0 a m=l 


= Find, +22 (a) 0 Drinj Ie Od) 


I do not propose here to enter any further into the theory of multiple J 
functions ; but I consider that the simple relations 


J [nv] (x) Bm] (x) = Im) (x) J Ln | (x) 
J tn] (x) = Ei, (va) 
Brn} (x) iy (2x) 


(a) Ey) = 14 GED 4 CORD +... 


will afford a considerable field for investigation, in forms connecting theta 
function products with the basic or q forms of Bessel’s and Legendre’s 
functions. 
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Taking the product of (48) and (48a), 
Ey (— x) ,-1(—2) Tpny (@) Lm (2) 
mt fy pg Pmt] ot og fonts] | 





Fo 2m}! {2n!! im [2] [2m+2]~ [2}[2n+2) 12)" har |}. 
(56) 
The left side of this may be written 
{ 2(1-+p) 2 20+p)(L “Dae } 
Anat ben 
x 3 a get nt er 
r=0 {Q2m+2n+2r}! {A%m+Ark! {Q2n+Ar}! {Ir}! i 
Also, since EH, (a) #,-1(2) = t 


E,.(—2) Hy(—2)’ 


S feudal i! 
r=0 {Qm-+2n+2r}! {A2m+ Ar}! {Qa+2Ar}! {Ir}! 
as the product of three series, viz., 


ee a [2m-+8 | peut Italie [2+ 3 | par eet) 
{2m}! 4Qnt! ‘a sar (2][2m+2]~ ey i *+ aye + 2] Haas 
X1+p) 9, 2d+p)A+P) 91 1 
yt ta pepe 
By equating coefficients and by substituting 2x for x, various identities 
may be deduced from these series: for example, taking 


am™*nt2r may be expressed 


x 1+ 








x" x* 
PA OT 2) eam AV Peete hat) me BAL + [4]! —..., 
208 (z) = H, (x) —H,(—iz) = «— on +..., 
— _@'C@) — §,_ [2n+3] at 1 
Joa ®) = Tt eey) 11 faba Galt 


2),.T, +1) (2 Fon 2 on 
This theorem reduces, when p = 1, to a well known theorem in Bessel’s 
function theory. I hope that the results given may be interesting not 
merely because of their remarkable likeness to well known results in 
the case of ordinary functions J,, Py, ..., but because the theory links 
the functions J,, P,, ..., by means of their basic or q generalizations, 
with the q theory of elliptic functions, 
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Addition to the preceding paper. 
[Received January 18th, 1905. ] 


EXPANSIONS OF FUNCTIONS IN SERIES OF BASIC BESSEL 
COEFFICIENTS 


We may show that, if f(z) be a function capable of expansion in 
an absolutely convergent series ,, 


2 Os 
then, on replacing each power of x by its ea prassian in an infinite series 
of Ji) functions, we obtain an infinite series ~D, Jisj, and that the 
absolute convergence of this series depends only on the absolute con- 
vergence of 2a,;a* (cf. Gray and Mathews, Treatise on Bessel Functions, 


pp- 19-20, 29-30; Neumann, Lewpzig Berichte, 1869). A similar general- 
ization of Neumann’s result 


(e'e) ce) 9 
= Cs Hie = = (bos [s] + bos41 d; he 1) 


will be given. 
Firstly, we may establish without difficulty the three following 
identities :— 


n 9 
{On}! yp sulle eae Al eae 


+p [2n+-4s] See ats ate er ae 5 ew 
a > Cs J tn +25] (a) 


(cf. Gray and Mathews, Bessel Functions, (47), p. 19], 





A rede [4n+4 +4] ‘i 
1Qn\! {On}! = Jin Stn + ae [nt1] Dtotijyt--- 


sie [4n+2s—2][4n+2s—4]...[4n+2] 
ep ‘ [4n+4s] [2] EVAR J tn+s| D(ntsl- --- 
(8) 


2n—1 [4 +2] 
SATU = — Jin 1) Sinj + a J inj Stns t--- 
(ewer ca ioae te 
[21[4] ... [25] 
oo Aree Dintsyt+--- (y) 


[cf. Gray and Mathews, Bessel Functions, (75), (76), p. 29]. 





+ pr [4n][4n+4s—2 
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In series (a), if we take out from the J series in each term the part 
involving x”*?", we find that the coefficient of 2”**’ is a series of 7+1 
terms, which reduces identically to zero by a simple property of Heine’s 
series. Moreover, it may be shown that, if S, denote the sum of the 
first 2 terms of series (a), 


{9nt!S, = a+ {2+ 2h! nt eh+2 
CES Oi 1on+4h+2}! {2h+2}! 


. Ee [2n+4] et oh+4][2| +o. 


The series within the large brackets on the right is absolutely convergent 
for all values of x if p > 1, and for limited values of x if p= 1 or p<l. 
In case p> 1 or p= 1 the right side may be made as near to x” as we 


oO 


please by taking h large enough. The series 2 GsJ[n+42s} becomes 
i 


s=h+ 


infinitesimal by taking / infinitely large. The relation 
oa 
Ne — {On}! oS Cael n+ 90) 
0 


holds then for all finite values of z if p >1. 


In series (a), if we invert the base p, we find (since {22}! becomes 
p-” {2n'! and Jin] becomes p” Hrnj) that 


ae — 2n4+2 [ 2r-+ 4 | ‘ 
{ on | hee Dn] are ree Brn+2] +... 
$pre-d+n0429( on 4 gg] Ont 28 AL Ont 2) aot. 





{2s}! 
sani Cs Dn +25] ° 
In case p <1 this series is absolutely convergent. 
Now suppose S(®) = Aata,ctagx?+... 


an absolutely convergent series; then, on substituting for each power of z 
its expression in J” functions (p > 1) or B functions (p < 1), we obtain 


in the case of the J functions a series 2 b;J(.), where 
0 


b, = {2s'! | a+ =e n= | 


If the series are both absolutely convergent, we may put 


Daya i ere — 2X bsJ [5] ¢ 
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An important special case is when the series 2a,x* satisfies Cauchy's 
first test of convergence, 
GL] Aun <. ke, 
where & is a definitely assigned proper fraction. 
In this case 





bs J ts} 
are rae 
l pe Le Ba, Weak nae baad | 
_7 {25}! | at og: att | aa ostOr ait) 
i Sea cS Uk Eg VE 
(25—2)!| a. Fn paar cr dt Daa Huet Sate] an Wn) 
Us 
— —- 7%, 
Us—1 


and the series 20,J;,; 1s absolutely convergent. 


Similar arguments will suffice to show that we may expand f(z) ina 
series > b, Ds (p a Ly 


In the same manner, if in series (G6) and (y) we replace each term on the 
right sides of these equations by a series of powers of x of the form 


{2m-+2n-+ 47} ! oH Ee 


Fee Dom = (I Toe Fon OP! Bin FIr]t (n-PBr]l [Bry 


the terms involving x*"*”’ in (G) are r-+1 in number, and the sum reduces 
identically to zero by a property of Heine’s series, and similar arguments 
to those used above would suffice to give us a generalization of Neumann’s 
expansion , 
DAst° = DV (bos Ist dosridsds41)- 

I do not, however, discuss this case, my aim being to justify in one case 
the expansion (41) of the previous section. * 


OA” Dr. H. F. Baker [Jan. 12, 


ALTERNANTS AND CONTINUOUS GROUPS 


By Lee Baker: 
[Received January 8th, 1905.—Read January 12th, 1905. ] 


Tue present paper is concerned with the proof of a fundamental pro- 
position of non-commutative algebra, and with shewing that this leads at 
once to various results fundamental for the theory of continuous groups 
which are usually developed only with much more detailed considerations 
than are here employed. 

One of the most noticeable peculiarities of the algebra of two non- 
commutative quantities A, Bis the occurrence of the alternant 


(Al 5) (— 2b — ae 


from this we may form the alternants (4, (4, B)), (B, (A, B)), 
and so on, each new quantity being the alternant of a previous quantity 
with either A or B; and, if these be called simple alternants, we may 
proceed to form alternants of simple alternants; it is, however, easy to 
see that these are expressible by simple alternants with numerical co- 
efficients. Now it is an obvious suggestion of Lie’s theory of groups 
that the product 


A,B ak B* 

ee = (144+ 5+...) 14 B+ 54...) 
is of the form e%, where C is a series of alternants of A and B. For, if, 
in the ordinary notation, 
X= e,X+...$¢X%, XM =e Xt+...$¢.X, XN" =e X+... +e X,, 
we have 

etn, = efile, 6) = Fle, ©, Cul ee e 
and the ground for this simplification can only be the alternant relations 
CeO) a Oe. 


The fact that the product e“e” is capable of the form e° has been insisted 
on by Mr. Campbell in his recent interesting book on groups, and he has 
given an elementary proof of it (Proc. London Math. Soc., Vol. xxrx., 1898, 
p. 14), which cannot, however, I think, be regarded as final. It follows. 
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from this that the terms of any the same dimension in A and 6 
in the expansion of 


(e4 e? —1)—4 (e4 e? —17? +1 (e4 eF?—-1)?—.. 


must be simple alternants or sums of such with numerical coefficients ; 
and to the fourth dimension we, in fact, find for this expansion 


A+B+4(4, B)+45 (A a8 ye (A, B))—3 (4, (B, (A, B))). 


On the other hand, starting with Schur’s formule for the first 
parameter group, and using the notation of the theory of matrices, I have, 
in several papers in these Proceedings, deduced from the theory of groups 
various propositions primarily for the parameter group; and, in 
particular, if e, = W.(e, e’), which we shall write e’ = W(e, e’), be the 
equations of that group, with canonical variables e, e” and canonical 
parameters e’, if H be the matrix whose general element is 


File — py Corp Cr (p, Oa ile 2, OCF r), 


and A = e”, while H’, A’ and EH", A" depend respectively on e’ and e", as 
_, A depend on @, it has been shown (Proc. London Math. Soc., Vol. xxx1v., 
1901, p. 98) that hs IN 


leading (vb., Vol. xxxv., p. 3838) to 
i" = (A’A—1)—34 (A’A—1)?+.... 


a 


The present paper professes to show that these investigations for the 
matrix H’, so long as they refer to the general group of unassigned order, 
have a much wider bearing, and that, in fact, they furnish a _ proof 
of the general theorem e“e” = e%, of a simple character, and so also of the 
fundamental group property which arises when, as in Mr. Campbell’s work, 
A and B are linear differential operators. But there is more than this: 
we have proved (zb., Vol. xxxtv., 1902, p. 352) that the # matrix of the 
row He’ is the alternant (H, ’); hence, if E,, .... Hn, be each H matrices, 
either of e, or e’, or of some other row, the # matrix of the row 
H, E,... Hm He’ is the alternant (is (Ey, ..., (Hm, (H, ’))...)); thus every 
alternant of H matrices is an H matrix. From this it follows that the 
equations of the first parameter group are of the form 


¢ — e--e -+-(H,-+H,-+...) Le, 


where H, is a homogeneous polynomial of dimension » in the matrices 
H, E'—in itself a remarkable result, since this is then the parameter 
group of every possible continuous group when the appropriate matrix 
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is employed—but it also follows that every term in this expression gives 
rise to one of the terms in the expansion of 


e4 eF—1—4 (e4 e? -1)? +4 (e4 e?—-1)°—..., 


and that there are no terms in this latter but such as arise in this way. 
The series for e” is manifestly simpler to deal with than the series of 
alternants: in this paper it 1s obtained without the assumption of any of 
the propositions of the theory of groups, or the use of the theory 
of matrices; and a law of recurrence for its terms, whereby any term is 
deducible from the preceding, is obtained. The result can then conversely 
be used to establish the existence of general functions possessing the 
sroup property, and in particular it gives incidentally the origin of 
Schur’s formule. The method employed is of the kind usually called 
symbolical, the quantities being defined by their laws of operation and not 
belonging to the ordered aggregate of natural number; if it be not con- 
ceded that sufficient explanation is given to shew that these laws are in 
this case self-consistent, the work retains its validity when interpreted 
in terms of the theory of matrices; but it is claimed that the paper is a 
contribution to the calculus of alternants of any non-commutative 
quantities. 


1. Alternants and their Bases. 


The capitals A, B, C,... denote any quantities which can be added 
and subtracted associatively and commutatively, and can be multiplied 
associatively and distributively, but not commutatively. We do not 
recognise the existence of solutions of the equations zd =1 or Ax = 1. 
With each capital, 4, we associate a quantity, a, which we call its base, 
and we call A the derivative of a, either determining the other uniquely. 
By the base of a sum or difference of derivatives we understand the sum 
or difference of their bases; thus the base of —A is —a, and the base of 
zero is zero, and conversely ; and bases can be added associatively and 
commutatively. Further, with every alternant of capitals we associate a 
definite base of which it is the derivative; and a derivative is either a 
capital or an alternant of capitals. As we have not as yet introduced 
products of capitals and bases, it is legitimate to denote the base of (A, B) 
by Ab; the identity (A, B)+(B6, A) = 0 will then require 4d+ Ba = 0; 
in particular Aa=0. The base of an alternant (A, (B, C)) will then 
naturally be denoted by Ad, where d is Be, the base of (B, C), and so may 
be denoted by A (Bc); we shall, however, denote this by ABc; it being 
observed that the notation Ab has as yet been introduced only for the 
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case when A is a single capital, and 6 a base, there is no confusion 
possible of ABc with the symbol AB.c regarded as the base of (AB, C) or 
ABC—CAB. In general we assign similarly, to an alternant 
(Amt crs 4, 0) *..))), 

a base denoted by A,4,q...Anb; 1f c= Aj,Apnyi... And, the alternant 
takes the form (A,, (A,, ... (Ani, C)...)), and its base has the notation 
A,...Ay;-1¢; so that in the product A,...4,b the symbols are 
associative. 

We shew next that this notation for the base of a simple alternant 
may conveniently be extended to the base of a compound alternant; as a 
compound alternant is expressible by a sum of simple alternants, its base 
is a sum of bases of the form considered; we shew, however, that its 
expression in a succinct form is equivalent to allowing the symbols in the 
base of a compound alternant to obey a distributive law. First, the 
alternant ((A, B), C) is easily verified to be the sum of (A, (B, C)) and 
—(B, (A, C)), of which the bases are respectively ABc and —BAc; if then 
the base (A, B)c be assigned to (A, B), C), we have 


(4, B)c= ABc—BAc or (AB—BA)c = ABc—BAe, 
as is most natural. In passing we notice that the base of 
(A, B), C) =—(C, (A, B)) 
is also denoted by —CAb; so that we have 
ABc+BCa+CAb = 0. 


In general, if A = (A,, (Ag, ... (An-1, An) ...)) be any alternant, and B be 
a single capital, we denote the base of (A, B) by Ab, and we examine now 
the implications of this notation. Suppose, in expanded form, 


ee Dee ees eh | 
where K, K,... K, is a permutation of A,A,... An, so that 
ADS tt etat eH ot. iin) U 2 


Any term K,K,... K,b is the base of an alternant (K,, (Ko, ... (Ky, B) ...)); 


we show that 
ilo dette oS cs ed da Gt CL Read Ube 8) | aa) 


when this is proved we can write 
ete tre ie tu (Ea re Een Ole 


eter wei denote (45,046. 27 (4),2), A), .%.)):jnthemi(4, 8), ((Ay Pa-i)B), 
is, as just remarked, equal to (Aj, (Pri, B))—(Pn-i, (41, B)); denote 
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(A,, B) by C, and assume the law-of expansion just stated, which we wish 
to prove true for an alternant (A, B) of (n+1) dimensions, to be true for 
alternants (P,,-1, B), (Pn_i, C), of m dimensions; we have remarked that it 
holds for n = 8. Supposing 


eon ae a a Hi, oe Hess 
wesnave thence: © (2424, 0) Splice (a ee ene ee 


(Pani, C) = 2) XA aa, a Cle), 
and thus 


(A, B) — (A,, Garver B))APiet C) 
== 2 + (Ay, (Gy, C.- Gina B) 3) ae Ct eee 
while =) A= (Aster) 2) ee ee es ee eee 
so that the result is established. 
More generally, let B = (B,, (Ba, ... (Bn-i, Bm) ...)) be any alternant, 
of which the base is B, By... Bn—-1bm. When A was a single capital, we 


agreed to denote the base of (A, B) by AB,... By-1bm; it is natural to 
seek to extend this to the case when, as above, 


WAM ve (A (AG: tee (Aes An a}. 


and to denote the base of (A, B) by (2+ K, Ky... Kn) B, By... Bn-1bm 5 im 
fact, the proof given above for the expansion of (4, B) when B is a single 
capital holds equally here, and we have 


D> +H Re ok, BY Barta Sea) BB ee 
Again, if C = (C,, (C,... (Ch-1, Ch) ...)), the equation 
D+ GC, Co Cake eR ee ihe 
=F O5 4 C;, (ick ye a) 8 eens earns 
=i 0 Osa Oye Uae Ke Bee 
requires the obvious identity 
DEL (C,; (Cy Ci Rane ae eee 
= 1(C45( Caso [Cn Cock TG eo eee) ae 


Thus in a product or sum of products of the form A,... An-1dn, where 
A,, ..., An are single capitals, when the sum is of the form 


A, sites A; PA). Bree ted Cae 
where P is an alternant, the symbols obey the associative and distributive 


laws. The same is true when 4A,, ..., An are themselves alternants, as 
may be similarly shewn. For instance, returning to the theorem of 
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expansion proved above, the base of (4, B) or ((Ay, (Ag... (Ani, An) ..-)), B) 
may equally be denoted by —BA,... An-1dn; let Pu-1 = AgAg... An-14n, 
so that the derivative P,_, is as above; then 


— BA ep Aneidne = DAs Dani; 
the alternants shew, as in the work above, that this is the same as 
A, Pr-10+Pa_1 Ba, — Ay Leget b—P,»1A,); 


but the base of (A, B), = (A, Pn_1), B), 18 (41, Pn-1)6; thus we have 
(A, Pn-1—Pn-1A,) 6 equal to A,P,-16—Pn-1A4,b. And so on. And by 
the way we notice the identities such as 


eee ere et Ke 106 = 0, 


the general form of which is A4b+Ba=0, including Aa = 0, where 
A, B are any two derivatives, that is, either single capitals or alternants 
of capitals. 

It is manifest that the notation of bases, once established, as here, 
furnishes a compendious way of expressing the relations among alternants, 
and may be of great use in expressing a compound alternant by simple 
alternants. 

Many identities arise from the relation Ab+Ba = 0, by supposing a 
to be a base of the form 4,A,... Am@nii, and b a base of the form 
fee bare) Dn0n4i1; where A,, ..., Amsi, By, -.-, Bnyi are any derivatives. 
Restricting ourselves, as sufficient for purposes of illustration and as 
elving results to be utilised below, to the cases when each of Ay, ..., Ami, 
By, ..., Buz; is either A or B, we find on examination that the following 
are all the identities so obtainable up to those of the sixth dimension. 


(1) From Aa=0, putting Ab for a, we have (AB—BA) Ab= 0. 
This corresponds to the alternant relation ((A, B), (A, B)) = 0, which is 
the same as (A, (B, (A, B))) = (B, (A, (A, B))). 

(2) Also from Aa = 0, by putting A*b for a, we have 

(A, (A, B)) A*b = 0, 
that is (A?B—2ABA+BA’) A*b = 0, 
or (A? B—2A BA’?+ BA?) Ab = 0. 
This corresponds to the identity 
(A, (A, B)), (A, (A, B))) = 0, 
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which is equivalent to 
(A, (A, @B, (A, (A, B)))))—2(A, (B, (A, (A, (A, B))))) 
+(B, (A, (A, (A, (A, B))))) = 0, 
an identity which we may agree to denote by 
[1?21°2]— 2 [121°2] + [21'2] = 0. 
By interchange of A and B we derive 
(A B?—2BA B+ B°A) Ab = 0. 


(3) From Ab+ Ba = 0, putting A’) for a, BAD for b, we derive 
(A, (A, B)) BAb+(B, (A, B)) A?) = 0, 
which is the same as 
(4?B°?— B°A?4+2BABA+BA*?B—2ABAB—AB?*A) Ab = 0, 
or, in virtue of (AB—BA)Ab = 0, the same as 
(A°B?— B?A?+8BA?B—8A BA) Ab = 0. 
This corresponds to the identity 
((A, (A, B)), (B, (A, B))) + (B, (A, B)), (A, (A, B))) = 9, 
which expanded is the same as 
[17271 2 ]—[ 27192 ]+-8 [217212 |—3 [127172] = 0. 
The identities 
S(A, B) Ab = (4°B+BA?—2A BA?) Ab = 0, 
T (A,B) Ab = (A? B?— B°A?+8BA°B—8A B?A) Ab = 0 
are not really independent; for we find 
S(A+B, B) Ab = [S(A, B)—S(B, A)+T(A, BJA), 
T(A+B, B)Ab =[T(A, B)—28 (B, A)] A), 
while (A+ B)b = Ab. 


In what has preceded we have considered only bases of the form A), 
wherein A and B are alternants (or simple capitals) ; and, if 


A, =e ee eee 
it has been shown that Ab = 2+ (K,K,... K,)). 


If now P,, Ps, ... be simple capitals or alternants, it is natural to regard 
(Py Po... Prt PasiPnrie--. Prt...) as an appropriate notation for the 
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base which is the sum of the bases P,P,... Prd, PriiPnrse... Pyb, ...3 80 
that its derivative will be 
WEEE ce GTI EN BD, oo) Mc REC E ty Wb ABET Wg teal 2 9 BO) og a 


When P,P, ... PrtPriiPrse... Pet... is an alternant we have shewn 
this to be legitimate ; we extend it to the general case, for which there is 
no corresponding condition for alternants satisfied, the derivative not 


ee ee Oh Ny (BAe, Py EPS: Paty), B)3 
this expression, in fact, not being an alternant of alternants, is not under 
consideration. 
A particular case of this definition is 
C= (Ay tAYAPA,APRH...) b, 
where A is a derivative ; this we regard as the base of 
C=)A,B+A, (A, B) +A, (A, (A, B))+.... 
If uo, My, --- be such functions of Ao, Ay, ... that 
(Ug myA +p A?+...) (Ap +A, A +A, 47+...) = 1, 
we have b= (Uptime A +i A*+...) ©, 
and the substitution in the series above given for C of the series 
B= po C+, (A, C)-+- (A, (4, O))-+.-. 


reduces that series to C. 


2. Of the Substitutional Operation. 


We introduce a symbol to express the operation of replacing a base a 
by a base b, and write . 
(6 <<) a=); 


Oa 


the operation of replacing the capital A by the capital B is also con- 
sidered, and may be denoted by the same symbol, so that 
Cay yp eee 
(b—) 4 = B; 
and, if P be a product of capitals, some of which are A, by the effect of 
the operator upon P is meant a sum of terms each differing from P by the 
substitution of B for A in one factor without change of order ; for instance, 
x) 
da 


(1 2) ABA = B°A+AB?, (2 


7 ) A°C0a = BACa+ABCa+A2Cb. 
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a 
Denoting (2 “-' by 6, and the operation of forming the derivative 4 


of a by e, so that ea = A, we have 
OE: 0A i Beers 


Let the alternant (A, (A, ...(A,(C)...)), where A occurs m times, be, for 
brevity, denoted by (4,,C); then 


6e(Ac) = 6(AC—CA) = BC—CB = e€(Bo) = ed (Ac), 
Se(A™) = 8(AmG) = (B, (Am-1G))-+(A, (B, (Am-2 0) +... + (Ana (B, ©) 
= e(BA"™'c+A BA" 7*ce+...+A” Be) = ed (AC), 
Se(A"DA"c) = 6(An(D(Am ©) = 6,(An(D(An ©) +63(An(D (An C))), 


where 6, operates on A occurring under A,, and 6, on A occurring 
under A», 
== €6,(A"DA™c) + 66,(A”"DA™c) = 06 (A"DA"0) ; 
and soon. Thus, if f(A) be a symbol for the sum of a finite or an infinite 
number of products of capitals, of which each product involves 4, and the 
other capitals in the product are unaffected by 6, we infer that 
de H(A)e = eo f(Aje. 


We shall presently be concerned with a base 6 which is a particular 
case of the form f(A)c, namely, is 


b= (AytrAATAAR+..) 6; 


then B=, 0+A,(4,0)4+2,(4,0) +... 
2 
and a= (2 2) a = 6b =[\, BLG(BA+AB)4+...Je 


is also, clearly, on substitution for B, of the form F'(A)c, and the same is 
similarly true of every expression 6”a; thus 


60° = 0 (6a) = edb = de(Sa) = d(eda) = 6 (bea) = ea, 
0 ==1ed (6a) = de (67a) = Oleo milo ea: 
and so on; and in general 60"a = 0" ed. 


Now, with the same 6, let ¢ be an ordinary number, and put 


f=[4+ 0g) +m Oa) +] 
so that 


F = ca+tedat Fedtat.. .=[1+2 (05 2) 4 # (2). JA. 


Put, further, V = Motu, f+ pu, F?+..., 
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so that, after substitution for / and arrangement according to powers of ¢, 


: 
Nig (G3) ane er) eae 
We have T= [0+ +.. (Anerley 
and thus 
Bahan tera tt) n(tErart raat. 


= ins. Ve 


from which - (=) SO LWA eps One Vda 
OT itE0 


Therefore, the substitution 


F=[14¢(o3) + mila) +~-]4 


in V = motu Pte l?et+... 

2 
gives v= fite(o“\ +5 (6 =) cia |¥ 
where Vo = Mot mA tu A?+.... 


Here 0 is any series of the form 
b= (Ay tAA+AA? +...) 6. 


We shall presently utilise this result. It is convenient to give here 
another particular result. If b reduce to Ac, and F(A, C), or simply F, 
denote any sum of terms each of which is a product of powers of A and 
C, with a numerical coefficient, we have, as we shall now prove, 


(6<) F(4, 0) = FC—CF = (F, 0). 
In particular, if f(A, C) reduce to 4, 
(62) =e 
Ca ; 


To prove the result, notice 


(2 2 A? = (A, C)A+A (A, 0) = A2?0—CA? = (43, 0), 
Gh 
Ashe (2 ) ick == (203i (3 2) K = (K, 0), 


SER. 2. voy. 3, No. 884, D 
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then (2 2) C™H OC” — (CECH 0) (Gi —_ C™HC"t1— O™+1A GC” —_— (CMH Gx. C) 


and (3 <) Hk = (A, OER-+ Ah, OC) ah Ga ie ae 


Another result to be utilised follows hence. We have 
(A,C) = (A,(A,C)) = A?C—2ACA+CA?, 
and in general, easily, by induction, 
(1-0) = ee (rsa 
s==() 
and so 


(4,0) (“') A"™-14.(4,0) ia A™-24.(4,0) a A™34.4-(4,0) 
= (40—C4)(7) A" (420—2.404 +049) (2) A 
+(A°C—84°CA+34C4*— C49) (7) AMO... 
+| Ano (1) "04+... 4p"! (71) Aca (—1)"0.4" 


— = CA"((1- 1+ (7 )Aca™ Td Wee 4] 
+ (APR ia. [(1—1)"""J+...+A"C 

SEO =| ie 

and thus, if @(A) =A ete, 
a a ' (A) ''(A) AY 
O-)94) = 4,082 44,08 + 4.025 +t... 

where '(4) =+2%d4+8r,42+..., f(A) = 2 +8.2.¥,4+.... 

This is the same as 


(02) 94) = BLO sup O pup #4, 


and this result, though proved for B = (4,(), can easily be shown to hold 
for arbitrary B. A particular case, given by Mr. lg Proc. London 
Math. Soc., Vol. xxrx., 1897, p. 16, is 


BAP ABA? +. de B = (Pp Ae eh (VB Aes 


is (7) C408) eer | ALA gee 
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3. The Exponential Theorem. 
Applying the theorem just obtained for arbitrary A and B, 
| , ~ '(A) f(A) (A) 
(6<) 94) = BEE +4 BOO + BES +... 
to the case where for #(A) we have 
tA A® , AP 
(aN ese hig pada ay 1a gp te 
so that each of ¢'(A), $"(A), ... is also A, we obtain 
A,(A, B 
id) a= (04 GP 4 ta Ja 
0a 
Now put, with arbitrary a’, 
oe. A AS See ze A @1 421 Bo 44 r 
= G+5+5 +...) f= (1 © + Sta Satya’, 


where a3, = 4, 3, = — xy, ... are Bernoulli’s numbers with associated 
signs; then, as 


pp AB) 4 (Aad BD 4. 


is the derivative of ( 1+ — a1 f+ aby Jo 
or a’, we shall obtain 


p+ Se) 2B) a 2) 


Thus, with the particular } so defined from A and 4’, we have 


(62) 4 =a 

AS OB)" 4 = ams, 
soit w=[462) +408)" J0 
and AY 144" So ton 
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then, as follows from a result proved in the previous section (p. 33), 


1 


No 1+ (2) + e (62) +...]a = (it4'+4° +...) A, 


which we appropriately write A” = A’A; 


this is then the consequence of 


“af (Q+d0a)+Je 


where, a and a’ being arbitrary, 


pes (+5444...) a 


This, harenny elves 
Bo A ee a (4,4) + 7 (ApAa ee: 
0 wei 4 wee: @irp. We 8 \ G 
(o5,) = {5+ Slt FAI... } a 
where [BA® | = BA" EA BAt 2 Am te, 


so that (3 2 6 is of the form F(A, A’)a’, where F(A, A’) is a series of 


polynomials in A and A’ with numerical coefficients. So therefore is 


0 m ; 
every term (3 =) a. Hence, as A’a’ = 0, we have an equation 


a" = QO Ag et te i) 


where H, is a homogeneous polynomial in A and A’, of dimensions 7. 
As A", the derivative of this, is a series of alternants, we infer therefore, 
with arbitrary non-commutative symbols 4, A’, if 


ef A? A8 Re: : A” A® 
and the expansion of 


(A’A— 1) —4 (A’A—1)?+3 (A’A—1)8—... 


be arranged according to homogeneous polynomials in A and A’ of 
ascending dimension, that each polynomial is an aggregate of alternants 


of A and 4’, any one such aggregate being the derivative of the terms of 
the same dimension in 


a" = a+a'+(H,+H,+Hot+...) Aa’, 
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For instance, as will be presently seen, 
Hy = — i, A, a qs (A — A’), Hi, — 374A’, 


and we find on trial, as was remarked in the introduction, that to the 
fourth dimension the expansion in question is 


A+A'—3(A, A) +4, (A—A', (A, AN) + (A, (A', (A, AY). 


The theorem has a converse. When 4, A’ are perfectly general there 
exists no other derivative 4,, such that 


Aj 
An = =1+4yt 3 > potas 
is equal to A’A. 
For otherwise A,, = A”, Ai; A" = 1, and so, if we put 


ve(a, a’) = a+a'-+ (A+ 48,444 ...)Aa', 


and denote by A, the derivative of W(a"’, —a,,), we shall have A, = 1, 
namely, 


(i+ <2 * auieb se) Oi 


or, on multiplying by 1—44,+ om aba cee we shall have A, = 0, namely, 


Wy (a", —ay) = 0. The only solution of this which holds for all values of 

a’ must be one for which the terms of any order are separately zero; in 

particular, from the terms of the first order @’—a,,;=0; while, con- 

versely, if this be so, A” = A,,. 

4. On certam Properties of (a, a’), and the Deternunation of rts 
Coefficients. 


The actual form of W/(a, a’) can be determined from its definition 


0 1 O\e 
[1+ (852) + 37 (qq) +-- Ja 
it is at once seen, however, that beyond the first few terms this is an 
intricate process, and, moreover, the terms then appear arranged according 
to ascending dimension in @’ only, and not, as will appear more proper, 
according to ascending dimension in a and a’ jointly. 
Some information appears on the face of the series. First we have 


W(—a', —a) = —vVa,@’). 
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Wor A-tAt {AA "1. or Al = AgtAG eineincleeas 
7 Al? 
NG Bd ee Blaney a> 


we have —A" = (A7!A’-!—1)—4 (AA! — 197+... 
Thus in the series 
Un(d, a) — dobar Cape ge he) ee 


H, is symmetrical in A and A’, while H2,_; is changed in sign by inter- 
changing A and A’. Next, the terms of the first dimension in a’ in 


a (o£) a= (eer mere ages! a 


oa 4! 
thus H, = —4, while H2, has no terms in A” or A’", and Hon_1 contains 
the terms cays ae This gives H, = 7,(4—A’), and d, 


= numerical multiple of AA'+A'A; we have seen, however, that 
(AA'—A'A)Aa’ = 0, so that Hy is a numerical multiple of AA’. 

To obtain further information we prove first two lemmas: (a) if a, a’ 
be arbitrary and c = Aa’, then C = AA’A™, and hence 


2 
i aly ote a eT ARTACT 
(8) we have W(a’,a) = Ava, a’) = W(a, Aa’), which are both included in 
Gates) me ae 
The result (a) is obvious on forming the expression 
2 2 
AAA“! = (it4t+ +...) A144 —...), 


in which the terms of dimension (n-+1) are 











A” Apr A®-} asl A*’-? patie a oake 
mi | =i pT ee Oa ee 
which is = (A,,A’), the derivative of at Or it follows thus: From 
c = Aa’, we have 
Gh (ee 4 (4s4’) +...) A 
1! a} 
=4A'A+ (B+ SAE y \ a, 
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where b = Aa’; by previous theorems (§ 2), this is 
t @ it l4 AY gee 8 t 
A A+(b<) A = A’A+(A, A) = Ad’, 


so that C= AA'A™’. To prove the result VW(a’,a = Av(a, wv’) of 
lemma (8) we have only to notice that, if a,, = Aa", then A,, = AA"A-}, 
and so, if a" = V(a, a’), and therefore a,, = Av(a, a’), we have 


Ay = AA'AA-! = AA’, 


which establishes a, =w(a',a). The same proof stated differently 
gives, from a, = Ay (a, a’), the series 


Ay, = AA"A-? = A(A'A—1)A1— 4 A(A'A—1)? A-!4 
= (AA'—1)—3(AA'—1)?+..., 


which shows that a, =vW(q@',a). The result W(a, Aa’) = Aya, a’) of 
lemma (8) is obvious from the form 


Wa, v’) = ata'+(8,+H,+Ao4+...) Aa’. 
For consider any term P= A*A”A"A™ ... Aa’; 
if herein we replace a’ by Aa’, and therefore A’ by AA’A™", it becomes 
Ai NA Ng AV AANINCY PRA NG! 
or, since A and.4 are commutable, 
WAgA An A Se NSA ah 


or AP: while a+a’ becomes Aa+Aa’, it being noticed that in virtue of 
Aa = 0 we have Aa = a; thus Wa, Aa’) = Awa, a’). 
Consider now the equation 


—vVW(—a, —a') = Ava, a’); 


it gives 
a--a' —(H,—A,+H,.— . SAG 


2 
= {1+4+Z+...| {a+a'+(H,+H,+H,4+...)Aa’} ; 


comparing here terms of second dimension, we have 
—H, Aa’ = H,Aa'+A(ata) = (Ay)+)Aq, 
so that Hy = —4; comparing terms of third dimension, 


H, Ad = H,Aa’'+(H)+)A’e’" 
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giving also H, = —4; comparing terms of (n+2)-th dimension, we have 


PA f 
A®*tigq! 


—.1)\n-1 Pen 2 
(IH, Aa! = (Heb AH yt Sp Baath + Sh) Ae’ Fas 
thus when n is even, = 2m, say, we obtain 
1 Arce 
| 2A an -+ A Hon +5 =a eek +o5 (H+ mori) |4e = 0, 


from which H.,,Aqa' can at once be calculated when all the preceding 
terms are known; for 2 = 2m+1 we obtain a less convenient equation in 
which the term of highest dimension is again the term involving H>,,; if, 
however, in the equation just obtained we interchange a and a’, and 
subtract the result from this equation, we obtain 





; A?—A"” Am— Alam 1 Ais 
(4 +4) Han, + FA Hannah ot (Ho+545 =) [4 _ 


we proceed to show that this equation determines H»,,-; Aa’ when all 
preceding terms are known. To explain this, let K, denote what H, 
becomes when A—A’ is put for A; if AK, were determined, H, could then 
be found by putting A+A’ for A; we have thus, since (A —A')a' = Ad’, 





(A— A'y— A” (A— A! yen Arm ( 1 )] 
| An it yi Oe ae Kom oot: eae (Qn »)! Hot Im+1 


XA ne 


this gives AKo,-1;Aqa’ when preceding terms are known; we say two 
solutions for Ko»; are not then possible; for, if so, and P were their 
difference, there would exist an equation 4A PAa’ = 0, in which P is an 
integral polynomial in A and A’; we have remarked the existence of 
identities QAa’ = 0, in which Q is such an integral polynomial; we say 
that @ is incapable of the form AP; for let PAa’ = f, so that APAa’= 0 
is equivalent to 4f=0 or AF = FA; let F = AG, where G is incapable 
of a form AG, in which G, is an integral polynomial in A and A’; then 
A"*'G = A'GA, clearly an impossible result, since the highest powers 
of A occurring as left-side factors are different for these two quanti- 
ties. 

As illustrations of these formule we proceed to calculate H,, Hy, 
H,, H, For H, we have 





| (4 +A » [4a =) 
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or, in the notation above, 


P| oes PETA 
A a MAY ja = 0; 


(4K, 
in virtue of (4A’—A’'A)Aa’=0, this gives H,Aa’ = 3,(A—A)) Ad’. 
For H, we then have 

—A' , A? 


| 2th+4 =A 44 


ee 1 oe 
5 (3+ [4a = 0, 


and hence at once H, Aa’ = +,4A'.Aa’. Hence we have for K, 





| AKa+ (A ae (A Bee Se fe 
fe Sage (3+ | Ad’ = 0. 

Taking account of (AA’—A’A)Aa' = 0, this is found to be 

[720A K,+ A4*+8A24'—4474"+1+44A?—344"4—AA'A?+Q] Ad’ = 0, 

where QAa’' =[4A'AA”?—8A'A?4'—A'A2+ A"? 4?2—24?4] Ad’, 


which must then be capable of the form APAqa’; in fact the previously 
eiven identities (§ 1) lead to 


(A"?A—2A'AA”) Aa’ = — AA Ad’, 
(A?A?—8A' APA) Aa! = (A7A"? BAA" AJA, 
A'A®Aa! = (—A®A'+24A'A Ad’, 


and QAa’ then takes the form in question; putting then A+ A’ for A, we 
find 


H, Aa! = — 735 (42—A24+6(424'— AA) 4-2(4A2—A'A)] Aa, 


in which H; is changed in sign when A, A’ are interchanged, and has 
w,/4! for coefficient of A®. Lastly, for H, we obtain, on substituting for 
H,, i, Hg, 


[—1440H,+ A24'+24°A"?—64AA”?4A—24 A'A?—AA®] Ad’ = 0; 
putting here, from the identities in question, 
(A3A'—2AA'A*) Aa! = — A'APAQ’, 
and (247A"—64AA"A) Aa’ = (A?A"—8AA?A+A"A?—8A'A*A)A, 
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we find 
A a wares [424+ A"42?—84A"A —84'A?A4'—AA?—A'A®] Ad’, 
wherein H, is symmetrical in form. We have therefore, to the terms 
found, 
a" =ata'+{—44+4(4—-4)4+5,44' 
—7i5(A® —A"+6A7A'—6A"A+292AA"—2A'A?) 
— spy (A'AP2++-AA2+8A4'A7A! +34A"4A—A?A"—A"A?)| Aa 

By taking the derivative of this we have therefore the expansion by 
simple alternants of H(a, a’) = (A'A—1) —4(A’A—1)?+..., up to terms 
of the sixth dimension in A and A’. And the law of succession for the 


calculation of the terms of y/(a, a’) corresponds of course to a law for the 
terms of H(a, a’). In fact, H(a’, a) =—H(—a, —a’) = AH(a,a’)A™, say 


C—OybG,—C,.ba = (1+4+4+...) GitOe) (1—a+4-...), 


giving, if we notice (A,C) = 2 (—1)* (”") A™~“CA*, on equating terms 
s=0 


of dimension 7, 


(—1)""C, = C,+(A, C,- d+ ay = (4, (A, Cr_2)) +... ——~ (Ay-1 C)). 


(Pe en 
It is manifest, however, that the application of this law is more laborious 
than the rule we have followed for the bases of the alternants. 


In what has preceded the derivatives A, A’ have been perfectly general. 
But the fact that the series H(a, a’) is obtainable by forming the derivative 
of the series (a, a’) remains true when 4, 4’ are less general. One of 
the most natural ways in which we may allow restrictions is to suppose 
that the powers and products of A and A’ are also derivatives. We carry 
out a particular example of this suggestion, of a very simple kind, which 
is yet general enough to give a great deal of information in regard to the 
expansion of y(a,a’). We suppose A? to be a derivative, in fact equal to 
uA, where uw is a number; and similarly 4? =.n’A’. Then A?a' = pAa', 
and therefore 


(A, (A, A’)) = (A, A’), or A?A'—24A'A+A'A? = ux (AA'—A'A), 


which gives «A’A = AA’A; and similariy «’AA'= A'AA’. It is con- 
sistent with these to suppose AA’=wA’ and A’A =w'A. These four 
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equations give, if B= pA-+qA’', whatever numbers p and q may be, 
B? = (put+qu')B, and conversely. It is then easily seen that 


AA; A” Aa’ = H,, (Ku, p')Aa', 
and we have 


W(a,a’) = a+a'+[(Ho+Ay(u, u')+Ha(u, u')+...JAa’ = a+a’+rda’, 
say, where A is a number, giving A” = (1—Ap’)A+(1+ Anu) A’. On the 


other hand, from A™ = u™"14, we have A=1+ m A, where 
o(u 


2 —1 
o(u) = +444 +...) = er ei pop 2 ah... =H: 


thus A’A = (1+ an) (2 +45) idl See aie a fn) 


also, from the form A” = (1—Aw’)A+(1+ Au) A’, we have 


Al™ = (u+p') A", 
A" 
d A" = 14+ ——;; 
a i o(u-+m’) 


putting this equal to A’A, we have 


yr Tet) _ F(ute’) 
1 Ap  o(u) |1+ |, 1+Au o(u’) ? 





which are consistent in virtue of 


Wade oe ie fe 
quay sua tay ae 
or ete — Jf = e&—1+(e"—1)e", 


and give A; namely, in this case H,, (u, u’) consists of the terms of order m 


in the expansion of [o(u’)|7? bh ts) “pole We find 


i 


1 Kee ! pl ae gay , F F 
, Ture) —ao(u') _ sa Pt IIE ae alee a ba Pe 
a(n’) be 

— Pry (eu tu ut4auru!) +... 5 


thus we have at once the values of Hy, H,, H, and infer, putting down 
for H(A, A’), H,(A, A’) the most general possible respectively un- 
symmetrical and symmetrical polynomials of dimensions three and four 
certain relations among the numerical coefficients in these. 
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An important Property of the Series Wa, a’). 
Denoting 1+A-+A?/2!+... by Aa, we manifestly have 
Aw Ay (a, a’) — Aw Aw aN — Aya, a’) ay 
leading to Wiwa, a), a"|=vVl[a, wo, a’), 


which can be verified directly from the series (a, a’). 


5. Some Applications to the Theory of Groups. 


The applications we shall notice are of two kinds: the first, that which 
was in view in Mr. Campbell’s paper referred to in the introduction to this 
paper, when the capitals A, B, ... are linear operators of the form 


Dee re et. bale. tn) oo 5 


the second when the capitals are certain matrices. As regards the first, 
it is easy to show that, if 


2 
XL; = (1+¢X+ 5X4...) “Li, eX x, , 


where ¢ is a number, then, at least in a neighbourhood where the analytic 
function F(#,...%,) 1s regular, a similar condition being assumed for 
ey (Ty ss. Din) letea ected 


TAH ak yo (itex+ 4 x4...) FQ, ... 2). 


If then we put TiN) ee ene ae) 


where X, is one linear operator, and define similarly F, from another 
operator X,, the exponential theorem proved above gives 


ef *1 etXe — efXs, : 
where tX, = (e621) —F (ere — 197+... 
is a series of alternants and therefore also a linear operator, and therefore 
Eee) =e o's Aa) = 6 Ba) (ea). 
In particular, putting F(x) = z;, and, with linear operators P,, ..., P,, 


X, Se, Fee X= e Pit... +e6-P,, 
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where ¢;, ..., €r, €1, --+, €r are numerical constants, we have, if 
e“1a, = fila, €), ° e**a; = f,(a, e'), 
the equation ee, = f,| f(a; e), e'|. 


If, further, every alternant of two of the operators P),...,P,1s expressible 
linearly by P, ... P;, say in the form 


Clete L gem Coal Lit + «ath Crate AO Gi ae ew aes} 28 
then X; will be also so expressible, say in the form e; P,+...+e;P,, and 
we shall have Piercy ean ten, Van! 
the fundamental equation of Lie’s group theory. 

Now we have seen (§ 38) that 
Xz = Xy + Xy +3 (AX, Xe)+ yy (A — Xa, (Ky, Xe)) — gig AG, (Xa, (XG, XQ))) eS 
and we have 
(X,, Xq) = (€,Pi+...+¢,P,, er: Py+...+e,P,) = = ~ 2 Cpor ep CoP 
(oenOm Thiag Lace 1) « 
We introduce now a matrix of 7 rows and columns whose general element 
is 


Jaa ee > oe TIM Grant) Ihe 8 bccn SM 


so that each element is a linear function of e,, ..., e, with coefficients chosen 
from the constants ¢,.,; then we have, since from (P,, Pz) = — (P., P,) 
follows per = — Copr> 


(X,, X,) = —Z2ZE,,¢,P, = — = (Ee’), P,, 
where He’ is a symbol for the set of 7 quantities 
(He), = H,,a+H,,e+...+H,,¢, 


and clearly He' = — E’e, if EH’ be the same function of ¢,, ..., ¢, as is H of 
é,...€,. Hence it follows, if (He’), be momentarily denoted by f,, 


Be (X, Xo)) = =e) Pi iete,2,, Ye peeks) a MHA), PH 


T 


(Xq, (Xj, X_)) = — (4 Pit... +er-Pr AiPit..-tf/r-Pr) = 2 (B'f), Pe, 


T 


and therefore again, if (#'f) be momentarily denoted by g,, 


(X, (Xp, (XS, X))) = Prt. ber Py Prt... +GeP) = —D (Eg), Pr 
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but Hf = He’, E'f= H'Ee', Hg = EE'f= EE'EHe'; thus we have 


X3 = 2 (¢,+e,—$(He), + yy (He), — py (H He), tag (BE He’); +...) Pe; 
T=1 


be 
or, since X,; = > e, P,, we have 7 equations 


7=1 
é, = e,+e,—4 He’), + yy (He), — zy (E' He), Pog (BH He’), +..:, 
all of which are represented by 
| el et el te eh tei i ele ett ee 
and this is the series we have previously denoted by v(e, e’), there being 


r functions Wy, (e, e’), ..., Wr(e, e’). Thus it appears that the fundamental 
equations of Lie’s group theory are 

ALF @, &), e'] = filz, Wee, e’)], 
and we have proved, to employ the ordinary nomenclature, not only that 
the equations of the parameter group have the form given by e” = W(e, e’) 


expressible by the matrices #, H’, but that there is a one to one corre- 
spondence between the terms of this, and the terms, which are alternants, 


in the expansion of dake 
P ete? —1 —4(e4e?—1)?+.... 


And this brings us to the second application of our preceding general 
theory to the theory of groups. It is, in fact, easily recognised that the 
laws fundamental for derivatives and bases which were set out at the 
beginning of this paper hold for matrices H, such as have been here intro- 
duced, and for the sets e,,...,¢,. To see thisit is only necessary to notice 
(1) the fact proved above that He’+ H’e = 0, (2) the fact that the # matrix 
of the set He' is HH’—EH’'H. This last follows from the equation 


EE'e' + H' H"e+ HE" He' = 0, 
which expresses that relation among the constants of structure which 
follow from the identity | 
(X4, (Xo, Xe) FU (Xz, A)) +1 Xz, (X,, Xp)) = Q; 

for this equation is (H.E'—E'H)e'+ E"EHe' = 0. 
It must be remarked, however, that it is only for groups of general form 
that the equation / = 0 involves e, = 0, ...,e¢, =0,or e=0. The group 
must have no special transformations. 

Conversely that intricate part of the algebra of the theory of groups 


which is concerned with the theory of structure may conveniently be 
stated in the general terms of the earlier part of this paper. As the 
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theory is there set out, the primary set of capitals may be of infinite 
number, and in any case the alternants formed from them of successive 
dimensions form an indefinitely extended system from which there is no 
return to the original capitals, save perhaps by reverting an infinite series 


Ap B+A,(A, B)-FA,(A, (4, B))+.... 


If we wish to have a finite system of elements, we may then naturally 
suppose, to speak in terms of the bases of the alternants, that there is but 
a finite number of bases, say @,, do, ..., @, in terms of which every other 
base is expressible linearly with numerical coefficients. We shall thus 
have, for instance, equations such as 


Ah Oe (Gy EL. Sf Cray he) 


It is at once evident that this leads to equations F(4,)a, = 0, where 
F(4A,) is an integral polynomial in A, with numerical coefficients ; and so 
on. It is interesting to consider from this point of view such propositions, 
for instance, as one, due to Cartan, relating to the necessary and sufficient 
condition that a group be integrable; with our proposition that the H 
matrix of He’ is (H, H’), this condition is that the constants of structure 
should be such that for some positive integral A we should have, for every 
e and e’, an equation (HH’— EH’ EH) = 0. 
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ON THE FAILURE OF CONVERGENCE OF FOURIER’S SERIES 


By EK. W. Hosson. 


[Read December 8th, 1904.—Received December 14th, 1904. ] 


Ir is well known that, if f(z) is a limited integrable function, defined 
for the interval (—7, 7), the corresponding Fourier’s series, at any point 
x at which it converges, has for its limiting sum L }/f(7+e)+f(e—e)}, 

e=0 


provided this limit exists at the point. It is known that the nature of the 
function in an arbitrarily small neighbourhood of the point x determines 
whether the function converges at x or not; various sufficient conditions 
have been found that this convergence may take place. In the present 
communication a general theorem is obtained relating to the most general 
distribution of the points of the interval at which the series either con- 
verges to the value of the function, or can be made so to converge by 
bracketing the terms of the series in a suitable manner. In the latter 
case the series is an oscillating one: some preliminary remarks are 
accordingly made on the subject of oscillating series. An example, due 
to Schwarz, of a series which represents a continuous function, and fails 
to converge at a particular point, is considered in detail, and it is shown 
that the series 1s in reality an oscillating one, at the point, and that by 
introducing a suitable system of brackets, but without altering the order 
of the terms, the series can be made to converge to the value of the 
function. Finally, a function is constructed which fails to converge at 
points in every interval contained in the interval (—7z, 7). <A more 
complicated example of such a function has been given* by P. Du Bois 
Reymond. 


On Oscillating Series. 


1. Let us suppose that w,, Us, ..., Un, ... 18 an unending sequence of 
numbers, such that w, has for each value of n a definite numerical value 
assigned by means of a _ prescribed law; let s, denote the sum 
UjpUg+...+Un, and let us consider the aggregate (s,, So, ..., Sn, ---), the 
elements of which may be denoted in the usual manner by points on a 


* Abhandlungen der bayerischen Akademie, Vol. xr. 
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straight line. This enumerable set of points will be denoted by G; the 
following cases may arise :— 


(1) The set G may consist of points all of which lie between two fixed 
points A, B, and the derivative G’ of the set G may consist of a single 
point s. In this case the series w4+w.+...+w%,+... is convergent, and s 
is its limiting sum. 


(2) The set G may be unlimited in one direction or in both directions, 
and the derivative G’ may be non-existent. It may be said that G has 
the improper limiting point +, or the improper limiting point — © ; 
it may have both +o and —® as improper limiting points. In either 
case |s,| has no upper limit, and the series w,+2.+...+2,-+... is said 
to be divergent. There are thus two species of divergent series: for 
example, the series 1/1+1/2+...+1/n+... is divergent and has the 
improper limiting point ++, whereas the series 


1—2+38—4+...+(Qn—1)—2n+... 


has the two improper limiting points +», —o. 


(3) The set G may consist of points all lying between two fixed points 
A, B, and the derivative G’ may consist of more than one point; in this 
case the series is said to be an oscillating series. The set G’ may contain 
a finite or an infinite number of points, but is, in any case, in accordance 
with a well-known theorem, a closed set, and consequently has an upper 
limit U and a lower limit 1. These limits U and LF are called the limits 
of indeterminacy of the series Xv,. 

It is always possible to find a sequence (Sn,, Sng, Sng, ---) Of partial sums, 
where 2; <7.<n3..., which converges to the limit U, and another such 
sequence which converges to the limit L, or one which converges to any 
prescribed point of G’. It thus appears that, by means of a suitable 
system of brackets, the oscillating series 2w, may be converted into a 
convergent series of which the sum is a prescribed point of G’, the terms 
in each bracket being amalgamated. The set G’ may be non-dense in the 
interval (Z, U), or it may consist of all the points of that interval, or it 
may consist of a closed set of the most general type which is dense in 
some parts of the interval (L, U). 

For example, the series 1—1+1—1+1—... has the points 1, 0 for 
the upper and lower limits of indeterminacy, and G’ consists of these two 
points. 

Again, it is easy to construct a series which oscillates between the 
limits of indeterminacy 0, 1, and such that G’ consists of the whole 
interval (0, 1). 


SER, 2, vou. 3. NO. 885. E 
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Let Sy 


ca, YY 
3, S9 3 53 2 Paces 5? 
— — — Libis (53 gate 
S.= 3%, Ss = Ss = 2, Ss= 4% Sip =F, 3 
and generally 

1 i 2 _m+i1 
= ——— = ———_ ee: 2 = —— 

: ae yt A Se a _mtl 
ST 8) a, iets 1 2) i one 

(m+1?+1 om +3’ (m+1)?+ om+ 9” ’ (m+1)(m+2) m+8 


The set G consists of all the rational numbers between O and 1, and 
thus G’ consists of the whole interval (0, 1). 
It follows that the series 











where 
Um(m+1)+1 = om +2 m2’ Um(m+1)+2 = om+1 om +2” 
i EG id va ny iar | van ellos 
m(m+1)+3 — 5 Im+ 1’ Swale (m+1? — m+ m+3’ 
i ad el Lt Le oe Mi pad pled nah ae 
rt eting Darton ion ae eT Dam 2.) Ome 8? 


can have its terms so bracketed that the sum of the resulting series is any 
_ prescribed number in the interval (0, 1). 


(4) The derivative G’ may exist, but it may be unlimited in one or in 
both directions: thus U may have the improper value +, or L may 
have the improper value —o, or both these cases may arise simul- 
taneously. In this case the series oscillates between limits one or both of 
which are indefinitely great. The series may be made to diverge by 
introducing a suitable system of brackets, or it may be made to converge 
to any point of G’. 

For example, a series may be constructed which oscillates between 
infinite limits of indeterminacy, but which, by introducing a suitable 
system of brackets, may be made to converge to any prescribed number 
whatever. 

lia i eT aoe where the positive sign is ascribed to the radical, 
the points z of the interval (0, 1) have a (1, 1) correspondence with the 
points x’ of the interval (—#, ©); it is clear that a set of points in the 
interval (0, 1) corresponds to a set in the interval (—«, ©), the relative 
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order of pairs of points in the one interval being the same as that of the 
corresponding points in the other interval. Further, a limiting point of a 
set of points in the interval (0, 1) corresponds to a limiting point of the 
corresponding set of points in the interval (—®, ©). The rational points 
within the interval (0, 1) correspond to a set of points everywhere dense in 
the unlimited line (—x», +0). We may apply this method to transform 
the series obtained in (8) which oscillates between the limits of inde- 
terminacy 0, 1, and which can be made by introducing suitable brackets 
to converge to any number in the interval (0, 1). 





We find 
° — O CS ida . = — 2 is = 1 8. = —= 3 
I Or a eA Sh A/D ; 2,” 
4 GLO Rae 5 


and generally 


! On 2m Cw ye, 2m—3 
Sm (m+1)+1 ea ae / (m+ i; Siam +1)+2 ~~ a/ ! D) Qnm— 1) | ’ “9 
} ie m ' hs On ee 
S(m+1 i (m+ 1)’ S(m+241 ye /(2m+ 2)’ LIE) 
m—1 


! 
; : Cae ee 

S 1)\(m+4+2 { \ 

(m+1) (+2) / 4 2(m-+ 1)} 


Thus the series 


Atha Gra)-eaes 
Se ae 


has the required character: it may be made to converge to any value 
whatever by suitably bracketing the terms together and amaleamating 
the terms in each bracket, without altering the order of the terms. 

22—1 
/{ed—=)} 
number of transformations by means of which sets of points in a finite 
interval may be made to correspond with sets of points in an unlimited 
straight line, the ordering of the sets being the same. Another simple 
transformation of this kind is «' = tan 7/2, by which a set of BOs oan 
the interval (—1, +1) is transformed into a set of points z’ on an 


unlimited straight line. 


The transformation x’ = is an example of an unlimited 


E 2 
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The Points at which Fourter’s Series does not converge. 
2. Let f(x), #(x) denote two functions which are limited and integrable 
in the interval (—7, 7), and let a,, 6, denote the Fourier’s coefficients 


i Ax) COs sz da, \ f(z) sin sedxz, the corresponding coefficients for the 


function ¢(x) being denoted by a, b.. It has been well known for a long 
time that, provided the Fourier’s series for the functions f(x), (x) con- 


” 

5 ° e A ' ] ! 

verge uniformly in the domain (—7z, 7), the series 4a)a@)+ DX (Ag Ag+ bg bg) 
Al 


converges, as ” is indefinitely increased, to the sum | F(x) p(x) da. 
T J—q7 


The theorem has, however, more recently been established,* that the 
series converges to the same sum, quite independently of the mode of 
convergence of the Fourier’s series, and in fact independently of any 
assumption that these series converge at all. 

In the particular case in which the two functions f(x), #(x) are 
identical, the theorem takes the form that for any limited integrable 
function f(x), the series Bat % (a, + by). is always convergent and has for 


its sum 4 \f(z)}*dz, and that this is true independently of any 
Tare 


assumption as to the convergence of the Fourier’s series 
iv9) 
sa)+ = (a; cos sx-+ 6, sin sz). 
1 


This theorem will be here applied to an examination of the properties of 
the Fourier’s series. 


The function f(x) being limited and integrable in the interval (—7, 7), 


let #,, denote F()—4ay— Ea cos se +6, sin sz); we have 


\ R dz = i (f@Pde—x| dah + B(a+09 |. 
—T = 


The expression on the right-hand side is essentially positive, and 
converges to zero as m is indefinitely increased. Let e¢, m be two fixed 
numbers which may be so chosen that ¢?/4m is as small as we please ; 
then an integer N exists, dependent on m and e, such that 


77 2 
2 é€ . 
ie Eda < srt provided n > N. 





* The first proof was given by De la Vallée Poussin ; see Annales dela Soc. Scient. de Bruxelles ; 


other proofs have been given by Hurwitz, Math. Annalen, Vol. tvt., and by Fischer, Monatshefte 
fiir Math. u. Physik, Vol. xv. 
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Let us take a fixed value of » which is >N; then, since |R,| is 
an integrable function, the interval (—7, 7) can be divided into a finite 
number of parts such that the sum of those parts in each of which the 
fluctuation of |R,| is > de is less than an arbitrarily chosen positive 
number 7. In each of the other parts, the fluctuation of | R,| is < 4e. 
Let these latter parts be denoted by ¢,; then | R* dx, taken through all 
the parts 6,, is <¢?/4m. If one of the intervals of 6, contains a point 
at which | R,| > e, then at every point in that interval | R,| > ge; it 
is clear that the sum of those of the intervals 6, for the whole of each of 
which | R,| > de must be less than 1/m. It has now been shown that 
there exists a finite set of intervals of which the sum is > 2r7—7n—1/m, 
such that at every point in them the condition | R,|<e is satisfied ; 
the set of intervals depends upon the particular value of chosen. 

The number of intervals in the set depends upon the value of , 
and may increase indefinitely as 7 is indefinitely diminished; it follows 
that for each value of » which is > N there exists a measurable set 
of points such that at each point | R; |<, the measure of the set being 


> 2r—1/m. 


It has now been established that a sequence Gy, Gyii, Guy, 
of measurable sets of points exists such that the measure of each set is 
> 27r—1/m, and such that at any point of any one of them G, the 
condition |R,|<e is satisfied. 

The following theorem* in the theory of sets of points will now be 
applied to the sequence Gy, Gw4i1, Guia, -.. 2— 


If P,, Py, ..., Pn, ... is a sequence of sets of points, each of which 
sets is a component of a closed set of finite content /, and if the interior 
measure of each of the sets is greater than a fixed number C, then there 
exists a set of points of interior measure > C, and of the power of 
the continuum, such that each point of the set belongs to an infinite 
number of the given sets. 


In our case the sets Gy, Gyii, Gyro, ... are all measurable and their 
measures are all > 27—1/m—y, however small 7 may be; it follows 
that a set exists of interior measure > 2r—1/m—y, each point of 





* This theorem was stated and proved by W. H. Young, Proc. London Math. Soc., Ser. 2, 
Vol. 2, in his paper on ‘‘Open Sets and the Theory of Content.’? The theorem, so far as it 
relates to measurable sets, was stated without proof by Borel in the Comptes Rendus for December, 
1903. The expression ‘‘measure’’ is employed in the present paper in accordance with the 
usage of Borel and Lebesgue, instead of the expression ‘‘content’’ employed by W. H. Young, 
because the latter has been used in another sense by Harnack, Cantor, and others. The word 
content is here restricted to the case of closed sets, in which case the ‘‘content’’ of Harnack 
and the ‘‘measure’’ of Borel are identical. 
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which belongs to an infinite number of the sets Gy, Gnii,.... Since 
y is arbitrarily small, it follows that the interior measure of the set 
of points thus found is > 27—1/m. For each point of this set G (e) 
there are an infinite number of values of 2 such that |R,|<e. Let us 
consider the set H, of points for each of which |£&,| > e¢, for all values 
of except for a finite number of such values, and let a be the exterior 
measure of this set, and, if possible, let a > 0; for the complementary 
set which is of interior measure 27—a, there must be for each point 
an infinite number of values of » for which |R,|<e«. Let us choose 
m so large that 1/m<a; then for each point of G(e) which is of 
interior measure 27r—1/m > 2r—a there are an infinite number of 
values of » for which |R,|<e, and these cannot all be included in the 
set complementary to H,.; it follows that it is impossible that a> 0; 
thus the set H. is measurable, and its measure is zero. 

Since the set H. of those points for each of which |&,|<¢ at most 
for a finite number of values of 2 has zero measure, it follows that the 
complementary set K., for each point of which Bey <e, for an infinite 
number of values of n, has the measure 27. Let us now take 
a sequence of diminishing values of e¢, say «, €, ..., €n, -.-, Which 
converges to zero, and consider the sets A.,, K., ..., K.,...; each of 
these sets has the measure 277: it follows, by applying again the theorem 
in sets of points already employed, that there exists a set of points of 
measure 27 each point of which belongs to an infinite number of the 
sets K.,, Key -»->He, ---. Chis set 0 is suchthat for any, pointeedl 


it & SeqUENCE Ep, Ep, Ep; --- Of values of e belonging to the sequence 
€, €, 3, ... exists such that | R&,|< e,, for an infinite number of values 
of n, |R»|<e,, for an infinite number of values of m, and soon. The 
SEQUENCE Ep,, Ep, Eps --- Converges to the limit zero; thus for any point 
of the set L we have lim Rk, = 0, provided a properly chosen sequence 
of increasing values of 7 is taken. 

For any point of the set LZ, either the Fourier’s series converges 
to the value f(z), or else it oscillates between finite or infinite limits 
of indeterminacy, but so that the functional value at the point is a 
limiting point of the partial sums of the series. In the latter case the 
series can be made to converge to the value f(x), by bracketing the 
terms in a suitable manner, the terms in any one bracket being regarded 
as amalgamated ; no change is made in the order of the terms. 


If for any value of the variable «x the Fourier’s series does not 
converge to the value f(x), but can be made to converge to that value 
by wntroducing a suitable system of brackets, the terms im each bracket 
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being amalgamated, but the order of the terms being unaltered, the series 
will be said to be quasi-convergent with f(x) as its swm. 

The set complementary to LZ has zero measure, and contains (1) all 
those points for which the Fourier’s series is divergent, (2) points at 
which the function /(#) is discontinuous and the series converges to 
a value different from f(x), and (8) points at which the series oscillates 
but is not quasi-convergent with f(x) as sum. 

The following general theorem has now been established :— 

If f(x) w a lumted wntegrable function defined for the mterval 
(—7, 7), there exists mm ths interval a set of points L of which the 
measure is equal to that of the whole interval, such that at each point 
of L the Fowrver’s serves erther converges to f(x), or ts quast-convergent 
with f(z) as sum. The complementary set is of zero measure, and 
contains all points at which the series is dwergent, or converges to 
a value different from f(x), or oscillates without being quasi-convergent. 

The set L vs everywhere dense in the interval, and has the cardinal 
number of the continuum. The complementary set may or.may not be 
everywhere dense. 


In the case in which /(z) is a continuous function, the set com- 
plementary to Z consists of points at which the Fourier’s series diverges 
or oscillates without being quasi-convergent. 

The theorem leaves the possibility open that, even in the case of 
a continuous function, there may be no point in the interval at which the 
series 1s convergent. 


A Continuous Function for which the Series does not converge. 


3. It is well known that the question as to whether a Fourier’s series 
converges at a particular point must be answered by an examination of 
the limit of an integral of Dirichlet’s type 


sin (Q2m+1)z 


ak 


\ p (2) 
0 
when the positive integer m is indefinitely increased. 

Let the product 1.3.5... (2A+1) be denoted by [2A+1], and let 
the function ¢(z) be defined for the interval (0, a) in the following 
manner :—In the interval (7/[A—1], z/[A]) let ¢(2) = sin[A]z, where 
c, is a constant dependent upon the value of A; let A» have all values 
Ap Atl, A1+2, ... where A, is a fixed integer, and we may suppose 
a so chosen that a= 7/[A,—1]; also let (0) =0. If the sequence 
Cr,» Cyt» Ca +2 ++» be so chosen that it converges fo the limit zero, the 
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function (z) is continuous at the pot z= 0, but has an indefinitely 
sreat number of oscillations in an arbitrarily small neighbourhood of that 
point. It has been shown by Schwarz* that, if c, is so chosen that 
c, log (2A+1) becomes indefinitely great as A is indefinitely increased, 
the integral may become indefinitely great as m is increased indefinitely, 
and thus that a Fourier’s series exists which does not represent the given 
continuous function at a particular point. 

It will here be shown that the series is in reality oscillatory, and 
that the point z = 0 is a point of quasi-convergence in the sense defined 
above. <A simplified proof of Schwarz’s result will first be given. 

It is known that the integral | (2) SIAM 

0 sin Z 
purpose of the consideration of the limiting values when m is indefinitely 
sin Qm+ zg 

e 


dz may, for the 


increased, be replaced by t exc Thus we may consider 
0 
the latter integral. 


Let Im-+1 = 1, 8,5... 3uotl = lel; 
then \ @ (2) le 


T/[&@—-1] gin? —1 m/[m—1]} of a 
ps | ¥—1) gin Lo lé a "S ea | “sin [w]z sin[u|z oF 


m/[u] a R= n/[n] Zz 


Sec, ie moi sin [n] 2 sin [ule 7, 
n=e+1 m/(n] 


the first integral on the right-hand side may be written in the form 
m/[u—-1} 4 
1 | “11 1—¢os 2[ulz a, 
m/[u] & 


which is equivalent to 


4c, log (2u+ 1)—4e,, ae vps 2[ulz dz, 
m/[e 


where 8 is a number between z/[u] and z/[u—1]. 
Now let c, log (2u-+1) increase indefinitely with «; this is consistent 
: : Saar . ih 
with c, having a zero limit, for we have only to take c, = ———~—____. 
MB g y) Bw {log (Qu-+1)}§ 
where s is some fixed positive number less than unity. 


Since ¢, Le] ie cos 2[u]zdz is numerically not greater than c¢,/7, 
To Ja/[e) 
* See the history of the theory of Fourier’s series, by Sachs, Schlémilch’s Zeitschrift, Supple- 


ment, Vol. xxv. 
+ A rigid proof of this is given by Brodén, Math. Annalen, Vol. u11., p. 220. 
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we see that, with the supposition made as to c,, the expression 


™/[@-1] gip2 
. \ sin? [u|z A 
m/(e] - 


becomes indefinitely great as u is increased indefinitely. 


To evaluate ; , 
pl /[n—1] 
Si sin[]z sin[u]z fe 
N=Ay /[ 1 | z 
we see, by writing sin|n]zsin[u]|z as half the difference of two cosines, 
and applying the second mean value theorem to each integral, that the 


absolute value of the expression is less than 


res ANAS oak a 
wea Ueto) * Teed) 
sap tigen, 55 CUES Ee 
m=, 7 [u—1] 5 ik [1] [7] ic 
uti etl 
Cry [nr] 1 
ae fom ye" 
1 ii 


ei 1 (RCRD) 


Thus the absolute value of the expression is less than 2c,/7u, and this 
becomes indefinitely small as « is indefinitely increased ; thus the limiting 
value of the expression is zero. 
Finally, we have to consider the expression 
: Pf \ sin[n]zsin[u|z ane 
m/{n] 4 








which is less than 





aiilt@nnde oa 1+ +...4. 
TU 


n=p+1 


since a < [uJ], and |sin[m]z|< 1, the absolute value of the 








expression is less than ¢,41[«]| fal and this has the limit zero when « 


is indefinitely increased. 
Schwarz’s theorem has now been established, that 


| ¢ (2) sin [uz de 
0 sin Z 
increases indefinitely as « is indefinitely increased, where 

[uw] = 1.8.5... (Qu+0), 
and ¢(z) is defined by ¢(0) = 0, ¢(% = qsin[A]z in the interval 
(x/[A], z/[A—1]) where \ =)A,, A,+1,A,4+2,... and a = z/[A,—1], 
provided c, has the value 1//log (2\+1)!*, where 0<s < 1. 
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4. We proceed to consider the case in which 2m+1 = Qp+1)[u—1], 
where p is an integer which varies with « in such a manner that it always 


hes between O and xu. 
In this case, as before, we divide the integral oa dz 
0 
into the three parts 


/(4—1] in (6 phase 
eal ‘gi sin [4] SBOP TD lw a, 


th > re fee sin [n]z sin (2p-+1) Bley. 
pa eel taal Z 


5 on | min" sin (nz sin p+ D[m—1]) 2 7, 
ie ai n/(n] % 


The first part is equal to 
8 
ale | | cos {[u—1] (Qu—2p): —cos {[u—1] Qu+2p+2)} | dz 
wT Ja/(p] 
where 3 is a number between 7z/[u] and z/[«~—1], and this expression is 


less in absolute value than 


Cu a) | uF + da Geen ean peer | 
7 Wfe=1]@u—2p) * fu— 1) Cut p+) 


Gio? ieated 2u+1 | 
ar (Qu—2p | 2u+%+2)’ 








or than 


and this may be written 





1 1 
1+ — 1+ — 
Cy - gon pate 
T jae ee 14442) 
p fe 


If, now, p increases with « in such a manner that p/u is always less than 
some fixed number which is less than unity, this expression diminishes 
indefinitely as mu is indefinitely increased ; it would also be sufficient that 
p/m = 1—k/ {log Qu+1)}*, where s’<s, c, = 1/{log(2u+1)}*, and « is 
finite. 


pol [oe se bule sn Cp Pant ge is less in 


Next, we have > «c, 
a/[n] a 


N=Ay, 


absolute value than 


"Ss Cnn] 


1 | 
ied Ie eee TJ—[] > @p+Dle—1)+ 0) 
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or than ca > [7] eee AO Abi) Linck % 50) 
[u—1] 19 ; i Me Gea ont [ 22 | ¢ 
emma) 5 Pet ea) 
and this is less than 
Cv | i 1 ) 
_ pr ( 1 en — af (Qu—1) (Qu—8) a a) 


or than 2c,,/p7; thus the expression becomes indefinitely small when p 
is increased indefinitely. 


oe) w/i[m—1] gs mle an (9, Zh. zg 
That < al sin [2]z sin (2n+1)[u—1] F 


nN 
n=pe+1 a/[n] & 


has the limit zero is seen from the fact that its absolute value is less than 


2p+1 
Qu+1 


sin (2m-+1) z 
Z 


Curi(2p+1)[u— A } or than 7¢,41;——— 


We have now established that \ (2) dz has the limit 
0 


zero if 2m-+1 increases indefinitely through a sequence of the form 


[m,—1] 2p, +), [M@2—1] (Qp.+1), [vug—1]2p3+1), 


where /41, Ms, 3, --. IS aN Increasing sequence of integers, and pj, Po, Ps, --- 
are such that p/u<1—x«/{log (Qu+1)!*. 

The limit of the same integral has been shown to be infinite if 2-+1 
increases indefinitely through a sequence of values [4], [uo], [ug], ---- 


A Continuous Function for which the Series does not converge at a Dense 
Set of Povwnts. 


5. Let the continuous function f(x) be defined for the interval (—7, 7) 
as follows:—If —7 <a< 6, where € is a fixed point.in the interval, let 


F(m) = 0; ff OS e—E < 2a, let fe) = o(7 oe), where (#54) is the 





function ¢(z) which has been already discussed; in case €4+2a< 7, we 
take f(x) = 0, for £+2a<r<r. 

The lmit of the sum of the first 2-+1 terms of the Fourier’s series 
for the function f(x) is that of the expression 
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and at the point € the limit depends upon that of 


1 | @) sin (2m-+1)z ae 
w Jo 


sin Z 

It has been shown that this limit is zero, or indefinitely great, according 
to the nature of the sequence of values through which 2m-+1 increases 
indefinitely. lt follows that, at the point €, the Fourier’s series is not 
convergent, but is quasi-convergent to the value /(€) = 0 of the function. 

Let us now denote the function f(z) by f(z, €), and let €,, &, ..., En, .-- 
be an enumerable set of values of €, everywhere dense in the interval 
(—7, 7), and let us consider the function 


F (x) = of (e, &)+ eof (a, &)+...+enf(@, &+..-, 
where 1, Cs, ..-5 Cn) -.. are constants so chosen that the series 
Cteot..- tent... 
is absolutely convergent. 
Since the upper limits of each of the functions | f(z, €)| has the same 
finite value, it follows that the series c, f(x, €;)+c.f(x, €.)+... 1s uniformly 


convergent in the interval (—7z, 7), and thus the function F(x) is con- 
tinuous, and the expression 





a sin (2Q2m-+1) e == 
=| Ee) eee eee 
or _ o— 

sin 


2 


10; 





is equal to the sum 


: a’ — 2x 
sin (22+ 1) eae 
A Se ee 
v'—2 


2 


sSen| mek £5) 
27 i —7 





which may be written in the form 


Oi X qs) 1 Ca XG \sal)) toe an Vn eit) ome 


where L y,(x, m) is zero, unless = €,, at which point the limit may be 


m=o 
either 0 or ©, according to the mode in which m is indefinitely increased ; 
a similar statement holds as regards y.(x, m) at the point €,, and generally 
Le xn (xz, m) is zero, unless « = €,, in which case the limit depends upon 


the mode in which m becomes infinite. 
At the point €,, the term ¢,x»(%,m) has an infinite limit provided m is 
increased indefinitely in a proper manner, but it might happen that the 


limit of < 
Cn+1 Petey M) + Cn+2Xn+2 Gey, m) + eee 
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is also infinite, although each separate term has a zero limit; in that case 
the limit of the whole expression for the sum of the series might be finite 
or zero, in whatever manner m were made indefinitely great. If this 
happened for a particular set of values of the constants C1, Cg, ...5 Cay Cn4dy «+s 
it would no longer happen if these constants were replaced by ¢,¢,, ¢,e; és, 
Cy €y Cg €g, «++, Cn lq --- En ---» Where @1, 9, 3, ... 18 a Sequence of descend- 
ing positive numbers, provided they are properly chosen. For, if 


Cn Xn (So m) SP { Peay eh ons M) + Cn+9 Nene Cn. me) ++ tee f ’ 


when m is indefinitely increased, were finite, being dependent on the 
form o—o, the expression 


61 €g ++. On Cn Xn (oa m) +e, €g-+- Cn+1 i Cn+1 Xn41(En,™) + Cn 42 Cn+2Xn—-2 , oe Nine at 


would also be finite or zero, only in case 


Gy] Na Cns m) + Cn +2 En+2 n+2 (ax m)+ Oe 
Cn+1Xn+1 (oe m) + Cn42Xn+2 (Sn m) + OG 





€n+1 


had as its limit unity, when m is indefinitely increased. But this limit 
can be altered by changing ¢é,41, without altering é,+2, é,+3, ...; and thus 
€n+1 can certainly be chosen so that this expression does not converge to 
unity when m is indefinitely increased. 

It has thus been shown that, by choosing the numbers @,, é, ... 
properly, the limit of the ratio of 


€4 gq - ++ On On+1 i Cn+1Xn+1 (En; M) + Cn+2en+2 Xn+2 (En, MA ee ' 
to Open Maa CaN (0, 1) 


will be different from what it was when all the e’s were equal to unity. It 
has therefore been shown that, by altermg the numbers ¢,, ¢y, ¢3, ... Ina 
suitable way, the infinite limit of ¢nXn(E,m) when m is indefinitely in- 
creased will no longer be removed by an infinite limit of the sum 


Cn+1Xn+1 (Gh m) + Cn £2 Xn+2 (en m) 1° tees 


It has thus been shown that wt ts possible to choose the numbers 
C1, Co, Cg, ... in such a manner that the continuous function 


F(a) = Cr AGG &) 
1 


is such that the Fourier’s series fails to converge to the value of the func- 
tion at each point of the everywhere dense set of points (E,, &9, .-. En). 
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ON CERTAIN CLASSES OF SYZYGIES 
By A. Youna. 


[Communicated November 10th, 1904.—Received January 9th, 1905. ] 


Tur object of this paper is to extend so far as possible the results 
obtained for perpetuant syzygies in a recent paper* by Mr. Wood and 
myself to syzygies between concomitants of binary forms of finite order. 
In using the symbolical notation for binary forms it is unnecessary 
to write down any symbolical factors involving the variables, for these 
may be supplied when the orders of the forms are known. In this case 
the symbolical expressions used in the paper referred to for covariants of 
forms of infinite order may also be regarded as covariants of forms 


m an? 
/s) eee 
QA 29 3 


all of finite order; provided that in any such expressions no letter a, 
occurs to a degree greater than 2,, the order of the corresponding quantic. 

The result to be proved is that the syzygies obtained for perpetuants 
are true when the orders of some or all of the quantics concerned are 
finite, if those forms in which any letter a, appears to a degree greater 
than the order », of the corresponding quantic are ignored, except fore 
forms which have a factor (a,a@,;)* (a;a,)""~*. 

Thus, if 2P+2P’ = 0 be one of the perpetuant syzygies obtained in 
the former paper, where »P is the sum of those products in which the 
letter a, does not appear to a degree greater than n,, the letter a, does not 
appear to a degree greater than m., and so on, and XP’ is the sum of 
those products in which some letter a, appears to a degree greater than n,, 


then for the quantics a1, a2", ... we have a syzygy 
MS Meenas, PE 


where each of the terms Q has a factor of the form (a,a,)* (a;a)"*~*. 





* Proc, London Math. Soc., Ser. 2, Vol. 2, p. 221. 
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The result is exactly analogous to the extension of reducibility results 
for perpetuants to forms of finite order.* It will be convenient here to 
call covariants such as Q forms of the second class, as was done in the 
paper referred to. 


To obtain the result it is necessary to prove it true for Stroh’s 
syzygies, and this constitutes practically the only difficulty. 


1. Stroh’s fundamental syzygy 


| (ab) -+ (cd) }” — {(ad)+(cb)}” = 0 


is true for forms of finite order only when w is less than the order of each 
of the forms concerned. We proceed to obtain a corresponding syzygy, 
true for all values of w ; in fact, it is to be proved that 


> ) (ab)"(ed)"-"—> (@) (ad)" (cb)"-" = =Q 


where each of the terms @ on the right has a factor of the form 
(Ap s)* (As Q,)"*—* 


and the sums on the left extend only to such terms as can possibly repre- 
sent covariants of the quantics in question. Thus, if a, b%, c™, d™ are 
the quantics, then 7 } 7, or ny in the first sum, while it is <( 2w—%. or 
w—n,; and similarly for the second sum. 


2. We shall first prove the identity (n, < w) 


hoe 2 wW—1 (n\n (ph\wrr r 
= (7) [laby-"(eay"—(0by"* (ad) 


w—N4—1 N4 Fal pee eae 
w Wig ars . 
— eS) ( ) GE AGAG >) ( 4 aa ) (ad)"*~§ (ed)* 
rao AP s=0 s 
where it 1s supposed that none of 7, 7, 23 are less than w. 
Let us assume this true when », >a, and prove it for the case when 
%, —a—l, 








* A. Young, Proce. London Math. Soc., Ser. 2, Vol, 1, 
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Since it is true when n, = a, we have 
a—l 
© (7) lear ear— eo (aay) 
=— (‘") [(ab)”~* (cd)* — (cb)”~* (ad)*] 


+S" (2) canes (our & (OO TF) (ade (ed 


8 


w—a—l1 


a (“) (5) (acy”-*—" eb)" (ed 


c—O0 


+ (°°) (cbyts(ae) [Cad (ad) (ed) +... +(e] 


w—a—l 


s 


- ‘a (cb)"-#(ac) S (ad)*?-* (cd) 
a s=0 


v—a—1 


7 = w—a—1l—*r 


(m)Kage-e-r(eoy & ("panier ) lads (ed)'—(cay")* 


1 


a 


; a—l 
at & (eby"-*(ae) 3 (ad*--* (oa 


w—a—l 


w Mee rey See pyc ee pL ae Lars bis 
+15 e (a (eby" (ads (ed) z{ 


w—a—1—r 
w—ua a-—l a vanes 7 
= 2 3 (1c) "ar ae C0) (a : “at (Ad) cd}: 
r=0 ; s=0 LOO aaa 
Dividing this result by a,, we see that the theorem is true for n,= a—1. 
Hence, if the relation is true when n, = a, it is true when n, = af. 
It is easily verified when n, = w—1; it is true for n,—=w; hence it 
is always true. 


3. In exactly the same way it may be shown that, if n, and m,are each 
less than w, but neither », nor n, is less than w, then 


> (”) [(aby"-" (ed)? —(cb)”~* (ad) 
rT=W-Nos 7 
ms one $ @) Grea 


ia , s 


) (1G) ea (cb)" (ad)"*~§ (cd)* 


T=0 s=0 


W—Ne—-1l Ne te day be ae 
= z = ("’) & Ng 7 a2) (ac)”~"2—" (cd) (ab)"2~8 (cb)*. 








o {w—-a—1l—rt+s —7 
* For = ( we ne aa = ( me 
oa a—1l—7 w—-a—r: 
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4. To extend the result of § 3 to the case in which 7,, m9, 2,4 are all less 
than w, but nz >w, we start with the result of § 3, where », may be 
supposed equal to w, and then transform the relation to one which has a 
factor a,; this factor being removed, we have a relation for the case 
Mm, =—w—1. Proceeding thus as by step, a relation is established for 
all cases when 7, < w. 


Lemma.—The following relation is required :— 


Gyo) poche (cb)" (ad)"*—§ (cd)* 


a 
= > (ee *) (ao r—s— ’ (eb)’ (ed)** 


t=0 


N4—-S§ oa | a 
+(—)**! Ss (—)'( , ee *) (ay” n4— "(eb)" (cd)*** (ad)"*-5—*, 


t=A+1 


We assume that this is true for a particular value of A, and then shew 
that it is true for A+1. 
Thus, on this assumption, 


(ac) wW—=Ns—L (cb)" (ad) N4a—S (cd)* 


x 
ne, (oe ‘) (Gol 4; (cored) = 


t=0 
U2 —s—A-1 Ng4—S—A—1 
+ (Ro) (acytrsnr (eb) (ed)? { (acy! [(ad) — (ed) 
+(ad)™~**1} 
__\At+1 'S ey eat Ng—s w-N4a—? (Ah)? (eq)stt ]\n4—s—t 
+(—y TS" ay (Ft) (HE) aac) (ea (ad 


ia 


Ee ae Kaa)” ited)" (od)? 


t—0 


sce uate hn aC 1 rm Or WL 


x (ac) W—N4—-T (cb)" (cd)s*# (aayin 


— Ss Gs picaeal (cb)’ (cd)s*! 
t=0 é 
nee: 2 <a asi We 8 \i 7 W— 4-7 r (ad\st+t(qd)™-3-! 
+(=# TS (G4) (My *) eo ey (ea *Hladynee— 


Hence the lemma is true for A-+1 if it is true for any particular value 
of X. But it is evidently true when A = 0; hence it is always true. 


SER. 2. VoL. 3. NO. &86, F 
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It follows in exactly the same way that 


(ac) W—Ng—-T (cd)” (ab) Ng—s (cb)® 


a $ a (ac)”-"*-* (ed)" (cb)** 


t=0 


+(-y "SF (77) (ay?) ear Coan fay" (at) 


5. Now apply these results to modify the relation of § 8, so that it 
involves not more than , a’s in any term on the right. Then 


Ng 


3 (e) [(aby*~" (ed)" — (eb)"~" (ad)”] 


T=W—Ne 


w—4—-1 w—-r—Ny—1 N4—Ss ; Peehcit) WAR 4 foe , 
ert 3 » ; ~ (at ig (‘’) & N4 1—) a) 


Pas 
r=0 s=0 t=w—r—s—N, ? 5 


x ( t—1 ) (a (ac)’—"4~* (cb)" (ad a leay as 


U6 ee ger ek t 


w—n4—1 4 es ely (iad 
+ >) yy a (” M4 1 TES) (qey"—me—" (cb) (ad)"*™* (ed) 


r=0 s=w—r—n,or 0 r s 


help Pe tea ae k 
ied 2 w Ss i (—)itu-r-smm (a) aE +s 
"f S 


r= s=0 t=w—-r—s—Ny 


x ( es a (acye—"—" (cd)" (aby*—*~ (cb) 


W—-7T—S—N—1 


W—N_e—1 ho w a eee] ead : 
rine : (") (* . ; fia (ac)”—"77 (ed)” (ab)? “CBP 


T=0 s=w-—7r—N, or 0 s 
wW—M4—-1 w—-7r—2y—-1 w—r—s—Mj—1 w aw—nN —1i—7r+s atte 
+2 ee ai ye) 
r=0 s=0 t=0 “ s t 


x AN aes ae! (cb)" (cd)st* 


Re ra ae My @ cc mala arta 
7=0 s=9 t=0 r : . t 
x (AC) tite (cd)’ (cb)**#, 


Let us first suppose that n, > both n, and nm, Then the left-hand 
side of the relation will require no alteration. Now the relation is an 
identity ; therefore, if a c is introduced into every determinant factor by 
means of relations of the form (ab) = (ac)+(cb), then the sum of the co- 
efficients of each of the resulting terms (ac)*(cb)"(cd)” must be separately 
ZerO, 
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In particular, all those terms which have a factor (ac)"'*' must vanish 
separately ; now no such terms can arise from any part of either side of 
the relation except in its last two lines, and in these lines every term 
contains a factor (ac)"*'. Moreover these terms are unaffected by the 
operation of introducing c into every determinant factor; their sum is 
therefore zero. 


Hence, when n, > mn, and n, > m4, 


Ss (") [(ab)"-" (cay —(6b)*"(ad)"] 


T=W—No 


W—N4—-1 w—r—n,—-1 as eave byt eels, 
— > ys ; Sy Gree |e es (3 (e V4 1—? Ne 


r=0 s=0 t=w—T—s—n, U 


X (po peacem 1) (ty )aae by ade oa 


i—7—S—7, — | 


al Siu S (A) peda ferment ah) (ac) w— 4-7 (cb)" (ad)"*~§ (ed) 
s 
/ 


vex!) s=Ww—Tr—N, Or V0 } 


W—No—-1 w—7—n,— 1 lo—s 5 i as | A 
— >) =~ "S eS ink ar rae i) ie Ny 1 ) 1) 


r=0 s=—() t=w—r—s—Ny, } ° 


x ( i (ete (aay Ca)" Gaby" (cb) 


10—7—S—N,—1 


M 


W—No—1 No Nes ele ete 
an 5 fs) (" No a ) 2) (tee (cd)' (ab)"2—-*(cb)$. 


r=0 s=w—r—ny, or 0 } s 


If n, <2., there will be terms on the right which when c is introduced 
into every determinant factor will yield terms having a factor (ac) Mg shy 

We may bring over these terms to the right-hand side, and, using the 
results of § 4, we may replace them by others by means of the relation 


w—n,—1 
> ‘2 (ab)""-" (ed)" 
w—n—-1 w—7r—n—-1 wei. : 
ey ANONS: 2 (‘’) e y (ac)”~"~*(cd)" (cb) 
T=W—No t=0 i t 


w—ny-1 w—-?r 
. Nt Sapo we |) gag 
‘eran ae ey (ene eae t 
x (cd)” (cb) ab)?" 


The first of these two sums will disappear with the last two lines of 
the former sums, and so the relation holds good with an alteration of 
limits on the left and with the subtraction of the second of the above 
sums from the right, 

F 2 


68 Mr. A. Youne [ Jennoy 


Each term of this second sum ean be written in the form 
DN (cua ap) \c0l 


If n,<,, another alteration in the limits must be made on the 
left, and terms of the form 


DN (Gb) aa) aad) = * (cd) 
introduced on the right. 


6. We have next to consider the case when w is greater than the order 
of each of the quantics. The method of proof here does not require any 
assumption as to the relative magnitudes of w, 74, %, 3, % 3; So that the 
theorem is proved again for the three cases already discussed ; on the 
other hand, the proof given here affords no information as to what are 
the terms of the second class on the right-hand side of Stroh’s syzygy. 

We shall assume that the theorem has been proved when the total 
weight of the syzygy is w and the orders of the quantics are 7, Mo, 
n3+1, n,; and then shew that it is true when the weight of the syzygy 
is w and the orders of the quantics are 24, 7», 23, 24. 

We have then a syzygy 


a1) y ("") (ab)”-* (ed) —= ("") (cb)"-" (ad) = >T 


where 7' is a covariant of a™, bm, c™*!, d™ of the second class; and the 
sums on the left extend only to such symbolical products as may be 
interpreted. 

In will in general happen that when the order of ¢ becomes 7, either 
one or two terms on the left of (I.) cease to be interpretable. Let 7’ be 
the sum of these terms; they must be removed to the right-hand side of 
the relation. 

Now (I.) is an algebraical identity between the symbols a, b, c, d,z; hence, 
if we can express the forms 27’—7" in terms of a sum of symbclical pro- 
ducts which represent covariants of a™, b%, c™, d™ of the second class 
multiplied by a factor c,, we shall have a new relation, from which a 
factor c, may be removed; the result is then the syzygy required. 

We proceed to prove that this can be done. Those factors of a sym- 
bolical product which make the covariant belong to the second class are 
here referred to as the second class factors. No covariant of =T—T’ 
need be considered which has already a factor c,. 

If a covariant of 27—T’ has a factor (€€), which does not appear 
amongst its second class factors, and also a factor b,, we will use the 
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identity for (e¢) b., viz.,  (e¢)b, = (eb) 6+ (bOe.. 


Thus all the covariants of 27’—T’ can be expressed in terms of— 


n3 


(1) Covariants of aj, b%, c%, di of the second class multiplied by c,. 

(2) Covariants of a™, 6%, c™*!, d"* of the second class which have no 
factor 06, OY Cz. 

(8) Covariants of a, 6%, c™*!, d™ of the second class which contain 
the letter 5 in all factors other than the second class factors and have no 
factor Cy. 


7. The covariants can be further restricted. Covariants of set (3) con- 
tain a factor (bc)"**' unless the letter c appears in the original second class 
factors. 

If the second class factors were originally (ce)* (e¢)""* (where m is the 
order of «), we have now a factor (bc)"**'~*(ce)’. By means of repeated 
use of the identity for (ce)b, such a covariant can be expressed in terms of 
covariants (1), (2), and 

(4) Covariants which have a factor (bc)"3*!. 

It remains to consider covariants which have a factor (ac) (cd)™*'~. 
Here we begin by introducing d into as many determinant factors as 
possible; the covariant is thus expressed in terms of covariants (1), of 
covariants which have no factor c, or d, and of covariants which have a 
factor (cd)”*'. 

By means of the identity for (ac)(bd) we may express those covariants 
which have no factor c, or d, in terms of covariants which have one or 
other of the factors (bc)*(cd)™*!~*, (cd)* (da)™~>. 

Covariants having either one of these factors or else the factor (cd)™*! 
have already been discussed. 

We are thus left with covariants (1), (2), and (4). 

Covariants of set (2) may be written 


(bc)* (cd)* (da)” (ab)? (bd)? (ac) ; 


where WS fol Tim ia mma (Fm ra A+pto = %, 
and one of the indices is zero. 

By means of the identity for (ab)(cd) we may express this in terms of 
similar covariants in which either p=0O or « =0. When p=0O there 
is a factor (bc) (bd), and by means of the identity for (ac)d, we may 
express the covariant in terms of covariants (1) and of 

(5) Covariants which have no factor ¢,, b,, or dy; 

(6) Covariants which have no factor c, or b, and which contain the 
letter a only in factors (ad), ap. 
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When u = 0 there is a factor (bc)* (ca)"*'~*, and by means of repeated 
use of the identity 


(ac)(ab) d, = (ac) (db) a,+ (bc) (ad) a,+ (ab) (ad) ¢,, 


the covariant can be expressed in terms of covariants (1), (4), (5) and of 
covariants of the same kind for which p = 0. 

Thus we can express all covariants of the sum 27'—Z” in terms of 
covariants (1), (4), (5), (6). 

Now the relation from which we started may be regarded as an 
identity expressing 27'— 7” as a sum of terms having a factor c, Hence 
the sum of the covariants of sets (4), (5), and (6) which now appear on the 
right-hand side of our relation must have a factor c,. Itis shewn in the 
next paragraph that this means that the sum is zero; hence 27'—T" is 
equal to a sum of covariants (1). 

The theorem is then true when the order of c is m3, provided it is true 
when the order of cis nm3+1. Hence, ifit is true when the order of ¢ is w, 
it is always true. But it is true when the order of no one of the quantics 
is less than w: hence by repeated use of the induction it is true always. 


8. A sum of covarrants, linear in the coefficients of each of the four 
quantics ) Bh : 
Ce MO Meg He MLS 
each of which rs of one of the following kinds :-— 


(1) Covariants which have no factor cz, b,, or dy ; 


(2) Covariants which have no factor c,, 6, and wm which the letter a 
appears only wm factors (ad), Ax ; 


(3) Covarvants which have a factor (bc)™** ;— 


cannot be expressed as a sum of symbolical products having a factor Cy, 
unless this sum ws zero. 


The covariants (1) can be expressed as transvectants 
[ (cb) AL (cd) Ag (bd) A3 an bi iets EA tate tint 5 


each of which only contains a single term. ‘These transvectants may be 
expressed in terms of the transvectants 


[ (cb)™ (cd)"3-™ (bd)*, an ena es ease 


and of transvectants [(cb)“(cd)*, qm ]ratmetms— 22s, 
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‘The covariants (2) can be expressed as transvectants 
[ (cb) (cd)"3—™ (bd) Ne aay: a”, 


each of which contains only a single term. 
The covariants (3) can be expressed in terms of transvectants 


[ (cb)"** (bd), a™]?. 


Now transvectants of a which have not the same index are inde- 
pendent; hence, if the sum of covariants has a factor c,, the sums of the 
equivalent transvectants of a) for each index must have a factor ¢,. 
Hence in all cases in which the index of the transvectant is equal to the 
order of the covariant on the right the sum of the transvectants must be 
zero. For other cases, if w is the weight of the covariant, and p the index 
of the transvectant, then the index of (dd) is known to be w—p—n ,—1, 
and the index of (cb) is the least of the numbers n,—(w—p—n z—1) and 
m3 +1; so that there is only one such term. This term does not contain 
a factor c,; so that, if the sum of covariants considered has a factor c,, the 
coefficient of each of these transvectants must be zero; v.e., the sum must 
be zero. 


CoroLtLary.—The same ts true y one or more of the letters a, b, c, d 
refers not to a single fundamental quantic, but to erther of two quanties : 
thus we may suppose that a is written for a or a' land in this case it may 
be supposed that the covariant has a factor (aa')"], provided further that 
there ts no factor a, or else that the letter a' appears only wn factors (aa’), 
a,, and that this restriction rs to be applred in every case where a letter 
does not refer to a single fundamental quantic. 

The method of proof is nearly identical with that which precedes. 
The covariants (1) when 


— phy > Ng + Ng + — 2Aj— 2g— 2Ag > p, say, 
can be expresssed as transvectants 
[ (cb) (ed)® (bd), (al) aM ay a 
and when v;—, < p these covariants can be expressed as transvectants 
[(cb)™ (cd)? (bd), (aa’ yu a My args Ty Vy ay. tv1—2yui— ae . 


The letters on the left-hand side of the transvectants may here be simple 
or composite: it does not affect matters. 
Similarly covariants (2) can be expressed as transvectants 


(P, Q)’_» 
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where 


5p ae (cb)™ (cd)™-™ (bd)@—™ Be Fae ol (S04 ott = clmaaans is oY te 


2A1—No— Ns — ptrotng+N4—Vvg—2A oie 
(6d')#* 6st {—Ny— Ns ™ 3 4— V4 6, 


1D giV/4—P—M 
OY: | (OOLM a aaey le aad 
according to the magnitude of »,, and where 


pies Vy py y\— wptei—vy Vy +V1—p—244 
Ol ad) Wane, Or nant ta: ay ). 


The covariants (3) can be expressed in terms of transvectants in an exactly 
similar way. When this has been done the argument is the same as in 
the preceding theorem. 

If a represents a fundamental quantic, the theorem follows exactly in 
the same way. 


9. When one of the letters a, b, c, d refers to a covariant of the 
original quantics Stroh’s syzygies for perpetuants are true as before. 
Unfortunately forms which are of the second class when ¢ is one of the 
original quantics are not necessarily of the second class when c is a 
covariant. For, although a form having a factor (ac)‘(cb)™~* can _he, 
proved to be really of the second class when c is a covariant of order ns, 
yet forms having a factor (ab)* (bc)”~* are by no means necessarily of the 
second class. As we shall require Stroh’s syzygy in the cases when some 
or all of a, 6, c,d refer to covariants, it is necessary to establish it in 
these cases. The method of proof is essentially the same as that used 
in §§ 6, 7. 

We shall first confine our attention to the cases when a, b, c, d represent 
either covariants of the second degree or else fundamental quantics. 


If ¢ = (yy')" yeti y,*", Stroh’s syzygy will be written 


> (*) (aby yy wats (7) (aay yyy" (yoy = BP. 


In the same way, if a = (aa’)"', the letter a’ will appear in the factors 
(au’), a, only on the left-hand side. 

It will be assumed that the syzygy is true when the order of y is 
v3 +1, and then it will be shewn to be true when the order of y is v5. It 
is, however, necessary to further limit the forms {7 which are of the 
second class. The precise limitations imposed depend on the number of 
the quantics a, 6, c, d which are fundamental, and are stated later 
in §§ 12-15. 

It is sufficient here to notice that in the beginning of the induction, 
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when a, b, d are fundamental quantics and X =7,+1, then the terms 
~T—T" only contain y' in their second class factors when it appears in 
the factor (yy’). 


10. Lemma.—AIll covariants linear in the coefficients of each of the 


N3+1 ng+1 — vat+1—ps V'3— ph 
A i —_—— L 


quantics dy", b;", cr” , d,* [where c;, (yyy y and a, 6, d 
are fundamental quantics or else covariants of degree 2], which belong to 
the second class owing to factors of the form (e¢)*(¢)", or of the form 
(eG) (€¢')"", where 7 is the order of the quantic ¢, and e, ¢, 7 refer to any 
of the quantics a”, b', yt', d if fundamental (or if one or more of 
these are covariants to a’, 6%, or d%* as the case may be), can be expressed 
in terms of— 

(1) Covariants of the same character when y%3 is written for y'3t’, 
which have a factor y,. 

(2) Covariants which have no factor c,, b,, or d,; where, for instance, 
c, stands for either y, or y;. 

(8) Covariants which have no factor c,, 6, and in which the letters a 
only appear in factors (ad), a,. 


(4) Covariants which have a factor (By')"?"*(y'y)* or a_ factor 
(By')?—*(668')*, or, if b is a fundamental quantic, a factor (by')”*—*(y'y)*. 
Provided further that, if b= (BB M2 Be Bie then vo > y,, and that 
in the similar cases the orders of a and 6 are not greater than those of 
a’, o' respectively. 

In the course of the proof additional factors (ua’), (66'), (yvy’'), (66’) 
will from time to time make their appearance; it will be regarded as a 
reduction whenever such an additional factor appears without destroying 
the restrictions imposed on the covariants under consideration; none of 
the operations employed involve the loss of such a factor. 

We shall first show that any covariant of the kind considered which 
has a factor y, may be expressed in terms of covariants (1) and of co- 
variants of the same kind which have an additional factor (yy’). All such 
covariants may then be neglected. 

For consider such a covariant. Hither there is a factor (yy’)" (ye)’3t!~*, 
or else there is a factor (yy) which does not belong to the second class 
factors. 

In the first case a reduction is obtained by means of the identity for 
(ye)y,; in the second case by the identity for (yy)y,. In either case the 
statement is true. 

The next step is to remove all factors b,. If there is a factor b,, any 
factor (e¢) which does not contain 6 and does not belong to the second 
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class factors may be removed by the identity for (e¢)b,; and every time a 
factor c, appears there is a reduction. Thus we are eventually left with 
covariants (1), with covariants which have no factor 6, or ¢c,, and with co- 
variants which have the letter ) (@ or 8’) in every determinant factor 
except the second class factors. If 6 is a fundamental quantic, all such 
covariants have a factor (by')”*~"*(yy’)"*, and are therefore included in (4). 
When ) = (88'), the covariants can be expressed in terms of such as 
have a factor (By’)”?—" (yy')” or a factor (By’)"~" (B6")", and of covariants 
of exactly the same nature as to the second class factors which have 
additional factors (88’). Thus, in addition to covariants (1) and (4), we 
have only to consider covariants which have no factor 0, or ¢;. 

Let us suppose that d, = (60')", that there is a factor (e0’) where 
« «6, and that there is a factor 6, By means of the identity for (€0’)d,, 
all factors 6, may be removed, or else all determinant factors except (dd’) 
in which o’ appeared; it will be assumed that this operation has been 
carried out; as also the corresponding operation affecting the letters a. 

We have now to consider covariants 


(I.) (bo) (ed) (da)" (ab)? (bd)? (ao)’, 
where Atuter7 =n +1, A+p+o= nN, 


and where the letter c stands for either of the letters y, y’; the letter b 
stands for either of the letters 8, 6’; and so on. 

By means of the identity for (bd)(ac), these covariants can be expressed 
in terms of similar covariants, in which either o = 0 or T= 0. 


When o = 0, Poca — No. 


If a = (aa’)", either there is no factor a, or every letter a in the 
factors (ab), (ad), (ac) may be taken to be a. In the first case we may 
use the identities 


(a’b) (ae) — (ab) (a’e) = — (aa’) (be), 


and hence these covariants can be expressed in terms of covariants which 
have a factor (ba)""~"!(aa’)™, of covariants of the above form in which all 
the factors (ab) are (ab), and of covariants of exactly the same nature 
which have additional factors (aa’). 

The first set of covariants can be expressed in terms of covariants 
having a factor (Ga)"""“(aa’)", or of covariants having a factor 
(Ba) (88')"X—there being no factor b, or c, in either case—and of 
covariants having no factor b, or ¢, but having additional factors (6(’). 
When there is a factor (Ga)! (aa’)" or a factor (Ga)? (66) we may 
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use the identity for (ac)d, to express the covariant in terms of covariants 
(2), of covariants ([.) in which rt = 0, and of covariants (1). 

We need only then consider the case in which the factor (ab)? (bc)* is 
(wb)? (be). 

Reasoning as before, it may be shown that we may further suppose 
this factor to be (ab)? (by). 

If b represents a fundamental quantic, we may at once express such a 
covariant in terms of covariants (2), of covariants (I.) for which +r = 0, 
and of covariants (1), by using the identity for (ac)d,. The same is true 
when b = (66')", for it is evident (since A-+p = n,) that we may express 
such covariants in terms of covariants (I.) which have either a factor 
(aB)2—-"2 (BB'"? or a factor (y8)"7"2(BB')"*, where mu. > ws, the order of 8 
having been assumed to be equal to or less than that of 6’. 


When +r = 0, A+u = ng+1. 


Proceeding as before, we can express all such covariants in terms of 

covariants (I.) which have one of the following factors 

Poem one wey Vee (ym em yn ya (yoyer tt (0G. )f4 (dy eaee, 
and of covariants (I.) for which += 0, but which have additional 
factors (aa’), .... 

In the first two cases we may remove factors (ad) d, one pair at a time ; 
one of the resulting forms has a factor b,, and this may be removed by the 
identity for (cd) }, unless there is a factor (bc)"*'. Thus we are eventually 
left with covariants (1), (2), (3) and covariants which have a factor (bc)"5*!. 

When there is a factor (yy’)"®(yd)"3t!~"s or a factor (66’)“4(yd)"*""* we 
may proceed just as in the first two cases, if there 1s a factor (y’d), (yd’), or 
(y’d'). Otherwise there is a factor (yy’)"*(Gy’)”’s""*, and the covariant is 
one of the forms required. This completes the proof of the lemma, for 
covariants which have a factor (bc)"**' can be expressed in terms of co- 
variants (4) and covariants ([.) which have additional factors (6/’). 


11. Covariants which have a factor (By')"*(yy')* or a factor 
(By)? (BB), or, if b represents a fundamental quantic, a factor 
(by')”3—"3 (y'y)"*, can be expressed in terms of 

(1) Covarvants of the same character which possess also a factor yz. 

(2) Covariants which have no factor cy, bx, or dy. 

(3) Covariants which have no factor c¢, or b, and in which the letters 
a only appear win factor (ad), dy. 

(4) Covariants which have a factor (cb)"s*1. 


To prove this, take a covariant which has one of the three given 
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factors. Any factor (e¢)6,, [e# 8B, ¢ 8] may be removed by means of 
the identity. We then obtain covariants (1), (4) and covariants of the 
kind considered which have no factor 6, Let us suppose that one of 
these latter covariants has a factor (e¢) which contains neither § nor §'; 
then, by means of the identity for (e¢)@,, this may be expressed in 
terms of covariants (1), (4) and of covariants which still have the 
original factor, but have no factor b,. The identity for (ab)(cd) must 
then be used to reduce the index of (ab) or that of (cd) to zero in the 
last case. If the index of (ab) is zero, we may express the covariants 
in terms of covariants (1), (2), (8) by means of the identity for (ac)d. 
If the index of (cd) is zero, the same identity may be used to reduce 
the index of (ac) or of d, to zero; this leaves us with covariants (1), (2) 
and covariants which have no factor (ac). In these latter the identity for 
(ab)(cd) must be used again: the process is one which may be repeated, 
for the index of (ab) is continually being decreased. Thus we are 
eventually left with covariants (1), (2), (8) and covariants which have 
no factors (ac) or (cd), and these are covariants (4). 


12. Consider now the case when a, 6, d refer to fundamental quantics 
and c = (yy')"*. We shall assume that when the order of y is »3+1 the 
terms 27’ on the right-hand side of the syzygy (see § 9) are of the second 
class and only contain the letter y’in second class factors, when it appears 
in the factor (yy’); or else contain a factor (by’)"~“*(yy')". But, by 
S§ 10, 11, these terms can be expressed in terms of 

(1) Covariants (1) of § 10. 

(2) Covariants which have no factor c,, bz, or dz». 

(38) Covariants which have no factor c¢, or b,; and in which the letters a 
only appear in the factors (ad), az. 

(4) Covariants which have a factor (cb)"*1. 


Now the assumed syzygy tells us that the sum of the covariants (2), 
(3), (4) has a factor c,; hence by § 8 this sum is zero. 

We may then divide each side of the resulting relation by y,, and thus 
obtain a relation of exactly the same form as that from which we started ; 
but in which the order of y is 5. 

The assumption made is true when the induction begins, and hence is 
always true. 


13. Let a, d represent fundamental quantics, b = (66')", ¢ = (yy')*. 
The induction proceeds on the same lines as before; at each step the 
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order of y is decreased by unity. At the commencement of the induction 
the order of y is equal to the weight of the syzygy. Now when this is 
the case the letter y’ may be ignored ; so that practically c may be regarded 
as a fundamental quantic. In order to see that in this case the syzygy is 
true, and also to find the character of the terms of the second class on the 
right, we must interchange 0 and c in the result of $12. Thus the terms 
on the right only contain the letter 6’ in their second class factors, when 
it appears in the factor (68'), or else contain a factor 


(yr (BB')". 


Covariants which have a factor 
(yB')”2-H (88')" 


can be expressed in terms of 


(7) Covariants which have a factor 


(yB'r2-" (BB’)"2 -y. 


of covariants (1), (5), (6) of $§ 10,11, and of covariants which have no 
factors 6, or C,. 


These latter covariants have been discussed in § 10. Hence, if at any 
stage of the induction the covariants on the right are of the kind dis- 
cussed in the lemma of § 10 or else have one or other of the factors 


Ob Gy Nes. eae toi ateiilen SAegeiy ri(ese ia 
then these covariants can be expressed in terms of covariants belonging to 
the sets (1), (2), (8), (5), (6), (7) of §§ 10, 11, 18. 

This sum can be expressed by § 8 as a sum of covariants of the sets 
(1), (5), and (7), and hence the covariants on the right are of the same 
nature when we diminish the order of y by unity. 

The theorem is then true in this case. 


14. Let a represent a fundamental quantic, and 
b= (BB, c= (yy), d= (6d. 


The induction proceeds as before, commencing when the order of y is so 
large that c may be regarded as a fundamental quantic. The terms now 
on the right-hand side of the syzygy must be obtained by interchanging 
cand din § 138. They must then consist of covariants of the kind dis- 
cussed in the lemma of § 10 and covariants which have one or other 
of the factors 


(Bd’)v4—H4 (66') #4, (80’)v2—¥2 (BB')"?, (6B')\"2—H2 (88')"2, 
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It will then be assumed that always in this case the covariants on the 
right are of the kind discussed in § 10 or contain one of the following 
factors 

(Bay (B5"m, (BSH (BBIM, §— (B'Y=m(BB'Y, 
(By')¥3— Hs (yy'), (Bry')”2— He (8B'), (y')v2—H (BB), 


The induction may now be established as before. 


15. Let each of the letters a, b, c, d represent a covariant of degree 2. 
Then the process of proof is the same as before, the covariants on the 
right being of the same kind as the covariants on the right in the case 
of § 14, or else containing one of the factors 


(Ga')¥27 (aa’), (Ba!) "2(B')H2, (af3') "2 —H (aa’)", 


16, Finally it may be shown in the same way that, whatever covariants 
a, b, c, d may represent, the theorem is true. 

For, if ¢ is a covariant, it may always be written as a sum of terms of 
the second class and of covariants of the form —_ 


rYARe1 


(yy ya)” «+ (Ye | 
the sequence of the letters being fixed, and possibly one or more -of the 
indices zero. | 

The other covariants a, b, d being similarly expressed, the theorem is 
proved in exactly the same manner as the more elementary cases proved 
in §$§ 8-15; the alterations required are practically only verbal. 


17. It is necessary to extend the work in the paper on “ Perpetuant 
Syzygies,” step by step, to the case when the orders of the quantics con- 
cerned are finite. The generating functions found for perpetuant products 
cannot be true for products of covariants of forms of finite order, for the 
corresponding generating functions when expanded cannot go to infinity ; 
all reference to the generating functions is then omitted. 

Essentially the discussion of perpetuant products proceeded as 

ollows :— 

(i.) All products were arranged in a fixed sequence, defined in 
Section III., $5; and a product was defined as reducible if it could be 
expressed in terms of products which came after it in the fixed sequence. 

(ii.) The discussion of products (ab)*C, in Section III., §§ 6-10. 

(iii.) The extension of the perpetuant type theorem, Section I. 


(iv.) The application of (11.) and (i.) to any product C,C, in Section VI. 
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The rest of the paper consisted of applications of these results to 
particular forms of products. 

When the orders of the fundamental quantics are finite, there is 
nothing to prevent our taking the products in the sequence defined in (i.). 
A product will then be called reducible if it can be expressed in terms of 
products which come after it and of covariants of the second class. 

(il.) The introduction of differential operators in § 6, when writing 
Stroh’s syzygy, may be made in the same way when the orders are 
finite; it being understood that symbolical products which have not a 
proper meaning (owing to a letter occurring to too great a degree) must. 
be omitted ; and that forms of the second class are neglected. It is useful 
to remark that, if P be a symbolical product of degree n, in a,, we have a 


Syzygy elite) Ag JT Elles Mp 


in which the first p terms must be omitted. 

The argument of S$ 7, 8, 9 simply concerns a set of lnear equations, 
and holds good when the orders are finite, all non-interpretable forms 
arising from Stroh’s syzygies being kept until the argument is finished. 
In the same way § 10 holds good. 


18. Gu.) The method of proof of the extension of the perpetuant type 
theorem was identical with Grace’s proof of the original theorem.* To 
prove the corresponding theorem for forms of finite order, a method 
identical with that used to extend the original theorem to forms of finite 
ordert may be employed. But, as no new point arises in the course 
of proof, it is thought unnecessary to reproduce it. 


(iv.) Having established the results (ii.) and (iii.) for forms of finite 
order, the argument of Section VI. for products C,C, follows as well. 

Thus we arrive at the conclusion that all products which would be 
reducible as products of perpetuants are reducible as products of covariants 
of forms of finite order. 


19. It is possible, at least in a few of the simplest cases, to calculate 
generating functions for irreducible products, when the orders are finite. 

Thus the generating function for forms C, = (@,@s)* (4  m,) is 
eet 
ay 


, the form (a,a,)" being of the second class. 








* Proc. London Math. Soc., Vol. xxxv. 
+ A. Young, Proc. London Math. Soc., Ser. 2, Vol. 1. 
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Consider next the forms C;:—When A>%—2 and ny $n, the 
first term of the syzygy 


P (") (2, 44)" (AqQ3)""" = RK 
which is interpretable is 


Xr = n. 


and this is of the second class. Thus we have a reduction for 
(a, a4)\~-"** (dgdz)""'. And from the syzygy 


> (") ay" aa" = B 


we have also a reduction for (a, @4)*~”*? (ag ds)" *. 
Hence, for all values of A, 


(U0) ede) aly 
when u > 7,—3. 

Similarly (@, a5)" (a,a,)" = BR, % 1, when pe > 2,—2. 

Consider the generating function for (a, d9)*(d3d4)", 2 Ne, Ng I 24. 
We first have to include all terms having a factor (a, d)" (a3a,)", then to 
exclude those which have a factor (a,a,)" (a,a,)"*, then to exclude those 
which have a factor (a, a@,)"'(a3a,)*, and finally to include those which have 
a factor (a@,d,)" (a,a,)"* and have been excluded twice. 

Thus the generating function is 


(1) ey ee daa? 


Assuming that 7, 2%», 73, 24 are in ascending order of magnitude, we 


see that the generating function for (@@s)* (d,@4)" 1s 


x (1 ih pei) ( — "2—?) 
(1—2)° 


and that that for (a, a,)* (aga3)" is 


xl — 7% Wie) (1 — gm) 
Whose 


: . 2s 
Hence the generating function for all products C2 is 


at (1 —a™—*) (1 —2-*) x2? (1—a™-) (1— a”) 2 (1—a™—-4)\(1—2™-4 
d—2)? een) tn aa wa 
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The generating functions for products Cz’ may be calculated in the 
same way, é.g., that for (ads) (dgd¢)" (ayas)” is 


y? (1 — gm) (1 — gr) (1 fea gm) 
dla 


for this product is always reducible if An, if wn ,—1, or if 
y > ny—2. 


20. A covariant of degree 8 can be expressed in terms of members of 
the second class if its weight is greater than the order of any one of the 
quantics concerned. The generating function of covariants Cs, the 


: S ° n No Ns : 
quanties concerned being y', dy’, Az’, Ny > Ny & Ng, 18 


> 
ae 
Or 


a —(n,—2)a™+ (n,—8)a™*1 
(1—<2)? 


Consider products C, C3, in particular the set 
A 
(y Ay)” (Ag 4)” (3 U5)", 


where 2, %, M3, 24, Ns; are in ascending order of magnitude. The six 


syzygles eX) 4s 4~ (a,a,) aga," = R, 
capes Ai? (aga,)* (aga,)"""* = R, 
IIS TAN CRON CRP NOE teas TE 

reduce all forms CLAP AON AAG oe 


where o = 1, 2, 3,4, 5,6. The argument for the linear independence 
of these syzygies is identical with that for the independence of perpetuant 
syzygies. We thus see that all products 


CECH AG NOG 


are reducible for which A+" >n3—T. 

The products when the letters are arranged in any one of the other 
possible manners may be treated in the same way. In § 12 (p. 240) of 
the paper on “‘ Perpetuant Syzygies’”’ a table is given of the limits of the 
indices v, A, w for irreducibility in the various cases. The general result 
here is that, if the product is reducible when vy < »,, then it is also reducible 
when A+yu > n—»v,, where n is the order of the quantic of lowest order 
that occurs in C3. 


To prove this fact, it is merely necessary to remark that the syzygies 


SER. 2. vou. 3. No. 887. G 
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which give the reductions in the first case are the same (except for their 
weight) as those which give the reductions in the latter case. 


21. The main theorem of this paper applied to a single quantic shews 
that its covariants may be treated as perpetuants so far as the known 
results for perpetuants as regards reducibility or syzygies are concerned, 
provided that forms having a factor (ab)2” are neglected. The method by 
which this result has been arrived at is of such a general nature that 
it would appear almost certain that when the, as yet unknown, syzygies of 
degree 9 and of greater degree are discovered these also may be extended 
to covariants of forms of finite order by the same process. 


‘ 
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ON A CLASS OF EXPANSIONS IN OSCILLATING FUNCTIONS * 
by A.C. Drxon. 
[Received December 25th, 1904.—Read January 12th, 1905.] 


In memoirs published in the first two volumes of Liowville’s Journal, 
Liouville and Sturm considered transcendents satisfying differential 
equations of a certain type, and gave a proof that an arbitrary function 
could be expanded in a series of multiples of such functions. Many of 
the expansions used in physics are of the type in question. The proof 
given is not now accepted (see Burkhardt’s Report, p. 759), and the 
object of the present paper is to give a sound proof, at least for functions 
which are analytical throughout the proposed range of validity of the 
expansions: the proof is actually of more general application than this, 
but there is no attempt to examine whether any function expansible in 
a Fourier series can also be expanded in the more general form. 
Another limitation is that the range of validity of the expansions is not 
supposed to reach to any critical point of the differential equation 
satisfied by the general term. 

On the other hand, the expansions have a greater degree of generality 
than those of Liouville on account of the presence of four arbitrary real 
constants (restricted by an inequality) in the place of his two (hk, H). 

In the simple case of Fourier’s series the oscillating series 


x (cos nx cos nt+sin nx sin 7%) 


is multiplied by F'(é) and integrated with respect to ¢ The resulting 
series converges, and use is made of an expression for the sum to 1 
terms to find the sum to infinity. The same idea is carried out here for 
the wider class of expansions treated. There is a fundamental oscillating 
series 2, whose terms are symmetric functions of x and ¢; an ex- 
pression is found for the sum of m terms of this series by means of 


* For references on the subject see a report on ‘‘ Entwickelungen nach oscillirenden 
Functionen,’’ by H. Burkhardt, in the Jahresbericht der Deutschen Mathematiker-Vereinigung, 
now being issued. 1 


Ga 2 
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a contour integral; the oscillating series is multiplied by (4 and 
integrated, and thus turned into a convergent series whose sum 
is F' (2). 


2. In the differential equation 


2 
OPN ered Yip =o 0) (1) 
dx 





let A be a parameter, X a function of 2 independent of A. Suppose that, 
for real values of x between 0 and 1 inclusive, X has no singularity and 
that its values are real throughout that range. 

Derivatives with respect to x and A will occur; they will be indicated 
by dashes and dots respectively. 

Let 4, , x, w* be functions satisfying (1) and distinguished by the 
following initial conditions :— 
when x = 0, DY eeOy yO jel Mr tet Oe em Os 
when z= 1, yas Whe ip iirsatithy yore ses The ue Sei), 

Then, by the known theory of differential equations of the second 
order, ¢'y— dW’, x’o—yxw' are constants, and, in fact, each of them 
is equal to 1. 


Also ¢y'’—¢'x, Wy'—wW'x, wf'—o'd, wo'’—ow'W are constants, that 
is, depend on A only; let their values be e, g, h, k. Then 


e= (1) =— x), h=¢)= (0), 
g=vVvYD=— x’ (0), k = W' (1) = — a! (0), 
and gGh—ek — I: 
We also have x = gd—ev, = hon, 


hy +e, Wc  ky+go.- 


| 


3. From the theory of differential equations + we know that ¢, W, x, 
are analytical functions of A as well as of z, and that therefore e¢, g, 
h, k are analytical functions of A. This is true for all finite values of A. 
There is, of course, an essential singularity at infinity, as will appear 
more fully from results that are to follow. 








* Written $2, Wx, ..., or p(x), (x), ... or @(x,A), ... when necessary. 
t See especially Poincaré, Acta Mathematica, Vol. x111., pp. 15, 16. Other references are 
given in Forsyth’s Theory of Differential Equations, Vol. 11., chap. ii. 
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4. The more general equation 


dy 


<4 +(X+AU)y = 0 


may be reduced to the form (1) by a change of variables, if U is a holo- 
morphic function of « only and is constantly positive, not zero, between 


the limits 0, 1. The reduction is made by taking U*y as the new 
] 


dependent variable and \ U#dx / | U+dx as the new independent. 
0 


0 


5. Suppose A, to be a new value of A and ¢,, Wy, ---, Gy Ji, --. to be 
what , wv, ..., ¢, g, ... become when A, takes the place of A. Then 


p"+(X+A) ¢ = 0, x, H(X+Ay) ee NE 
b"x1— XG = (\,—A) ox, $'xX1— OX) a (Ay —A) J px, ade. 


Take the limits to be 0 and 1; thus 


1 
(A, —A) \ OX, de = — (1) — xX, (0) = e—e. 
ye . 1 
Similarly Ce eny| Poy Ati eo Wl) Oy — /a— it, 
Jo 
(2) 
=D | Youde =—¥ M+X0) = n—4, 
0 
L 
Ou= | Veo, dx = wW'(1)+,(0) = k—ky. 
0 s 
If in these we diminish \,—A without limit, we have 
A i . i 
Cha \ px dx, Ui \ Wx da, 
0 0 
(3) 


= 1 x a 
h =—| pw dx, k =—| Vw da. 
0 


0 


These results could have been found by differentiating the equations 
g"+(X+A)¢ = 0, ... with respect to A. Thus 


gp’ +(X+\)¢ = — ¢. 
But xX"+(KX+A)x = 0, 


so that xp" — x" = — 9x. 
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Integrating between O and 1, we have 


1 
Ci | px dx, 
0 


and so for the rest. 
Other useful results are 


(A; —A) \ pp, dz = eyh—eh, 
(A,—A) i ovyd@e — 9, h—ek,—1 
%- | ay dz = —gh-+ah+l 
= | Yvde = gk—gh 


(A, —A) xxide = geen | 
F (4) 


(A; ae WX = g,h—e,k—1 
-»f 


xo, da = —gh,-+ek,-+1 


0 


a ww, dx = khiy—kyh 
0 
1 | 
| dda = eh—eh 
0 


1 ° 5 
| oy dz = gh—ek, 
0 


6. Now let H, G, H, K, L be real constants, and suppose A, A, to be 
values satisfying the condition* 


He+Gg+Hh+Kk = 21. (5) 


We shall show that, if a certain condition of equality is fulfilled by 
lH, G, H, K, L, the values of X satisfying (5) are all real. 


* The reader will perhaps find it a help to take first one or two special cages, for instance, 
that in which G, H, K, LZ vanish, and that in which EH = K=0,G=H=LZ=1. Itis hardly 
necessary to recommend comparison with the trigonometrical expansions which arise when X = 0. 
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A) | x, — Hw, + IN) (By — Hot Lab) da 
= EH? (ge,—eg,) - EH (g,h—e,k—gh,t+ek,) 
+ AH? (kh, —k, h)+ LE (29,—29)—LH (2k—2k,)+ L? (9g, k—gk,) 
= (He, + Hh,—2L) (Eg +Hh) —(Be+ Hh—2L) (Eg,+Hk,) 
+17 (9, k—gky) 
= —(Gg,+ Kk,) (Eg+ Hk)+(Gg+ Kk) (Eg,+ Hk) +L*(g,k—gk,) 
= (L?+ EHK—GH)(g,k—ghk,). 


Hence, unless A; = J, 

1 
| (Hx, — Ho,+ Ly) (Hy—Hotiy)+(GH-—HK—L)Ww,} dx = 0. (6) 
0 


Suppose then that A is complex; the conjugate quantity will also 
satisfy the condition (5), and may be taken as A,. Thus y, x, and , o, 
and vv, Wy, are also conjugate, and, if 


GH > BK+1}, 


the equation (6) is impossible, the expression on the left having a positive 
value. 


If GH = HK+ZL?, (6) cannot now be true unless 
yee, 
that is, E+kL = 0, — gl; —(. 


Thus g, & are real and are equal to g,, 4,. But 
1 
Gk—-gk; — -) | Wy, dz, 
0 


a purely imaginary quantity, not zero. Hence A cannot be complex, even 
when GH = HK+L?’. 


When EF, H, L all vanish, this argument fails, but the same result may 
1 
be established by considering | (Gy, —Ko,—Ld))(Gx—Ko—L¢@) dz. 
7. We shall then suppose GH< HA+L?, so that the values of A 


satisfying the condition (5) must be real. They will generally be distinct 
also. If not, we should have 


He+Gg+Hh+Kk = 0, 
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1 
that is, | {Hox+ GWy— Hoo— Kio} dx =e lip 
0 


The subject of integration is here 
(Hp+ GW) (go—ev) + (Ao Ky) (ko— hw) 
or ¢’ (g+ Hk)+ ov (Gg—He+ Kk—Hh)—W(Ge+ Kh), 
and is of constant sign if 


(Gg —He+Kk—Hh) < —4(Eg+ Hk) (Ge+ Kh), 


or if 

(Gg+He+Kk+ Hh) < 4(Gg+ Kh) (He+ Hh)—4(Hg+ Hk) (Ge+ Kh) 
or 4(GH— EK) (gh—ek), 
that is, if I? < GH—EK. 


Hence, in this case, a double value of cannot occur. 
If L? = GH—ERK, a double value of A will occur only when the same 
subject of integration vanishes identically, that is, when 


Hg+Hk = 0 = Getkh, Ggt+Kk = He+Hh = L. 
These conditions give 
Le —(Gg-Kh)e—(Ge-hhg— —iKk, 
and similarly Ih yep teh | TEs eee O SE arreek een ih, 
Hence this case cannot occur when L = 0. It does happen when X is 
constant and jae iy as yay aes | 
A triple value of A cannot occur. This would mean the further 
condition di 2 Z ‘ 
He+Gg+tHh+ kk enh, 
which may be written ght+gh—ek—eck = 0 
o sig leh 
or Te (gh—ek) = 2(gh—ek). 
Thus we should have gh—ek = 0, that 1s, 


+ \ \ (purl t— pt Wa) (xz ot —yt ox) dxdt = 0, 


0/0 


on account of the formule (38). 


But xt wt—ytox = pxrwt—dtwe, 
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and therefore this double integral is positive and cannot vanish unless, for 
all values of x and f¢, pra = $t|Wt = a constant, 


which is impossible, since ¢’y—gw' = 1. 


8. Let x, ¢ be two quantities, real, positive, and <1. Consider the 
value of {Q(a, t,)d\ where Q(z, ¢, A) stands for 
H prxt+Gwext—H pxot—KWxot+L 
He+Gg+Aht+ Kk—2L 

and the integral is taken round a closed curve in the A plane which does 


not pass through any point at which the denominator vanishes. The only 
singularities of the subject of integration for finite values of A are poles at 


the points where OCTET eta h ire 


(pa vt—wWe ot) 





At any such point, supposed to be a simple zero of the denominator, the 
derivative of the denominator is 


1 
| (Hoy+ Gvy— Hoo— hyo) daz, 
0 
and the numerator is a symmetric function of z, t, since it may be written 
(Hg+ Hh) px pt +(—He—HAh+L) dewWt+(Gqg+tKk—L)wWe got 
—(Ge-+- Kh)\aewt. 


These expressions are respectively the denominator and numerator of the 
residue. In the exceptional case (see $ 7) when the denominator has a 
double zero, the numerator vanishes also, as may be seen by taking it in 
the form last written. Thus the subject of integration has only a simple 
pole, the residue being | 


» (Eg + Hh) px pt+(Gg+Kh) (pr ytt+ ye pt) — (Get KN) yoyt 


Ee+Gg+Hnt+Kk 
But now H:G iA v Kit —kihig:—e, 
and gh+gh—ek—ck ae (ek—gh). 


The residue is therefore 


(gk —gk) px pt-+ (ek— hy) (pa wet+ ptwax)+ (ch—eh) Vu vt 
gh—ek 


px pt | VP da—(pawWt+ ot wo) | pv, dz+wawt : f° dx 
he CARP. Vs eal a i ee ee || ee 
2 | \ (puyt— ptyx)” da dt 

OJ0 





or ‘ (7) 
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Hence fQ(a, ¢, VdA = Qa DP (a, t, r) 
where ® (z, ¢, A) stands for 
(Eg + Hk) ox pt +(Gg+tKk—L) (gewt+we ot)—(Ge+ Kh) Wat 
(Hox+ Giby— How— Ko) dx ; 


0 


and the summation covers all the values of A, within the contour of 
integration, at which eC ade Hae omy 


and, if two of these values of A coincide, the corresponding terms in the 
summation are to be replaced by the expression (7). If we suppose the 
values of A at which poles of © occur, in ascending order of numerical 
magnitude, to be Aj, Ag, As, ..., we thus have two expressions for the 
sum of 7 terms of the series 

D(a, Ay) Pt Ag) ee 


namely, (Qu) {O(a t, dA and Qur) f(t, 2, A) dA, the integrals being 
taken along some closed path, say the circle |X| = /, which encloses 
Ay, Ag ---) Any and not An+1, Ande, ---- In order to test the convergency 
of the series we may examine further these expressions for the sum to 
mn terms. It will be found that the series does not converge as it stands. 


9. We need to know the orders of magnitude of ¢, wv, ... when A is a 
great complex quantity. Now when X =0 and A = (a+.6) the most 
general solution of the equation (1) is 


y = A cos {(a+1B)a+a+w! 
where A, a, 6 are constants, A being complex and a, b real. Here then 
ly |? = | A |? { cosh? (Ba-+ b)—sin? (az+a)} 
= | A |? { sinh? (Gz+ b)+ cos? (avz+a)}. 

Thus |y| oscillates between | 4| cosh (Gz+) and | A |sinh (Gz+0). 

Again, ly’ P = |A||AP{ sinh? (a+ b)+ sin? (az+a)} 

= |A|| A Pi cosh? (Gxz-+ b)—cos? (ax+a)}, 

which oscillates in like manner. 

But |Ay?| +] y' P = |AA?] cosh (262+ 26), 
which increases steadily with z On the other hand, |Ay?|—|y'|? oseil- 
lates between + |AA?|, and in fact Ay?+y"” is constant and equal to AA’. 


These results are approximately true when X is variable, as will now be 
shown. 
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The following lemma will be used. If w is defined by the differential 
equation ali as Dhan 


where u is a function of # that lies between two positive constants m4, My 
(“4 > fy) so long as x is between O and 1, and by the further conditions 
that when « = 0, w = 1, w’ = 0, then w is constantly between cosh 2,2 
and cosh 2u,2 so long as a is between O and 1. 


For let W = cosh 2u,x—w. 
Then W" = 4(uj—w’) cosh 2u,2+4e2W, 


and therefore W’ increases with « so long as W <{0, while W increases 
with z so long as W'>0. Initially W and W’ both vanish and therefore 
both increase with a and are always positive, that is, cosh Qu, 0 > w. 
Similarly w > cosh 29x. 


10. Let A = pic, |X+A|= Q, and put y = wexp w, so that p, co, 
uw, v are real, and p = a’?—?, |A| = 1=0?+?. Then 
y" = (w’—uv? + 2a! +") e”, 
and therefore w’—wov'?+2cu'v' +e" +u(X+p+ic) = 0. 
Separating the real and imaginary parts, we have 
w!’—w'+u(X+p) = 0, 2u'v' +uv"+uc = 0. 
Now put ww = | (XA) 7 | +] y’P = QVW+u?+ wo”. 
Then w = QW +2u' (w’ + Qu— uv”) + 2uv' (uv! + 2u'v’) 
= Yw+2uw (Q—X—p)—2cw' ; 
Ql"? + 2uu' (2Q' —X)+2(Q—X— p) (wat! +?) — Qo (u?v" + 2uw'v’) 
= Qu? + 2uw' (2Q' — X') +2(Q—X—p)w, 
after substitution for w”, vo” and reduction. 


Now the terms Q"w?+2uw’(2Q'—X’') are generally insignificant com- 
ar hers, for , Alp ACE 
pared with the others, for Q! = X'(X+))/Q, 


" 


which is less than the finite quantity X', and 


ay —_ X"(X+p)/Q+c7?X"/Q?, 
which is similarly finite. 
Let 6 denote the greatest value of | Q”w?+2uw'(2Q'—X')'/w taken as 
a fraction whose numerator and denominator are homogeneous quadratics 
in uv, w’, wv’, the denominator being essentially positive. By the ordinary 
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methods we find that Q0?—Q"0—(2Q’—X')? = 0. The roots of this quad- 


ratic are small quantities of the order of Q~#, that is, of the order of [~?. 


Hence w"” = 2w(Q—X—p-+e) where e¢ is a small quantity comparable 
with /-2. Further, 


ey 2 
Q-1=|X+\|—[A] = ee 
= pX/l+a small quantity comparable with (7'. 
Hence Q—X—p = (l—p)(1—X/) + same error. 
Now l—p = 20°; 
so that w" = (48°+7)w, 


where 7 is finite even when / is made infinitely great. We shall suppose 
for the present that § becomes infinite with /, which will happen if the 
amplitude of the complex quantity A is not too small. 

Let du’ and 4; be the greatest and least values of 46’+7; then 


wi—m is always finite, and therefore u,;—p., u,—8, B—m, tend to the 


limit zero as @ is increased, if “,, “, have the same sien as /. 


11. Now y may stand for ¢@ or x; in the former case the values of 
w,w' when «=0 are 1,0; so that, by the lemma (§ 9), w must lie between 
cosh 2u,z and cosh 2u,.2 and therefore w, or 


|(X+A) g | +] 9")? = +e) exp 28x * 
where e, tends to zero as § is increased. 
Similarly, |(X-++A)x?|+]x' |? = $4+e) exp 26(1—2), 


where e, also tends to zero. 
To find similar results for WY and o, let 


w, =|P | +ly?/(X+d)|. 
Then 


wt = wy {Q—K—p—Q"/2Q+Q/Q| +w{Q"/Q—297/9"} 
+46Q'u?v'/Q?+2(Q?— 20”) X'uw'/Q”. 
Hence it comes out in the same way that 
[7 | + 1 w'7/(X-+A) | = (1 +e) exp 28a, 
| wo? | ++ | wo"? /(X+A)| = $(1 +e, exp 28(1—2), 


where e3, e, tend to the limit zero as 6 is increased. 


* Here 8 is taken positive; when £ is negative the value is }(1+«,) exp (—28), and so 
throughout what follows. 
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12. Again, multiply the equation (1) by 2y’ and integrate. Thus 


yP+H(x4tnN/? = \xy dz+const. 
Taking ¢ for y, we have 


p24 (X42) 6? = 14 | X'gar, 


whence | p?+(X+A) ¢?| < 1+¢) 1p" [P+ | (X+A) 2? |} dx (8) 


where € is the greatest numerical value of X’/Q, and is therefore of the 
order of magnitude of (7. 

Now |¢’P+|(X+A)¢@°| increases with zx, from O upwards, since it 
satisties the equation w” = (46?+ y)w and the initial conditions w = 1, 
w' = 0. Hence in the integral in (8) the subject of integration is greatest 
at the upper limit, and 


| pe (XA) G | <1 + Ex |g" P+ |(A+A) ¢']}. 

Thus Metron consists of two parts, one of the order of 
magnitude of 2~' and the other of that of exp (—26z); both diminish 
indefinitely as G increases, and therefore the ratio |(X+))¢*|/|¢"| tends 
to the limit unity. 

We may therefore say that |¢’f and |(X-++A)¢|, or in fact |A¢?|, lie 
between the limits $(1+e) exp 26x, where e diminishes indefinitely as 8 
increases. In the same way we have for |x'|? and |Ax”| limits of the form 
F(1+e) exp2G(1—2z). Similarly, from the equation 





yy Bus 1-| 
eae he apy te 
we deduce that | fate =< i+é| || = |+1v"l |- da 











and that |v| and |VW’?/A| lie between limits of the form +(1+e) exp 28z ; 
similarly the limits for |#’| and |w’*/A| are of the same form as those 
for |y’P and |Ax?|.* 

By putting « = 1 in the results relating to ¢ and W we find that 
h?, g”, le”, and k?/1 lie between limits of the form 4(1 +e) exp 28. 


13. The expression ¢xyvt—¢dtWe has also to be considered. As a 
function of x it satisfies the equation (1) and the further conditions that 
when «=t, y=0, y’=1. Hence, by analogy with the result found for ¢_ 








* For another method of proof see Note IT. 
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|A (px Wrt— pty-z)?| lies between limits of the form }(1+e) cosh 28 («—b), 
the hyperbolic function being used because the sign of z—¢ is uncertam. 
\(p'awt—W'ax pt)’| also lies between limits of the same form. 
Again, when X = 0, W= ¢' andg=h. When X is variable we have 


pl +(X+A) ¢'+X'o = 0 
and therefore  (W’—@'")+(X+A)(W—¢') = X'¢, 
"'—6'")o—-(W— oo" = XY, 
"—o'")W—W— PY" = Xo. 


Thus W’— 6) o—-W—?¢')¢' = \ X'¢dx, 
Wy oy) =| Xprae, 


p—-¢ = a) X' oy dep | X' edz = | T' pt (paryt— ota) dt 


where Z” is what X’ becomes when ¢ is put for 2. 

But by our former work |7"¢t(¢xvt—¢tvx)|, when «>t, does not 
exceed OC exp Bt exp B(a—t) +1 where C is a fixed finite quantity. 

Hence vy-—¢’ does not exceed Cx exp BJ: it therefore vanishes in 
the limit in comparison with vy or ¢’, these being of the order of mag- 
nitude of exp 6x: it follows that g—f vanishes in comparison with g or h. 


14. Thus in the numerator of O(a, ¢,2) the quantities ¢dxryt, We xt, 
ptot, vuut, prvrt—ve dt are respectively of the same orders of mag- 
nitude as J-'exp8(+2—0, lo? expB(U+r2—d, I? exp B(1+2—9, 
exp B(1+2—2), -# cosh B(a—?d), while in the denominator e, g, h, k are 
of the same orders as /~? exp B, exp 8, exp 8, exp 8. Thus when «<t 
the terms of the numerator are small compared with those of the de- 
nominator, since 1+z2—t and t—z are both less than 1: the numerator is 
therefore small in comparison with the denominator unless the terms of 
the latter neutralize each other. This cannot happen unless K = 0, since 
k is great compared with e,g,h. When K =O the sum of the terms 
Gg+Hh will only be of lower order than g, h if G = —H, since we have 
proved that g—/ is small compared with g or h: this is, however, im- 
possible, since, when AK = 0, GH< ZL’, and therefore GH cannot be 
negative. lfithen K —0, G= —H, we must have G.—;fe— £——-0,,and 
only the terms containing £& are left. 

Thus, when «<?t, Q(z, t, ») tends to the limit zero as 6 increases 
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without limit: it is, in fact, comparable at most with the greater of the 
two* quantities j-4 exp B(x—d), 4 exp B(t—x—1). 

The length of the contour of integration is comparable with J, and there- 
fore {Q(x, ¢, dA tends to zero for those parts of the path where the 
amplitude of A is not nearly 0 or 27, so that 6/a is not small. 

The part where the amplitude of » is nearly 0 or 27 must be treated 
separately. When X = 0, and the amplitude of A is 0, @ and wW are 
simple trigonometrical functions. We need to know within what range 
the trigonometrical forms give a satisfactory approximation. 


15. From the equation ¢"+(X+A)¢ = 0 


we have fp’ sin £/A— AVA COS LA/A = st Xp sin £/A dx 
0 


and fp’ COSHA/AFVAOD SN C/A = 1—| Xd COS LA/A dx 
0 


by multiplying by sin x/A and cos x4/A and integrating. 
Klimuinate ¢'; then 


ALN OL ol ryr—| T(e) sin (7x—t)/rAdt 
where 7’ stands for the same function of ¢ that X is of x. 
Suppose « to be a superior limit to |,/A¢@—sin /A|. We have 
lsin 2/A| + cosh Bx 
where, as before, AN = (a +18)’. 
Hence |@/A| } «-+cosh Bx and |¢| l-2(k+cosh 6), since « } 1. 


Let B be the greatest numerical value of 7’ between ¢ = 0 and ¢ = 1. 
Then 


|p»/A—sin £/A| = | T¢(t) sin (2—t)/Adt| & Bl-*(«+cosh 8) cosh 8. 
0 


Thus xk?  B(«+cosh 8) cosh 8 
and we may take «x = B cosh? 8 /(2—B cosh 8). 
This diminishes indefinitely as / increases if cosh” 5 becomes infinitely 


small in comparison with /, or with a. This would happen if 8 were 
-4loga. We have also 


° o' = cos oyr—| T'p(é) cos (t—2) /A dt, 
0 


* The second must be taken when the term multiplied by Z is the most important in the 
numerator. Since J does not vanish, G, H, A cannot all vanish; so that the least favourable case 
is when A = 0. When £& does not vanish 9 («,¢t,A) is comparable with /-4 exp B(«—¢) or else 
l-lexp B(t—x—1). 
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so that |p’ —cos x/A| & Bl-*(x-+ cosh §) cosh B, 
that is, x. 

The same quantity « is a superior limit to |y./A-+sin (L—a)/A| and 
|x’—cos(1—z)/A|, and also to |Ww—cosar/Al, |W’A?+sin e/A |, 
| o—cos (L—2)/AI, |w’A~?—sin (1—a)/A|. Hence, by putting X = 0 we 
get approximations to ¢, x, , » which hold good at least so long as § is 
between +4loga. When § does not lie between these limits the work 
Oressel O— 14 is applicable, since 6 increases indefinitely with /. 


. The path of integration may thus be divided into two parts, a 
minor are on which a is great and positive and § lies between + 4 loga, 
and a major are on which # lies without these limits. The valu: of the 
integral taken over the minor arc shows no sign of being infinitesimal, for 
the length of the are becomes infinite and the subject of integration is 
of the order of magnitude of /~*. Thus the series does not converge; in 
fact the successive terms of the series do not tend to zero as a limit. 

If, however, we multiply the terms of the series by an analytical 
function of ¢t, say, F'(2), and integrate with respect to ¢ between limits 
included in the range from 0 to 1, the result is a convergent series whose 
sum to infinity can be found. 


17. Ifa, 6 are such that OS a<x<b<1, we have, choosing the 
expression for = in which the contribution of the major arc is small, 


R= tO 
Qu | Py, tN) et) at 
R= Lee 
A b 
= \| Q(t, «, \y Fo dtar + || Qa, t, ) F()dtAa, 
the integration with respect to » being again over the circle | A| = /, 
which encloses A, As, ..., An- 


For Q we may write —(T+A)7'd@Q/dt? and integrate by parts with 
respect to t. ‘The expression becomes 


heat! he MEGA aid i. Fi) 
aA a 
ij dt Aen dt Tr : uae uF O(a, t, A) = dtdxr 


dt ON 
pian ate 








FO) 
me eh 2G, tN | || a 


In the single integral pick out the terms given by substituting x for ¢. 
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They are 


-| Ka) | Hd'x+Gw'y—Hd¢'o—hwW'ot+ L(¢'W— ov’) 
X+A He+Gg+Hh+ Kk—2L 
_ Lox’ + ayy! — Hho! — Kyo’ +L oy’ — ¢'W) a 
he+Gg+tHh+Kk—2L 
or |(X+A)7'F(z) dd or 2:7 F(z), since the point where \ = — X falls 
within the contour of integration. It is now to be proved that the rest of 
the expression tends to zero when the radius / is increased indefinitely. 
The major and minor arcs as defined above (§ 16) must be considered 
separately. 





18. Writing still a+ 8 for ./A, we have on the major are a positive 
and 8 > 4loga numerically, and therefore increasing indefinitely with /. 
Then 


EP Do@+L |p OWM—W'()o@}] 
+ (He+Gg+Hh+Kk—2L), 


which is at most* of the order of magnitude of exp G(#«—t—1) or 
exp 6(t—2), whichever is the higher, and therefore tends to zero if t <a. 
Also F'(é) is finite and dA/(7’+A) may be written 


[A/A+TD)] A), 


in which expression the first factor is always finite, and the second is «dé 
where A‘ = lexp.@. The range of values of @ in the integration is less 
than 27, and hence, for the major are, 


id E(t) | 
|| BIG x, Af) aK Te a ‘ 


tends to the limit zero. 


imi oat) UA), 
Similarly | | dé ae Tae RLS 
for the major arc, tends to zero, since b > z. 


The first double integral may be written 


AS = Ot «, 1 & pes, 


“ FQ dt dd. 


r 
Spend 








* See note to § 14. 


SER. 2. vou. 3. NO. 888. H 
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r 
t (ALT 


its absolute me 


The factor a! F(t)! is always finite; let 4 be a superior limit to 


The factor 0 (t, x, A), provided a > x—3, is not greater in absolute 


value than Bexp 6 (t—z) where B is also finite. Hence this double 
integral is not greater than 


an AB) expB(t—x)dt or 27ABji1—exp B(a—z)}/B8, 


or than 2a AB/ PB. 


It therefore tends to the limit zero. 

When a< r—3 the only difference is that for values of ¢ between a 
and —4 the term multiplied by Z becomes the most important in the 
numerator of dQ/dt, unless Z = 0. This does not affect the result: v 
have seen that, for such values of ¢, | dQ/dt| has a superior limit of me 
form Bexp 6 («—t—1), and the integral of this between a and x—4 is 
negligible. 

The other double integral tends to zero similarly. Hence the whole 
contribution of the major are tends to the limit zero. 


19. On the minor arc the range of values of @ is infinitesimal, and 
hence it is only necessary to prove that the factors of the form dQ/dt are 
finite in order to show that the contribution of the minor arc is infini- 
tesimal. Clearly the are must be so drawn as not to pass through any 
point such as Ap. 


Now on the minor are 8<iloga numerically, and therefore the 


numerator and denominator of “ Q(¢, xz, A) differ by infinitesimals from 


EX cos ta/A sin (@—1)/A—G sin t/r sin(w@—1)/A 
— Ff cos t/A cos (@—1)/A+ KAA sin tr/A cos (2 —1)4/A +L cos (4— D/A, 
and HA sin /A+(G+A) cos /A—Ka/X sin /A— 2L.* 


Suppose first that A does not vanish; then the term containing it is the 
chief term in the denominator, the rest diminishing without limit in 
comparison, so long as sin 4/A is not small. 








* This approximation shows, if any proof is needed, that the series A, Ag, ... is an infinite 
one, since by substituting successive even or odd multiples of 44 for “A we find that the 
expression changes sign an infinite number of times. The even multiples of 4 serve when 
K=0, @+H #0, the odd multiples in other cases. 
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Now | sin /A|? = | sin?(a+:8) | = cosh? 8B—cos* a = cosh? B, 
if we take a = an odd multiple of 47. This implies that a is constant 
along the minor arc, which is therefore not circular, but parabolic; along 
it 8 varies from —+ log a to } log a. 

Similarly, | sin? &4/A | = cosh? t8—cos? ta } cosh? 4B, 
and | cos? t/A | = cosh? {8 —sin? ta } cosh? ¢B. 
Hence | A4/X sin th/A cos (7@—1)/A |  Ka/l cosh tB cosh (x—1) B, 
which is less than K,// cosh 6 when t< 2 <1; similarly 

| L cos (a—t)/A | > L cosh B, 


and so for the other terms of the numerator. Hence the contribution of 
the minor are tends to zero when 4 does not vanish. 

Suppose next that K =O: then GH<L’; so that G+H cannot 
vanish unless G, H, ZL are all zero. Take G+HA not to vanish. The 
same kind of proof applies, but, since 


| cos ./A |? = cosh? B—sin? a, 


we take a to be a multiple of 7; so that | cos 4/A| = cosh . 
If G, H, K, L all vanish, the proof is the same as when £ 1s not zero. 


Similarly for £0 CONTRA) SNC) a ea oe a ie 


20. Hence we have 


r= (0 
TU Venn Maat C2; | Pix, t, A,) f(D) dt, 


N= oO a 


when a<x< 0. 
If x were <a, we should have 


r=n (bd b 
nr D | & (x, t, A,) F() dt = \\ Q(x, t, ) F(t) dtdan, 


T= 1 
and this would be zero in the limit. Similarly, if 2 > 6. 

Thus F(z) is expanded between a and b in a series of multiples of the 
functions (zx, A») and W(z, An); the sum of the series is zero when 
O<x<a or b<x<1; the coefficients of #(x,An), W(x, An) are the 
values when A = JA, of 

b 
| {(Eg+Hk) o6+(Gg+tKk—L) vy} F(x) dx 
] 
=| (Hox + Gyx—Hoo— KWo) dz 
0 
Hew 
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and \ {(Gg+Kk—L) ¢—(Ge+Kh)wW} F (x) dx 
=> | Bax Gy — Hdpw— Kyo) dx 


respectively ; A,, Ay, ... are the values of A for which 
He+Gg+Hh+Kk = 20, 


and, if two of these coincide, the coefficients just written become in- 
determinate and are to be replaced. by such quantities as are indicated 
by (7),"8 3: 

It is easy to pass to a similar series which shall express different 
analytical functions in different parts of the range between O and 1. The 
functions need not in fact be analytical, since only the first derivative of 
F(z) was used in the proof; it is necessary to the proof that this 
derivative should exist, but the whole series of derivatives is not needed. 


21. When GH = HK+L?* the numerator of ®(z,¢,r) breaks up 
into factors, one a function of x, and the other the same function of ¢. 
This happens in the best known special cases. For instance, when G, H, 
K, L all vanish the equation determining ,, Ag, ... is e = 0, and we have 
expansions in series of harmonic functions which all vanish at the two 
ends of the range of validity, since when e = 0 the functions ¢, x only 
differ by a constant factor. 

Again, when # —K —0, G=H = i =1, each term. of) thevex- 
pansion has the same value and the same derivative at the two ends of 
the range; thus, if X had 1 as a period, the expansion would be in periodic 
functions ; in our notation the type of such a function would be y—¢ or 
w—vr indifferently. 


22. Again, taking X = 0, we have trigonometrical expansions, and, if 
G=kK=L=0, the terms are of the form A sinaz, the values of a 
being such that tan a = — Ha/E. 


These are the expansions used by Fourier in his treatment of the problem 








* Note that GH — EK— I? is an algebraic invariant of the two forms 
gh—ek—l, Ke+Gg+ Hh+ Kk—2L 
in the variables ¢, g, h, k. If this invariant is positive, and e, g, 4, k are taken as coordinates of 
a point in space of four dimensions, the two loci 


ke+Gg+Hh+ Kk—2L =0, gh-ek—1 =0 


cut one another in a conicoid whose generators are imaginary, and, if the invariant vanishes, 
in a cone. 
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of the conduction of heat in a solid sphere (see Burkhardt’s Report, p. 420: 
Fourier’s Works, Vol. 1., p. 812). A variety of other forms of trigono- 
metrical expansion could be derived by giving different values to 
1 CIM Bs Ce SF 


23. The question whether the expansion of #(x) is valid when « = a 
or 6 has not yet been answered, but it is readily seen as in $17 that the 
expansion as a rule is only valid when « = aif F(a) = 0, and when z = b 
if F'(b) =0; more generally, the expansion of a discontinuous function 
does not hold good at the values where the discontinuities occur. 

The cases x = a=0 and =) =1 deserve special notice. Take 
firsts c=a=0. We have 

nu b 
Quam 2 | (0, t, Ap) L' (6) dt 

Ta 0 
ECLA 
FA) 





= ts dal) ie ae 
=|\ 4 dt SIR 1S) se dt eee a / 7 2(0, t, d) dX. 
GXiGee tw bad 1 


Now £20, t, hee Ee+Go-PAh-kk=2L* 


which is of the order of magnitude of exp(—(2), or possibly exp 6(t—1) 
when ¢>4 and L +0. Thus the double integral tends to zero as 
before. In the single integral the part given by substituting 0 for ¢ tends 
to zero unless b = 1; taking 6 = 1 and writing X), X, for the values of 
X when z = 0, 1, we have for the single integral 


f Cif NM eo © F (0) G—Lh F(A) ) 
|He+Gg+Hh+Kk—2L X+rX Het+Gg+Ah+Kk—2L X,+)) 


The value of this is 2:7 (0) if X, = X,, H — 0, and 
feral we wee er ee UL) xb Oye 


or if F(1) = 0 = FO); or if LZ, G, A, L all vanish and X,— X,. It tends 
to the limit 2:7 F(0) if F(O) =O and K does not vanish, or if #(0) = 0 
and K, L vanish. 

Similarly, when « = b= 1, we have 


£0 (t,1, A) = (—Hd¢'t—KW't+ Ly'd)/(He+Gg+Hhh+Kk—2D), 
and the single integral in this case is, if a = 0, 


F (0) is F(i) | ar 
\{- a aT eas PD ancy | ESSERE FE. DV 
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The value of this is 2er_ Ff (1), 1f X, =)X,) # =—'0,/and 
ds heen Ooh isk AES SON WRENS 1ED)) 


or if (1) — 0 =F (0) somite Gea i all vans sX, 
Hence the expansion is valid for the extreme values 0 and 1 in three 
cases, at least, 


(1) When (1) ==7i(0) 0: 

(2) When H, G, H, L vanish, so that the equation whose roots 
AYOLAT aAas te eee 

(8), When X, = XH = Op n= mG DiS m7 Cee a) — nO} 
m being some real constant, finite or infinite. 


There are other cases in which the expansion is valid for one extreme 
value or the other. 

It is easily seen that these conclusions are not affected by discon- 
tinuities in F(x) at intermediate values of z. 


24. It has been assumed that none of the critical points of the 
differential equation fall between the values 0 and 1 of the independent 
variable or at either of those values. If 0 or 1 were a critical point, the 
expansion would not necessarily fail, as is shewn by the special case of 
Legendre’s functions in which there is a critical point at each end of the 
range of validity. If the method of this paper were used, the initial 
conditions by which ¢, y, y, w are defined would have to be modified. 


NOTES ADDED IN PROOF. 


I. To the results in §§ 6, 7 the following may be added. If Y stands 
for He+Gg+Ah+hKk—2L, Y = 0 is an equation for A whose roots are 
separated by those of Hg+Hk =0, also by those of Ge+hKh = 0, and 
further by those of 7-++«Y = 0, where 


Z = a (Hg+ Hk)+ 8? (Hh+ Gh) —y* (He+ Kg) —0?(Ge+ Kh) 
—2(ad+6y) M, 
a, 8, y, 6, x being any real constants, and M a real constant such that 


Mm? GH-EK—TL* 
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It follows, in fact, from the formule of the paper that 
. : 1 
ZY —VZ =| | a(#Hy—Ho+Lw)—sM¢}?+ {B(H¢4+ Gv —Lo)—yMyx}? 
0 
+ | y(Ho+Ky—Ly) +8Mo}?+ {d(Gy—Ko—Ld)—aMy}? 
+ (a? + Bw + yy? + 0° ¢") (GH — HK —L?— M’)\ dz. 


This being never negative, the roots of Y=0O and Z+«Y = 0 separate 
each other as a rule; it is, however, possible for Y, Z to vanish together 
when GH—EK = L?+M?._ If X, A, were conjugate complex quantities, 
we should have (Z7Y,— YZ,)/(A,—A) essentially positive. 


II. The results of $§ 11-13 may be proved, perhaps more simply, by 
the following method. Suppose, in § 15, that 6 is not restricted, and that 
«18 a superior limit to | 

| /Ad—sin xr/A | / cosh Bz. 
Then | PYA | & (1+k) cosh Bz ; 


Hi 


thus | p/A—sin x/A| & Bl- +0) | cosh Bt cosh B(a—?t) dt 
0 


oy 


+ BIl-2(1 +k) (= cosh Ba+ 3B 


5 sinh Bu) ; 
so that « } Bl-2(1+k«), since tanh Bx < Bz, «<1. 

Hence we may take « = B/(27—B), a small quantity, and the ratio of 
oV/A to sin e/A tends to unity when 6 is increased indefinitely, since 
| sin /A | approaches equality with cosh 6a, and ¢/A—sin x/A 1s small 
compared with cosh 6a. In the same way ¢’ and cos #/A, vy and cos @/A, 
VW’ and —/A sin @/A, xr/A and sin (c—1)/A, x’ and cos (x—1)/A, w and 
cos (—1)/A, wo and 4/Asin (1—-2)/A tend respectively to equality when 
8 is increased indefinitely. ‘ 
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CURRENT FLOW IN RECTANGULAR CONDUCTORS 


By H. Fuercuer Movtton. 
[Received January 3rd, 1905.—Read January 12th, 1905. | 


Tue simplest case of current flow in two dimensions is that of 
electricity flowing across a rectangular plate the two opposite sides 
of which are the electrodes. I am, however, unacquainted with any 
formula dealing with the cases in which the electrodes do not extend 
ever the whole of these sides, and it is difficult to see how any approxima- 
tion based on a priort reasoning can be made for these cases. 

By the use of Schwarz’s transformation, however, the results come out 
in a very simple manner. 


D R Cc R Q 


a 
x 
S 
Ww 
& 
S 
Ae 3S 
7) 


(1) (2 


Let (1) be the z, y diagram, the electrodes being OP and QR. Let 
(2) be the ¢, y diagram. Writing, as usual, z= e+, w = W+id, and 
for simplicity taking o, the specific resistance, as unity, we put 
qf! dt 

=a) (t— Btn) (toe 
a, 8, y, 6 being arbitrary quantities subject to the one condition that 
(8—-y)(a—0)/(a—y) (B—S) = x’, where x is chosen so that the ratio of the 
periods K'/K = AD/AB. ‘Then « is immediately found from Legendre’s 
first table. Again, put 


dz 


=a) dt! 

a / {(t'—a’) (t’ — 8) (t’—y’) (t' —6d') ? 

where (6’—y’)(a’—d')/(a'—y’')(6'—0') = 7, the modulus ? being such 
that on the vy, ¢ diagram the ratio of corresponding periods, viz., 
L'/L = OR/OP, i.e., L'/L = equivalent resistance of plate. 


dw 
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The quantity J, of course, is at present undetermined, and it is our — 
purpose to determine it. We have 


a(B—6)—B(a—6) sn? mz (mod x) 
38—é—(a—<) sn* mz (mod x) 


a’ (B'—6')— B' (a' —0') sn? m'w (mod J) 
B'—6'—(a'—0') sn? m'w (mod I)’ 


where m = 34/{(a—y)(8—<)}, m’ = $r/{(a'—y’) (B'— 0) } . 

Since we have only one relation between a, 6, y, and 6, and between 
a’, B', y', and 6’, we can take m and m’ to be unity. 

We can also simplify the problem without loss of generality by 
assuming the units such that 4B = K, OP = L, and therefore AD = Kk’, 
OF Lar 

Now there is one and only one solution of the equation V7.0 = 0 over 
the area ABCD with given boundary conditions. 

By the transformation adopted the boundary in the z plane becomes 
the real axis in the ¢ plane, and the area dGBCD becomes the part of the 
¢ plane above the real axis. So also the boundary in the w plane becomes 
the real axis in the ?’ plane, and the area OPQ@F becomes the part of the 
t’ plane above the real axis. 

If, therefore, we put ¢ =’, and so choose the constants that each 
point of the real axis represents corresponding points on the z and w 
planes, we shall arrive at the required relation between z and w. 

To do this we must determine a’, 6’, y’, and 6’, and we do so by putting 
¢=t' at O, P,Q, and &. Let the co-ordinates of O, P, Q, and R in the 
z plane be 2, 2, 23, 2, ‘In the w plane they are O, K, K+ cK’, cK’. 


, — 28—6)—B(a—6s) sn 4 
Then ici 8—d—(a—s) sn? z, ’ 


yy) — ¢(8—9)—B (a—8) sn? 
B—d—(a—6) sn? Zz’ 


, _ a(8—6)—B (a—S) sn? zz 
pan Go (a= syren 


gr = ¢8=9) —B(a—9) sn" , 
—  (B—s)—(a—8) sn? z, ” 


i 


and pS em 


ee (8'—-y')(a’—o') __ (sn? z,—sn? zz) (sn? z,; —sn? Zs) 


therefore (a'—y’) (B’—0’) — (sn2z,—sn? z,) (sn? z,—sn? Zz») 


If the electrodes both commence at the same end, ? = sn? z,/sn? 2s. 
If, in addition, they are equal, then sn?z, = 1/x*sn? 2 and ? = x’ sn‘ zg. 
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In the latter case, however, we get a simpler transformation by putting 
VD A Ba he ORO P= 2 in 
and putting anita, nese dn (105 De 


It is at once seen that ¢ is real round the boundaries, and that, when 
Z—= 0,¢— land w= 0) ands when 20 end — 2cl7 e 
now «’sn?z, = 7, then dn (z, x) = ¢ = dn (w, J) at all points. 

Curves of current flow for z, = ‘1K have been drawn from this formula 
in the case where AD = 2AB. 

In the general case the formula giving the equipotential lines and the 
lines of current flow is 2 : : \ 
2 sn*z—sn* Zz, sn°z,—sn* Zz 
BARON) ap sn? z—sn? j, sn” pea Be 

The calculation of the lines of current flow in the above-named case 
where AD = 2AB and z = 2K showed a very great increase of current 
density at the outer ends of the electrode. Theoretically the density 
would become infinite, but, of course, in practice the very great increase 
of current flow in this part of the electrode would cause a drop of potential. 

The following examples of the equivalent resistances of a square 
conductor of unit specific resistance according to the position of the 
electrode may also prove interesting. They show that the increase of 
resistance due to the crowding together of the lines of current flow on 
their approach to a small electrode is by no means unimportant. 

In each case the total length of an electrode is one-fifth of the side of 
the square. 

(1) Electrodes opposite to each other and in the middle. 
Resistance = 1°745. 

(2) Electrodes opposite to each other, but at one end.  Resist- 
ance = 2°408. 

(3) Electrodes on opposite sides, but at opposite corners. Resist- 
ance = 2°589. 

(4) Electrodes bent equally round opposite corners. Resistance 








— 3027. 
D RQ C RQ C D RC D RC 
Din as i? . 
| | 0 
a - 
oe Re eden 0 A us 
P B OP B AP B 


A OP B A 
(a) (2) (3) (4) 
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Schwarz’s transformation also enables us to find the resistance of 
a plane rectilinear conductor one of whose angles is a right angle, the 
electrodes extending over the whole of opposite sides. 


B Y B ¥ 


ee 


a v a Ny 5 


Let aGyd be the conductor, Gyd being aright angle, and construet 
the x, y and Wy, ¢ diagrams as before. 


het! 'd2= Hes Minraniirovenerit usa AE dot cna ads Na) ttl 
/ \(t—a)(t—) (t—y) (t—0) } (t—a)? (t— B)4(t— 6)" 

where 

joes ae Tile CRN a eh ps pe Ig hg aL 

“7 T i T a T 
LE 
L t (l = ae) a denned Saks ck Oy Rea 4 
: 1. AC OO Saab, 

; sy cdw Rye ats 
Then dz = Ga @— Byte)” where c= re 


a (imei eNotes (a—y) (B—0) 0)) 
oe ss (8—6)—(a—0) sn? mw | mod y/ | \(a—6) (B—y) y)) 


where m = $4/{(a—y)(G—0): and can be put equal to unity without loss 
of generality. 
We can also choose co-ordinates so that in the ¢, W diagram ad = K, 
af = K', the modulus being J eae 
Hise 


6) (8—y) 
Coe el 
ae (a—8) (a—6) sn? w lt (a—) (8—6) 


(8—6)—(a—0) sn? w’ (a—6) —(B—68) sn? w’ 


p ands also, make c.--el, 


(a—0)(G—<d) en? w | 
(a—6)—(8—6) sn? w 


so that dz = cdw|(8—9d) — (a—8) sn? w tet" 
| , : ‘ (a — B)?*"a —o)r* (6 — jit? sn2? av en” Ww 


t—6,= 


or, since »+q+r = 0, we have 


—2r 


dz = c'dw sn~* w en-”" w. 
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If now the co-ordinates of 8 and 6 in the a, y plane are a+ cb and 
c+uid, we get 


aie ee 
dwsn7” wen w e8-* \ dusn-?(u, x’) en?@t” (uw, x’) 
at+uib 0 — 6 


Srey a MNS Ta ae Pf he~ ee, eae. ee 

ct+id a ie aes en 

ar | dw sn~”? w en~?" w \ dw sn~*? w en7*" w 
0 0 


which can easily be proved to be the same as 
a-2p C¢G+pty)Ta- ae F (4, 4—p, 1+17, x’) 
Vdt+tnyPla—-n Fre sha 1—p—r, x)” 


F() denoting the hypergeometric series. 

From this we can determine «* by approximation and consequently 
the resistance of the conductor. This approximation can be facilitated 
when « is either very small or nearly unity by observing that 

F (, GaP ea Dias x) 
and I pa men a aad) 
are both solutions of the equation 


Pit ey ae ey yD) 
Dae eer a ee 


Call these two particular solutions y, and yp. 
Another solution in powers of % is 


Yea a (op ers ce tT) 
and another in powers of (1—<) is 
y, = (l—x)" F (4—p—r, 4—r7, 1—7, 1—72). 
Since the above differential equation is of the second degree, we have 
Y, = Ay. t+ Byy Yo = Cy, + Dy, 


where A, B, C, and D are independent of « and are the same for all 
quadrilaterals with the same angles. 

In the case where 7 = 0, 2.e., where two adjacent angles are right 
angles, we find that y, degenerates into ys, but in this case another 
solution in powers of (1—2) is 


‘Ve — log 12) Ws ea) 


» 45 3 (nu (7 —4)(4 — (3 Sah) ae ol 1—4t—p) Cn (1 —7\" 
(n!)? 
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vu 1 iz 1 Se 1 
where Ch = 2D— —2 eee = 
1 8 WSsAs IDS Bie P 


Now, since this equation is linear and of the second degree, we have 
Yo = Ayr t+ Bys, Y, = Cy,+ Dy, 


where A, B, C, D are constants for a given value of p. 
In employing this method when «x is small, 7.e., the resistance is large, 
we approximate rapidly by means of the equation 
ln [ee eee 
a PG+p) d—p) (+B), 


— cosa 
Cc Pe) YN 


and, when « is nearly unity and the resistance is small, 


fe F@ _(o4p %) 
Pe eraaep gin ep) C+D at 
The case of 7 = 0 and p = 4 gives the resistance of a plate when 
the electrodes are of the form which is occasionally used, in which the 
current flows from one square to a square symmetrically 
placed round the first. It is clear from symmetry that 
the lines bisecting the sides at right angles and the 
diagonals are lines of flow. The resistance therefore is 
+ of that of the quadrilateral afy6. 
If now ad is a and af is c+uc, we get 





AL Reesor = 4 1) ek 
a "1 G Yo 


The values to three places of A’, B’, C’, D' are 
a ee ee a ODL 


If k is small, it may be outside the limits of Legendre’s tables, but 
we can approximate conveniently to the resistance A’/A by means of 
the formula 





— 24 7 > 21 pL yy ae \ 

i ele) | log « + 2 > cP (4 ... n—4) ast 
where P = ‘883, Q = —°3818 = D’; and, since K = 47 nearly and 
logx? is large, we get R= P+Qlogx. But, if « is very small, 
B'xt = c/a—1, and to a first approximation R = — 1°28 log Se If, 


however, «’ is small, we have log«” = D'~‘a/c approximately, and 
therefore 1/R = a/c, which could, of course, have been foreseen. 
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If the inner square is placed diamond-wise, then af 
and yé are lines of flow, and, if the co-ordinates of 6 are 


0, a and those of 6 are 0, 0, 
a _ F(4, 4, 3, «) {TP}? 
3 


o 7 FEELS SO LOIS GS 
Having determined x in any of the above cases, the a 5 
resistance is given by K'/K, and the differential equations 
for the lines of flow and equipotential lines are 
dx+idy = c! (diy+id¢) [sn +r, «) ]7?. 


In the case of the two squares treated above the current density on the 
outer electrode is given by 


Me = sniv, 


and on the inner by ae = 1/x?sniv. 
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A GENERALISATION OF THE LEGENDRE POLYNOMIAL 


By H. Bareman. 


[Received January Ist, 1905.—Read January 12th, 1905. ] 


1. Source and Definition of the Function. 

The general homogeneous polynomial of degree n in 4%, %, %, 24 
contains ¢(2+1)(m7+2)(n+3) arbitrary constants; if, however, it satisfies 
the differential equation 

PV OY Or er 
oe | Velen Wet \ Keer 7 
there will be 2(m—1)n(+1) relations between these constants. The 


polynomial can therefore be expressed in terms of (2+1)* independent 
solutions. 


To obtain a symmetrical representation of these independent solutions 
we make the substitution 
ty = 7 cos 0 cos , Coban) CORY SII, 
Una reeling COn pe 1o, am Peete Math eb var 
the differential en, then becomes 


BOL [eer 1 OV , cotO—tanddaV _ 
so 7+ r or. 1 r2 OO? Tar 7 eos? @ Og” 1F sae sin? 6 Oy? vr r AO a 


If we assume as a trial solution V = 7e'"?*4*O, we find that 0 must 


see the na 


lee) 


are 6 sin?) San 


_ ies a @—tan e yt i” (n+ 2)— 


Writing cos 20 = wu, the equation is transformed into 


fi __ 2) dO) (2 1a ORT OE Ra liv Ili 
) Fra Co a ol. sey a ae t 


Putting 0 = Pts cor we have 


END 
(2) (1p? a Pe (hea) Ce aa ee ce 


+4V[(n+1?—(k+m+1)7] = 
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or, lf l—uw = 2t and itu = 2(1—d, 


(3) 
aV 


—) sa +[k+1—-h+m+2) t} a a+ 


4(n—k—m) (n+k+m-+2) V = 0. 


A solution of this equation is given by 


sees ye (peer ete tim, aes, t); 


we may therefore define the function 0% “(u) by the equation 


ae 
m, k i (1 +u)?"(1 — i 9 


On) = Sao OTT) eset) 
2 
x pete eer? eee k+1, S*). 


When n—m—k is an even positive integer the series terminates so 


that OK (x) is then a polynomial in sin @ and cos @. 

A polynomial of degree in «,, %, 3, and x, will contain terms of the 
form rve'"?t¥xXO, where n—m—k is an even integer and m~k and m+k 
are numerically less than m. The different values of r%e'"?*”*O subject to 
these restrictions will give the (n-+1)? independent solutions of degree n. 


. . . ik ; : : 
The expression 7e*™?2%xO"(u) is clearly a solution of the equation 
whether 2 is an integer or not. 


2. Connection with the Associated Legendre Function. 


If in equation (1) we put k = m, it becomes 
dO m 
fang +0349) =o 
1 


but this is the differential equation for the associated Legendre function. 
Now when m is an integer and @ is small P{,(cos 20) can be replaced 


Il (4n-+m) Sd eee? 
y Wigan) oon , sin” 20 ; therefore 


e™ m 


(5) (cos 8) = Py, (cos 20). 


Again, it can easily be verified that, if F(z, y, z) is a solution of 
Laplace’s equation, then 


V= (ty +i2,)-? Ff /(ai-+-2%), X35 Ta} 
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is a solution of the equation 


Vem wee teV 





+ — ANY 
Ga? Oa? * Oat + Oa? 
Putting / (xi +22) = 1; cos 0, = 1 cos 8, 
X_ = 7, sin 8, cos ¢, = 7r sin @ cosy, 4 = r, sin 0, sin ¢, = rsin @ sin x, 


the standard solution 7 P* (cos 0,)e"" gives us 
V = r*-*P* (cos 6) e~#O+#x eog-? 0, 
Comparing this with the solution 
8 52 ** (cog 20) e~ He titx, 
we see that there is a relation between P* (cos 6) and the quantities 
/ (cos 8) O77*" eos 26). 


When » and & are integers 6,24" (cos 26) is of the form (cos 6)? sin* 6 
(polynomial in cos #9) when »—f is even, and Q2*,(cos 26) is of this form 
when n—k is odd; accordingly 


oT (n—k (ee) 





/(cos 8) eae (cos 20) = TRL aera P* (cos 8) 
I (=) IL(n+h) 
when 2—k is even ; 
2*T (n—k) I ( “) 
4/(cos 6) O7";(cos 20) = Sen ery P*, (cos 9) 
I(n+h) 1 a 


when n—k 1s odd. 


3. Properties of the Function. 


If we put p=rcos0, » =rsin9, our partial differential equation 
becomes 
Can aul Oreos Mary, ol) OK eon) 
Of bet | or oe 
from which it is easily seen that Jn(p) J, (iw) e”?*** is a solution; also, 
if this be expanded in powers of 7, the coefficients will be of a polynomial 
character and must therefore be constant multiples of 0, "(u). This is 
the case whether m and *& are integers or not. Accordingly we may 
write 


w OM 


Jm(r cos 8) J;,(¢r sin 0) = Y An?r'O,” . (cos 0) (2 = m+k+2s). 
eet) 


SER. 2. vou. 3. No. 889. I 
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To determine the coefficients we make 6 very small and replace ©,” “(cos 20) 


I (rere) 

Savlit i oupee ee 

and J;,(¢ sin @) by i (m= ae and ae (47)* respectively. 
a) 
Equating coefficients of 7”, we find that 
NaAn—™M ls —— 
Ay = (3)" nt+mtk n+m—k)\’ 
i 2 i 2 


giving the expansion 
0" " (cos 26) 


8 


(8) In(r cos 8) J, (tr sin 0) = > Gry 


(1 = m+k+2s). 


If in this result we write 77 in place of 7, 47—0O in place of 0, we find 
that . 
6” *(— eos 26) 


J, (tr sin 0) J;,(—r cos 0) = 


( 4 Tyee —m 


oMs 


Now Jz(—7 cos 0) = (—1)*J;,(7 cos 8); _ therefore 


iat (ees *) 
; m, ky ¢ — (_.1\4(n—m—k) 2 k, m 
(9) 0,,. (—cos 20) = (—1) ey (whi) 0, (cos 20), 
2 


n—m—k being an even integer. 
Another expansion can be obtained from the equation 


“ale tone 


OV, eV a 
BrceTgiel tome aia al! Sail 


Making the same substitution as before, we arrive at the solution 
Tics) ae ae 
fen) ee) ’ " (cos 2.0) pimp ik 


T 


Again, it can be easily verified that the equation is satisfied by 


Im(r cos 8 cos w) Ji, (7 sin O sin w) eet ™X ; 
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accordingly we may assume an expansion of the form 
iv 2) 
2 ° = m, k 
Jn(r cos 8 cos w) Jz (7 sin 8 sin 9) = J 77 Inari (r)AnO,” (cos 26) ; 
s=0 


but, since the expression on the left is symmetrical in 0 and ao», it is 
evident that 4, must be of the form B,,0,,’ “(cos 2w). To determine the 
coefficients we put » = 47—a; the expansion then becomes 

Jm(r cos 6 sin a) J;,(7 sin @ cos a) 

iat (Eases 
Bieta) NS 


? at) 
ca 
Now make a and 6 very small: we find at once that 


1) ECR) (oe (REA) 


oe “(cos 2.0) ei "(eos 2a). 


i Ms 
1M 


s 





(Aryme* — : We ae 
2 
(2 = m+k+ 9s). 


Comparing this with the well known expansion 


I (AEE *) 


M8 


(or) (141) Tappa eT Jnqitr) (= m-+-k-b as), 
sate ALL ae 
we see that 
iat (nea) iat (=) 
2, 2, 
— __ 1)4(r1—m—k) Ti Ae Moe eS eee Sn They 
ist = 2 ( i.) (n+ 1) i (een) Ir (aE ’ 
2-5 {s 2, 


therefore 


(10) Ima cos @ cos w) Jz(r sin @ sin w) 
U (ete=™) U (a=) 


© 2, 9, 
— st 5(n—m—k) ADDN 1p i ae Se ee ee 
pty . Cr alata) n+m—k n+m+k 
mess AC a Pa 


x 0,” * (cos 2.0) 9,” ‘ (cos 2w) (n = m+k+3s). 
The other form of the expansion is 


(11) J, (r cos @ sin a) J;,.(7 sin @ cos a) 


n—k—m 
1 a 


k, m 


= 271 3 +1) Tnvi(r) Ow “(cos 20) Ox "(cos 2a). 


1 2 
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If in this we make 0 very small, we find that 

(12) (47)'*leoska.In(v sina) = = +1) Sith) 9" “(cos 2a), 

or, again, putting 0 = 0, w = O in (10), we get 

(13) IL (A) 7)? In) 


plaice bh 1y ES mses bet Gat. 


Ms 


When m = k the expansions take the form 


(14) Jnr cos 6 cos w) Jm(r sin @ sin w) 


ey S (—1)?—" (Qn 1) 27 Jong) Tad. P’ (cos 20) P™ (cos 2), 
n=m IL (n+ m) 


(15) (Ar)""* (cos”a.JIn(r sina) = LY (Qr+1)Son+1(7) P” (Cos 2a). 


n=M ~ 


4. Relations between Functions of Different Magnitudes. 


From equation (4) we see that 0,’ "(u) =0 when n—m—k is any 
even negative integer. When & is a negative integer the first & terms 
of the expansion disappear and the remainder can easily be identified with 


(—1)'0"” “"(w). Accordingly, we have the relation 


(16) Or Fi) = (—1 O(a) (k being an integer). 
Another relation may be obtained from the equation 


(17) (a7r)"*" cos” a.Jdz(r sin a) = L(n4+-D Ini 0 \O* (cos 2a) 


1 


by making use of the addition formula 


Je (2)-pugaie) — Zhe Juin 
therefore 


(A7)"*! cos” al J.1(7 sin a) +J,41(7 sin a) | 


= St) Fanon ome], 
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therefore 


Gr)" SS 7.07 sin a) = E+) Tug) [One], 


Comparing this with equation (17), we have 
(18) 67 *—! (aos 2a) +0" “*1 (cos 2a) = k cot a0” *(eos 2a). 
Again, substituting 


(+1) Ingi (rt) = Sr [Jn (7) +I nse], 
we find that 


(19). gmt (cos 2a) +0," * (cos 92a) = neos aP,_ v (cos 2a). 

Changing a into 47—8@, and making use of equation (9), we get 

(20) ktand0,?” "+0," = 1Lin+k—m+1)(n—k+m+1) 9, 7", 
(21) | | 

C(n+m—k) Qe" “(eos 26) +(n+k—m)9 2 ae (cos 20) = 2 sin ae” i ~* (eos 2.0). 


Interchanging a and 6, k and m, so as to keep the formule uniform, we 
have the equations: 


(20)' m tan aQ,,’ "1 (cos 2a) + On*” ‘ (cos 2a) 
= LG ea i RE OC ” "(cos 2a), 
(21)! (n+k—m) 0; i (cos 2a)—(n +-m— k) 0}, 5 (cos 2a) 


= Insin aOr’* (cos 2a). 
Multiplying equation (19) by i and subtracting (21), we have 
(22) (n+-m+h) 0 (cos 2a) —(n—m—k) 0,” “(eos 2a) 

= In sin aOn*** (cos 2a). 


The last two equations give us the addition formula 


me, Kk 


(23) (n—m—k)(n+k—m) (n—2)0,’  (u) 
tn(ntm+k—22)(n+m—k— 2,0" (iu) 


m, k 


= 2(n—1)[k?—m?+n(n—2) w] On? 9 () 5 


when m =k this reduces to eae well known addition formula for the 
associated Legendre function. 
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Other formule may be obtained by differentiating, for example, 
(24) 
VL—n) £ [Om *)] = Ertm—EFD mF kD OPE 1 — OBEY, 
Mh 


domes tr em Oy (ntm+k)(n+m—f) 4 


Ph —— n—2 
ah di In 2n 
_ (w=m—k+2)ntka=mM+t2) 5 
2 (n+ 2) Cae 


2 ah 
=a AED) = {(n+2)? u+k?—m?! O,. 


I have only proved these formule for the case when 9, is a polynomial, 
but it seems probable that they will be true for unrestricted values of 
n, m, and k. 


5. The Integral Formule. 


Let Of"(u) and 0%°"(u) be two polynomials of different orders. »—p 
being an even integer, we have 


a fy ae (7% SRR eee Ce ai 
Tale ie my he oY 2 ($ +1) tao DD 
CE ee ils) (py aE Gt OD) ak SE 
digo w) oe | ame Gy ae +1) Mtse) Oem) 


Multiplying the first equation by 9,, the second by ©,, and subtracting, 
we have 


aie oo 2) | = [> (4 )-2 (2 )] 
rae #)(0,5 dia cA Apowliny wa iamnow eye) |e 
so that, if » = p, and m and k are both > 0, we have 

+1 

| On) Op(u) du = 0. 


We must now evaluate this integral for » =p. Putting @=w in the 
expansion (10), we have 


In{ = +n) | Je{ aw | 
| I aaa) I ae 


os & = (1) ™—Y 4-1) Tans (r) i (PEM=B) (EMER) 


2 2 


[o™ k (u) }?. 
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+1 r “ 
Tit Pur=4\ Inf SO+w |[ 2 a—w | du. 
oa 
Writing 1—pu = 22, it becomes 
1 
I Bplay | Im(r(1—ax) |] J, (ra) da. 
0 


a 41ST) —Trsil} ; 


Now 


so that 


£{Fu,c1—Faesr} = | Infra] Tera) de 
1 : 1 1 
= | Jin [7 (1—2) | Jp (72) de +| Tn [7 (1—2) ] Ji (72) a 


- {Pm—1,.4—Fm +1, i } 
therefore ee [Pn+1,4— rem 
= [F'n+o, rt1— Fim41, v2], 
and so on; but F',,;, = 0 when mand & are very large. Accordingly we 
have fh teed rary s 


This shows that the integral F’,,,;, depends only on m+. When m and k 
are integers and m = k the integral can at once be evaluated, for then 


In| +0) |Jn| > Aw) | 





Pads gE ‘< __14\n—m (1—m)! u 2 
== EY (HI Ont DFnn) PO [Pr wh, 
and so 
1 + r r a 2 ae n—m 
4 die. GY (1+) | Im 9g finer aL) mane on ed 0), 
=e YT n=m 
2 
1.€., Im{r(l—2)|Im[ rae] da = = y (—1)"-" Jonsi(r), 
0 mM==mN 


and \ Im [7 (1l—2)|Imso[re] da = | Imsilr(1—2) | Im4i [ra] dx 
0 0 


9, fo) 
i py (—1)" 0" Jone), 
YT n=m+1 


also clit [ra J+ Tins [72 | = fr) J m+1 (72) ) 
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1 
therefore \ Im[r(1—2)] Ins [ra] 2 ane = pd emt), 


m being an integer. 
We shall now prove that 


: d 1 
Gn, i seen \ Jin [r(1—2)] Jk [ra] —- GF Jitm (7) 
0 XL 


for all values of m and & greater than zero. 


For, if the integral on the left-hand side be expanded in powers of 7, 
the coefficient of (47)”**** is 


to aan NN Pe SNL Use | af ee k+20— 

YE te IL (m+ p) p! Wipe | 0 Oe ay 
aS) (eT yoo aie aL UTearaee iL aks ano) ee na 
ithaeres IL(@m+p) p! W(A+o) o! U(m+h+2p+ 2c) 


We have got to show therefore that 


TL (m+ 2p) IL (b+ 20—1) 1 


(A) Mere ane I(kA+oc)¢! Tam k+2p+20) ks! U(m+k+s) 


Now Gin, ~ = $k [Fin r-1 +t Fm, r41] on account of the relation 
Trr(r@)+Se 41 (1a) = (Qk/ra) Ii (rz) ; 


accordingly 2k Gin, depends on m+ only. If, then, the equation (A) be 
cleared of fractions, it may be considered as an equation of the s-th degree 
in (m+k); but we know that the equation is satisfied whenever 
m = k = an integer; it is therefore satisfied for more than s values of 
m-+k, and so must-be an identity. Thus, if m and k are any positive 
quantities, we have the identity 


IL(m+2p) T(A+2c0—1) _ U(m+h+2s) . 
otros U(m+p)p!UW(k+oa)o! ks! U(m+k+s)’ 


hence the equation 
4 di 1 
\ dn |? (La) log ra . = FT Inse(r) 
0 


holds for all values of m and k greater than zero. This gives us the 
further equation 


Fn, oe Nip [A+ 1) Ge k+1 —(k-+-3) Cran: b+3-b oa | 
= 2r- oo ae £9(7) —Imtnrel?) -- ae 
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+1 
We can now evaluate the integral \ [On(u) P du for 
2) 


n+k—m n—k—m 
1 Coappoed ES ar aaa 


= 2, 
Oy»—1 __ 1)\s (n—m—h) 
cat (744 re (at 1) dati (?) Il (se) a (Eee *) 


xia [e™ (u)P du 


=|" to[ a+ ]r{ + a—w | du = 2, 


ore Ayo} y (= WW as oY fear (7) j 


n=m+h 


Comparing the coefficients of J,41(7), we have the formula 


AL oe tl (Homers 





ie [o™ k (un)? du. = 


m and k being any quantities greater than 0, and such that »—m—k 
is an even positive integer. 
If we assume a convergent expansion of the form 


flu) = > A,O™*(u) (n= m+k-+2s), 


the coefficients will be determined by the formula 


| I (aa U bath 
An 





se ev ki ( i = 2 2 
ie irae) et a n+1 nt+k—m n—k—m\ 
Ca ees 


6. Various Formule. 


If we equate coefficients of ($r)" in the expansion 


0" © (cos 20) 


a oe *) Il Ges 
2 2 


Ih (r COs Q) Ji. (a9 sin Q) =—- »d (Ar)” qn-m 
s=0 


122 Mr. H. Bareman [Jan. 12, 


we find that 


cei 4(n—m—k) 
Qe” (eos 2.0) — TI (jet *) Il (ee *) >> (— (Ey EAA, 


2 
cos”? 7? Gisin ae eG 


T(m-+-p) T0(—) HT (®— Be) oy (Ot ay 


This shows that when n—m—zk is an even integer 8" "(u) can be written 


p=0 


x 


in the form 


al vopecr *) (— 1): (n—m—k) 


My n—m—k nore 
2d ere Ld 
2% m—k) 


S dur o—m— k) iG oe) ped Chae (Bape my, 


From this we may deduce the definite integral 


nt+m+ “) 
II ( 9, (—1)3 (n—m—k) 


OTL (? —m+ *) Qa 
2. 


x | (1 —p)~# (1 +u) —stn al Aa: EE, (1 + t)2 (n+m—k) (t—)~3 (n—m—k+2) dt, 
C 


On *(u) = (Ln) Ba) 


Or" (wu) = 


taken round a simple contour enclosing the point ¢ = wu. 
Another definite integral may be deduced from the formula* 


Qi 
Ve \ f(e, cost+2,sin +123, x, sin t—2, cos t-+72,, t) dt 
0 


2 2 
for a solution of a can g zat ae eF i= es 
Ce te nOmy i 


IT (m) II oS nt) 


the result is 


a°O™: "(cos 20) = 


Qa TL (k) IL (Ae) 


20 Ni . ° - . 
x | (cos 6 +2 gin 0)2-"— (cos Oe~* +74 sin O)2M*t™+) im Ge, 
0 


Hf we put rcos 0 = pcosacoso, isin 0 = psinasina, so that 
= 4? (cos 2a+cos 2w) = 4p? (uty), 
” cos 20 = 4p7(1+cos 2a cos 2w) = $p*(1+ up’), 





* Proc. London Math. Soc., Ser. 2, Vol. 1, p. 457. 
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we have 





or (Ata 
> (=) “juom Vs edt 
SAW: nt+tm+k n+m—k 
i ( 2 a 2 


= JIn(r cos 9) J, (ur sin 0) = Jn,(p cos a Cos w) J; (p sin a sin w) 


n+k— m) (" —k— ) 
I —— 1(—— 


- 2 
= 2 (—1)P — (MHA ASHI) Ime sossr (p) ; 
p n+m—k nm+m+k 
mn ( 2 Hs ( 2 


s=0) 
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Comparing the coefficients of (4p)"*"t” in the two expansions, we 
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THE KINEMATICS AND DYNAMICS OF A GRANULAR MEDIUM 
IN NORMAL PILING 


By J. H. Juans. 


[Received and Read January 12th, 1905.] 


Introduction. 


1. The conception of a medium which consists of a number of small 
hard spherical grains in “normal piling,” 7.e., holding the same geo- 
metrical relations to one another as spherical shot piled in the usual way, 
has been brought into prominence by the recent memoir of Prof. 
- Osborne Reynolds.* According to Prof. Reynolds a system of this kind 
forms the “one, and only one, purely mechanical system capable of 
accounting for all the physical evidence, as we know it, in the Universe.” 
It is therefore of interest to examine any exact evidence which can be 
obtained as to the ability of this ideal mechanical system to account for 
natural phenomena. And whether or. not the mechanical system is 
ultimately found to be able to substantiate the high claims put forward 
on its behalf by Prof. Reynolds—and the results of the present investiga- 
tion give no countenance at all to this hope—it is a system which 
possesses great interest in itself, being sufficiently closely related to our 
conceptions of an elastic solid or a dense gas, to be worthy of examination 
for its own sake. It1is, indeed, one of the very few instances of a medium, 
whose ultimate mechanical specification 1s fully given, of which the pro- 
perties can be worked out in full. 

The analytical methods to be employed in the present investigation 
consist largely of combinations and modifications of those employed in 
Elastic Solid Theory and the Dynamical Theory of Gases. Since, how- 
ever, the physical conditions in the present problem are very different 
from those either of an elastic solid or of a gas, I have on the whole been 
reluctant to quote known theorems from these subjects, and have tried to 
develop the dynamics of the present system almost from first principles. 





* The Sub- Mechanics of the Universe, Cambridge University Press (for the Royal Society), 
1903. 
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This seemed to be the only way by which it was possible to feel sure that 
the physical assumptions or hypotheses appropriate to the discussion of 
an elastic solid or a gas were not introduced in disguise into the present 
discussion. The medium we are now examining being fully specified at 
the outset, it is unnecessary, and would therefore be illegitimate, to help 
the development of the problem by introducing extraneous facts from 
dynamics or physics. The same remark applies to the introduction of the 
“assumptions,” true or untrue, of the so-called statistical method. 

The geometrical meaning of normal piling has been fully explained in 
the last papers of Prof. J. D. Everett.* It will not be necessary, then, to 
discuss the geometry of normal piling here. 

In the problem before us, we are given a space of unlimited, or 
practically unlimited, extent, and in this space a number of equal and 
similar spherical grains. Given the diameter o of each grain, there is a 
superior limit to the number of grains which can be put into any space, 
subject to the condition that no two grains may overlap. This limit is 
reached when the number of grains is so great that the average space for 
each grain is o?/,/2. When this limit is reached, the grains are in closest 
piling. This piling is characterised by the feature that every sphere 
touches twelve others, the centres of any four which mutually touch one 
another forming a regular tetrahedron. The piling may, however, be 
either the normal piling of Prof. Reynolds, or the antinormal piling 
described by Prof. Everett, or a combination of the two. In Fig. 1 we 





Jenteal 


have a tier of spheres arranged in closest order. In stacking a tier above 
this, we can either place the centres of spheres over the points indicated 





* “On a Calculus of Point Assemblages,’’? Proc. Lond. Math. Soc. [2], Vol. 1, p. 437; 
‘*On Normal Piling, as connected with Osborne Reynolds’ Theory of the Universe,’’ Proc. Phys. 
Soc., Vol. xrx., p. 223; Phil. Mag. [6], Vol. 8, p. 30. 
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by X’s or over the points indicated by O’s. The choice is a matter of 
indifference; for one arrangement changes into the other on turning 
through 180° about the centre of any sphere of the original tier. Let us 
then decide on putting spheres above the X’s. Let us next extend the 
piling by putting a layer below the original layer. A similar choice is 
again before us, but it is now no longer a matter of indifference which 
course we take. If we decide to place the sphere centres below the O's, 
the piling is normal ; if we place them below the X’s, the piling is antt- 
normal. ‘Thus, after two tiers are in position there are two courses open 
as regards the arrangement of the third tier. In piling a great number of 
tiers the course adopted might be indicated by a sequence of letters, such 


ee On O” ABN aN etn eee 


the meaning being that, after tiers 1 and 2 are in position, 3 is piled so 

that 1, 2, 3 are in antinormal piling; 4 so that 2, 3, 4 are in normal 

piling; 5 so that 38, 4, 5 are in normal piling; and so on. The order 
OREO MNS SNGON ESS 

is the normal piling of Osborne Reynolds. 

It may be that the order of piling is determined by boundary condi- 
tions. For instance, in piling shot on a triangular base it will be found 
that the arrangement adopted, if the shot are to form a regular tetrahedral 
figure, must be wholly normal (O, O, N, N, N,...). In packing into a 
square box, on the other hand, it must be wholly antinormal 
(O, O, A, A, A, ...). And in packing into a vessel of irregular shape the 
arrangement which is to take least space will in general be neither wholly 
normal nor wholly antinormal; the sequence of arrangements will he 
determined by the shape of the vessel. 

We see, then, that, if space is infinite, there will be an infinite number 
of separate and distinct arrangements of closest packing. If space were 
finite, the arrangement might be determined by the shape of the boundary, 
and, in particular, if space were non-Huclidean and finite, it is at least 
conceivable that 15 might be necessary for the packing to be either wholly 
normal or wholly antinormal. 

The theory of Osborne Reynolds is concerned only with piling which 
is wholly normal, and the theory does not explain why antinormal piling 
is excluded.* In wholly normal piling, the centres of the grains form a 
regular three-dimensional network, of which every alternate ‘‘ mesh”’ will 
be a regular tetrahedron of edge o. The total number of grains is just less 





* A suggestion of Prof. Everett on this point will be dealt with later. 
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than the maximum number which could be packed into the space available ; 
so that the geometry of the system is what may be described as “loose 
normal piling.” There are small interstices between the grains, and at 
any instant the centres of four adjacent spheres form a tetrahedron which 
in general is not quite regular, the sides being each somewhat greater than 
o and not necessarily equal. We suppose the number of grains to be such 
that the mean space available for each, instead of being o°/,/2, is 7°/,/2, 
7 being slightly greater than o. The grains are free to move, and in the 
problem before us there is no limitation on their motion except that no 
two spheres may overlap. 

The motion of the grains is governed by certain laws, and these are to 
be the same as if the grains were hard and perfectly elastic spheres, of 
the kind with which the theory of gases has made us familiar, If the 
model is to be a true model of the ultimate structure of the Universe, the 
laws ought, perhaps, to be stated kinematically rather than dynamically, 
but this does not affect the actual problem before us, which is simply that 
of determining the motion. The problem may be regarded as a dynamical 
problem, and the motion as that of elastic spheres impinging on one 
another. 


REPRESENTATION OF THE SYSTEM IN A GENERALISED SPACE. 


2. We are not in any way concerned with the rotations or orientations 
of the grains, so that the configuration of the system may be supposed to 
be completely specified when for each grain we know the values of @, y, z, 
the co-ordinates in space of its centre, and of w, v, w, the components of 
velocity of its centre in directions parallel to the axes of z, y, z. Let us 
suppose there are altogether N grains, distinguished by the letters 
a, b,c, ..., and let us denote the co-ordinates and velocity components 
of grain a by Za, Ya, Za) Uay Vay Wa. The configuration of the system will 
then be specified when we know the values of 6N variables, 


hey ley hogy IL ese CR PAD RE a my ee (1) 


All configurations of this system can be represented in a generalised 
space of 6N dimensions, the axes of co-ordinates corresponding to the 6N 
variables of the system. Every possible configuration of the system can 
be represented by a point in this space, but there will also be points in the 
6N-dimensional space which do not represent possible configurations, for 
no account has yet been taken of the condition that two spheres may not 
overlap. 


The equation (a —)"+(Ya— Ys)" + Ca—%) = (2) 
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represents a tubular locus of 6N—1 dimensions in the generalised space, 
and this locus separates points which represent configurations in which 
the spheres a, b overlap from those in which they do not overlap. All 
configurations represented by points inside this locus may, then, be 
excluded as impossible. We can conveniently refer to the locus given by 
equation (2) as the tube ab. There are similar tubes corresponding to all 
other pairs of grains, ac, bc, ...,$N(N—1) in all. The necessary and 
sufficient condition that a configuration of the system shall be a possible 
one is that the corresponding point in the generalised space shall be out- 
side all these tubes. 


3. The regions of the space which are outside all the tubes—and with 
which alone we are concerned—may obviously be broken up into any 
number of disconnected regions by the tubes. The various regions, 
whether disconnected or not, will each be repeated N! times in exact 
similarity, each region occurring once for each of the N! ways in which 
it is possible to allot the réles of the spheres a, b,c, ... to the different 
orains. 


4. The tubes specified by equations (2) are the same for all values of 
lay Vas Way Ub, Vd» Wo) Ue, --»- It will be convenient for the moment to 
disregard possible variations of these velocity co-ordinates ; or, what comes 
to the same thing, to discuss only the intersection of the tubes with the 
locus Ug = Vg = Wa = WH = ... = 0, this intersection being a space of 83N 
dimensions. This amounts virtually to considering only the system at 
rest, and representing the possible values of 2, Ya, Za, Zo, Yds 2b, Ley +++» IN 
space of 3N dimensions. 


5. When we take into account the boundary of the real space, this 
imaginary space is, of course, of finite extension in every direction. If 
f(x, y, 2) = 0 is the equation of the boundary of the real space in which 
the grains are piled, then the imaginary 3N-dimensional space is bounded 
by the system of loci 


Vite eee aa CARA ein iss Oy 


Since no part of a grain and the boundary may overlap, we must further 
exclude all parts of the space which correspond to configurations in which 
any one of the points 2, Ya, Za, Lb, Yo, 2, --. are within a normal distance 
3c of the boundary. Thus, if w(z, y, z) is the shortest normal distance 
from the point z, y, z to the boundary in the real space, those parts of the 
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imaginary space are to be excluded for which 
VP (la, Yas 2a) eae to, Wh (20, Yb; 2p) <a, 


Thus the non-excluded space must be supposed bounded by the system of 


loci (@a—2)?+ (Ya—Ye)? + (Ca—2)* = 0”... (ab, de, os.) 


pe (3) 
We (Ga; Ya, 20) = $e ... (a, 6, 6, ...) 


Systems in Closest Piling. 


6. A system of grains in closest piling of any kind, not necessarily 
normal or antinormal, will be represented by a single point in this space, 
such that it is impossible to move in any direction from this point without 
passing into parts of the space which are excluded by the loci (8). Hence 
at a point which represents closest piling at least 3N of the loci (8) must 
intersect, and, except in special cases, the number of intersections will 
not be greater than 83N. The interpretation of a point being on one of 
the loci (3) is that there 1s contact between either two grains or a grain 
and the boundary. Hence in closest piling of any kind there will in 
general be 3N contacts. Each contact between a pair of grains affects 
two grains; each contact with the boundary affects only one. When the 
space is of very great extent, the number of boundary contacts may be 
disregarded in comparison with the contacts between pairs of grains. We 
may say, then, that the N grains experience 6N contacts, or an average of 
six contacts per grain. In special cases the number may be greater than 
this. For instance, when the boundary is such as to admit of exact 
normal piling we have seen that the number is twelve. 


7. In the actual problem before us the grains of diameter o are not 
in closest piling, but would be if « were increased to 7. Thus, if we re- 
place c by r in equations (8), the corresponding loci determine isolated 
points. These, as explained in § 3, must be N! in number. 

Let us now suppose the parameter +, which measures the diameter of 
the grains, gradually to decrease. By the time that 7 has decreased to o, 
the actual partition of space appropriate to the problem before us is 
reached. 

When the diminution of 7, @.e., the contraction of the tubes, begins, 
the first change which will occur will be that each of the N! points spreads 
out into a space of finite extension. As the shrinking proceeds, two new 
features may occur. In the first place, connections may be formed 
between the spaces already in existence, and, in the second place, new 


SER. 2. von. 3. NO. 890. K 
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spaces may be formed. A helpful analogy will be found in the retirement: 
of a flood from a mountainous country. As the level of the water falls 
mountain passes may become uncovered, and so connect peaks previously 
isolated, and also new peaks may appear above the surface of the water. 
Indeed, the analogy may be turned into an exact statement of what 
happens, as follows :— 

Let us represent the possible configurations in a space of 8N+1 
dimensions corresponding to the variables 2, Ya, 2a, Lb. Yo, 2b) Loy -+s 0, 
where 6 is the parameter which measures the diameters of the grains. 
The loci 


(La— £0)? + (Ya— Yr) > + Za— 2)” = O?, ..., We (Gar Yas Za) = $0, ... (4) 


will, as before, determine which regions must be excluded from the space, 
and the section of the space by 6 = o, whatever o may be, will represent 
the partition of the original space when the value of the parameter is co. 
Or, in other words, this section will represent all configurations which are 
possible in the real space for N grains of diameter o. The surface which 
separates the space excluded by equations (4) from the non-excluded space 
is an exact model of a mountainous country, the axis of @ being vertical, 
and the horizontal consisting of 3N dimensions instead of two. The 
highest peaks are N! in number, and are each of height 7. By the time 
we reach 6 = 0, the whole section by a horizontal plane has become con- 
nected—for when the diameter of the grains has shrunk to zero the 
non-excluded 3N-dimensional space is obviously all connected. Thus 





Hie. 2: 


the lowest points on the mountainous surface are of altitude not less than 
§8= 0. Graphically, this can be represented as in Fig. 2. Here 4, B 


ye A 
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represent two highest peaks, of height 6 = 7;. C, D, two lower peaks, of 
height 6 = 6,, these representing new arrangements of closest piling ; and 

i, ’, G, the mountain passes, of heights 0,, 3, 0, respectively connect- 
ing the different peaks as shewn in the figure. 

To represent the configurations possible for grains of diameter o, we 
examine the section of the mountain range by the plane 9=o. The 
contour line, or series of contour lines, of height o represents the loci (8) ; 
the spaces enclosed by these contour lines represent configurations possible 
for the grains. 


General Features of the Motion. 


8. We turn now to the kinematics of the system of grains. The 3N- 
dimensional space enclosed by any contour 6 =o must be extended in the 
directions ta, Vay Wa, Ud, Vb, Wy, Ue, -.. from —o to +o in each direction. 
In this way we obtain the original 6N-dimensional space in which a point 
represents a possible arrangement of grains, both as regards position and 
velocity. To study the kinematics of the system of grains we fill this 
space with homogeneous fluid, which moves so that every possible motion 
of the grains is represented by the motion of a point in this fluid. 
Actually, the motion of the grains is determined by conditions which are 
exactly the same as would determine the motion if the spheres were hard 
rigid bodies obeying the dynamical law of energy and momentum, and 
exerting forces on one another only at contact. 

The motion of the fluid in the imaginary space is therefore the same 
as I have described elsewhere* in connection with the Theory of Gases. 
It can be proved— 


(i.)+ That the initial homogeneity of the fluid in the 6N-di- 
mensional space remains unaffected by the progress of the motion. 


(i1.)? That, unless we are given the initial positions and velocities 
of every sphere, and calculate the motion by continued application of 
the dynamics of collisions (a possibility which is obviously excluded 
entirely from the present problem), then, if the non-excluded space is 
divided into equal infinitesimal cells, every cell has an equal chance 
of containing the point which represents the system at any instant, 
provided only that the motion has been in progress for a sufficiently 
great time. If the motion has originated from a fortuitous concourse 
of grains, the result is true without the necessity of making the last 
provision. This result, however, is not true if we have a knowledge 
of the values of any or all of the quantities which remain constant 


* The Dynamical Theory of Gases, Cambridge, 1904, p. 30, e¢ seq. 
1 1bs¢.. 8 3. yo eTs. Gg 908s 
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throughout the motion. An appeal of this kind to the theory of 
probability implies that a certain amount of knowledge is given, while 
some is withheld. What is given in this case is the specification of 
the dynamical system: what is withheld is a knowledge of the values 
of the co-ordinates of the system. 

(iii.)* That, if the energy, but nothing else, is given, so that the 
system is represented through all time by points on a locus 

w+uet+wu?+ui+... = constant, 


then all equal small elements of this locus have an equal chance of 
representing the motion, from which it follows that the law of dis- 
tribution of velocity components is Maxwell’s law of trial and error 


h?m? 
Ve Capen”) dede din. 
=m 


(iv.) That, as regards the position of the grains at any instant, if 
we divide up the 3N-dimensional space of § 7 into infinitesimal equal 
cells, every cell has an equal chance of containing the point which 
represents the configuration at a given instant. This follows from 
the fact that the selection of velocity co-ordinates and the selection 
of positional co-ordinates in the 6N-dimensional space are absolutely 
independent events. This proposition is not subject to any reservation 
of the kind which had to be applied to proposition (1.), for clearly 
there can be no functions of the positional co-ordinates only, which 
remain constant throughout every possible motion. 

It will be found that the proofs of these propositions rest on no 
assumption, except the assumption that the grains behave like hard elastic 
spheres, subject to no forces except when in contact. In particular, it is 
not necessary to make any use of the debateable assumption which 
Burbury has designated ‘“‘ assumption A.”’ 


9. When the 3N-dimensional space consists of isolated portions, it is 
obvious that the representative point has no possibility of passing from 
one of the isolated regions to another. It will, therefore, be sufficient to 
consider the motion of the fluid inside one of these isolated regions. 
Excluding the infinitely improbable case of the representative point 
describing a periodic orbit in the generalised space—.e., excluding the 
discussion of a universe in which time would appear to be re-entrant— 
the representative point will wander throughout the whole of the available 
space, and the time spent in any portion will be exactly proportional to j 
the volume (Jf{J...dzadyadz day...) of that portion. 





* Za $) bb, 57, 
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THe PERMANENCE oR NON-PERMANENCE OF PECULIARITIES OF PILING. 


10. We are now in a position to discuss the wandering“wf the 
representative point in any section of the surface which is represented 
symbolically in Fig. 2. 

The different arrangements of closest packing are represented by the 
highest points of the different peaks, 2.¢., points at which an increase of @ 
involves the violation of the condition of non-overlapping of grains. 

Let us call these various peaks 


CTT 0 RA Okey ohne ee 

It has been seen that the peaks occur in sets of N!. Each of a set of 
peaks may be indicated by the same letter, and the particular peak 
identified by the number of accents. The different types of closest 
packing are now represented by the peaks a, 6, .... We may refer to 
these types of packing as a-packing, §-packing, &e. These packings are 
not necessarily homogeneous. For instance, one peak might represent an 
arrangement in which part of the grains were in strained normal piling, 
and the remainder in strained cubical piling. And, as has already been 
said, even when the piling is homogeneous, it will not in general be 
unstrained ; it is only for very special forms of boundary that it will be 
possible to arrange the grains so that closest packing is also homogeneous 
unstrained piling. The highest peaks will obviously represent the various 
types of normal and antinormal pilings, generally strained, so that each 
erain will on the average be touched by six, and not twelve, neighbours 
(cf. § 6). 

The whole system of arrangements represented by the mountain under 
peak a may be referred to as loose inexact a piling. The looseness 
increases as we descend vertically from the peak, and the inexactness 
increases aS we move away horizontally from the vertical through the 
peak. Obviously, when we are vertically under the peak, the measure 
of inexactness may be taken to be zero, for the centres of the grains are 
each in precisely the same positions as in the configuration, represented 
by the peak, which defines the type of packing in question. At the ridge 
which connects peak a with peak 6 the inexactness is so great that it is 
impossible to determine whether the packing is of type a or . 

We shall now suppose that a single closed contour line encloses peaks 
a, 8, y, ..., and that the system of grains each of diameter represented by 
the height of this contour is moving in such a way that the representative 
point is inside the contour. We shall shew that at any given instant it 
is infinitely probable that the piling is, with certain limitations, of one 
definite kind. 
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11. Let us suppose that the whole section of the surface in the 
(3N-+1)-dimensional space, which is made by the horizontal Giessen. 
consists of s closed curves, so that there are s isolated contour lines at 
height oc. Let us suppose, first, that the section cuts a finite number of 
types of peaks, these types being ¢, x, Ww, ..-. Then there are N! peaks 
of each of these types to be placed within the s separate contour lines, so 
that from the exact symmetry inter se of the N! peaks of any given type, 
it follows that there must be N!/s peaks of each of the types 4, Nie, ee 
inside each contour line. | 

The probability of the piling being of any given kind at a given 
instant is measured simply by the area of that part of the section which 
represents piling of the given kind, this area being a volume in the 
38N-dimensional space of §7; hence it follows that the ratio of the 
probabilities of the piling being of types ¢, x, w, ... is the ratio of 
the cross sections of single peaks of types ¢, y, W, ... by the horizontal 
DiSiat 


12. Let us first consider the simple case in which each peak is ay right 
circular cone of semi-vertical angle a, the heights of cones of types 
¢, x, v above the section 0 = o being hy, hy, hy, ..... The section of the 
cone @ is a “circle” in 3N dimensions of radius fy tana; its area is 
accordingly [iN /D (1 +3N)] (hy tan a) ; : eile OB) 
so that the ratio of the areas of the cross sections of cones of different 
types PAEOEY fe By Bs. Ny, (6) 


If ¢ is the were type of peak, so that hy is the greatest of the quitin tities 
he, hy, hy, ..., this ratio may be uh sie 


GR) eG) 

hy Ties ee 

which, on putting N = ow, becomes ee 7 aT 
1:0:0: Save uP aa 

except when the two highest h’s differ ee by terms in 1/N. Except in 


this special case, one cross section 1s saerhige greater than any of the 
others, and the order of this infinity is that of e% ! 


13. When we abandon the simplification of regarding. the peaks as 
right circular cones, the method fails. We can, however, say that each 
expression of the type (5) must be Renyaced by the product..of 3NV linear 
factors; so that each ratio of the type he: re be must be replaced «by: :the 
product of 3N numbers. There is no reason why any of these numbers 
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should be equal to unity; so that it is infinitely probable that, in the limit 
when N is made infinite, their product will be either infinite or zero, to 
the order of e*%. Thus it is infinitely probable that in the corrected form 
of the ratio (6) one term will be infinite in comparison with all the others, 
the order of this infinity being e%. Thus the series of probability ratios is 
again of form LEO 0% OO 2h 


‘the order of the 0’s being that of e~. 


14. It may be useful to discuss this same question somewhat more 
closely, and from a different point of view. We could compare two 
s-dimensional cross sections in the following way. First measure the 
greatest intercepts of each on a line parallel to any one of the axes of 
co-ordinates, say €,, and let these be m, Ny: We are going to regard the 
ratio of the areas as a product of s factors, and of these the first will be 
taken to be 7,/y,. Next we measure the greatest section by planes parallel 
to €,£. These may be taken to be 7%, 1,7, where 7», y, are the greatest 
intercepts on lines parallel to the axis of €,, each multiplied by a correcting 
factor. The second term im our product of s factors may be taken to be 
no/N>. We can continue the process indefinitely, and finally obtain as the 
value of p the ratio required :— 

— ih 7a 73 

Ap ap eng 
Let us first suppose that nothing at all is known about the’ s-di- 
mensional cross sections. Then 7,/7, is just as likely to be above unity as 
below, and the chances of two values y,/7, = q, m/7, = q~' are exactly 
equal. The same is true for 7/7, and so on. Thus <i 


log p = log (#) Flog{ 7) +. (8) 
1 2 3 : 


is a series of terms such that equal positive and negative values are 
equally likely for each term. ‘The expectation of log p is therefore zero, 
as it obviously ought to be, since we do not know whether p is the ratio of 
A to B or of Bto A. If, however, we square equation (8), we obtain 


(log p) = | log (# A) ,] + [low (? “) | +... + 2log (2) log (7) +... (9) 


Of the terms which form the right-hand member the squared terms are 
necessarily positive; for the remainder equal “positive and negative 
values are equally likely. Thus the expectation of (log p)” 


= ion tn of [tog ( ay | ee 


r=1 
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where x is the average expectation of the squared logarithms. Thus, 
when s is finite, this expectation of (log p)® is finite; when s is infinite, 
this expectation is an infinity of the order of s; so that the expectation is 
that p will be infinite or zero to the order of e+”. 

On the other hand, if, instead of nothing at all being known about the 
cross sections, we know that they are cross sections of peaks of heights 
h, h’, then there is a probability that log (y,/n,), log @o/n)), ... will all be 
of the same sign as log (h/h’); so that the result of equating the expecta- 
tions of the two sides of equation (9) will be more nearly represented by 


2 2 Ne 
(log p)” = s (log -) 3 
giving p = (h/h’)’, as in § 12. 


15. This treatment, then, brings us to the same conclusion as that of 
§ 12, namely, that it is infinitely probable that the ratio of probabilities 
will be found to be 1:0:0:0 


the first term corresponding to the highest peak. If, as we have already 
supposed, the number of types of peak is finite, the sum of the series 
1+0+0+0-+... is unity ; so that it is infinitely probable that the repre- 
sentative point at any instant will be found under the highest peak. 
In particular, if the contour includes any of the peaks which represent 
homogeneous normal and anti-normal piling, it is infinitely probable that 
the whole system at any instant will be found to be in normal and anti- 
normal piling. The condition that the contour shall include peaks of 
normal and anti-normal piling is simply that it should be possible, if we 
were able to handle the individual grains, to arrange them in such 
piling without taking them outside the boundary of the real space in which 
they exist. If this condition is satisfied, it is infinitely probable that any 
divergences from this piling, if of the kind represented by separate peaks, 
would in a very short space of time disappear. We may perhaps sum- 
marise the question by saying that the “ positional entropy’’* of the 
system is a maximum when the system is in normal and anti-normal 
piling. 


16. In Prof. Reynolds’s theory, the representative point obviously has 
access to the peaks of normal piling. The diameter of a grain is 
5°5X10~'*; the mean path is 8'6X10~*. In a linear centimetre there 
are about 2X10" erains; so that by closing up the spaces between these 
we save a linear space of about 16 X 10~"' cms.—space enough in which to 








* Cf. The Dynamical Theory of Gases, § 194. 
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manipulate millions of grains at once, and so establish normal or anti- 
normal piling. 

In this theory, matter, electricity, and permanent magnetism are 
supposed to be represented by certain definite kinds of deviations from 
homogeneous normal piling—by certain peculiarities, we may say, in the 
ether structure. If these peculiarities are such as are represented in the 
peaks of normal piling, then clearly, as the representative point moves 
about under these peaks, the peculiarities will continually disappear and 
reappear, and, if we do not know the velocities of every grain of the ether, 
these appearances and disappearances will appear to be the result of pure 
chance. If, on the other hand, these peculiarities are represented by 
separate peaks, then the representative point, as we have just seen, will 
hasten from any one of these separate peaks to the peaks of normal and 
anti-normal piling, and at any instant it is infinitely probable that it will 
be found under these latter peaks. Thus matter, electricity, and magnet- 
ism would have no permanence, and their appearance would be transitory 
and infinitely improbable phenomena. We can form some estimate of 
what would be the rate of disappearance of these phenomena if Prof. 
Reynolds’s theory were true. The motion of ordinary matter is, according 
to this theory, a progressive rearrangement of the piling of the ether. 
The average velocity of a molecule in a gas at ordinary temperatures is 
about 5X10* ems. per second; so that the time of passage over the 
diameter of a grain is about 10~* seconds. ‘This, then, would be the time 
of rearrangement of one layer of grains. The time of rearrangement of 
the whole universe, 7.e., of the disappearance of matter, electricity, and 
magnetism, would be such that the matter, &c., would be reduced to e~! of 
their initial amount in a time comparable with this, just as in the theory 
of gases deviations from maximum entropy are reduced to e~' in a time 
comparable with the description of a single free path. 


17. An alternative possibility, although excluded from Prof. Reynolds’s 
theory by the numerical values given in his memoir, is of sufficient interest 
to be worth mentioning. Contours can be found enclosing a series of 
peaks which do not include any peaks of normal piling. In this case, one 
type of peak, say ¢, will have the greatest cross section; so that at any 
instant it 1s infinitely probable that the piling will be of type ¢. By 
hypothesis, this type is not normal piling; so that the universe will tend 
to assume some state other than that represented by the complete dis- 
solution of all matter, electricity, and magnetism. 

There is a simple criterion which enables us to determine whether a 
configuration 1s under a peak of normal piling or a peak of some other 
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kind. If we imagine all the grains to swell uniformly in size, the repre- 
sentative point moves vertically upwards. When, on account of the 
swelling, a grain touches either another grain or the boundary of the real 
space, the representative point has reached the surface of the mountain 
through which it is moving. The motion is now up the side of the 
‘mountain; at first we can suppose it to be up a line of greatest slope, but 
when a second contact occurs between two grains or a grain and the 
boundary the representative point finds itself in the angle of a eully on 
the mountain-side, and the motion has to continue up this gully. And so 
we proceed indefinitely, until it is impossible for the swelling to proceed 
further: the grains are jammed together. At this poit the peak is 
reached. 

Now according to Prof. Reynolds the existence of each atom of matter, 
each charge of electricity, &c., is characterised by a surface of misfit, and 
there is no gearing between the grains inside this surface and. those 
outside. An w¢crease in the size of the grains cannot cause this want 
of gearing to disappear, so that at the peak we must have the surfaces 
of misfit still existing in, or near, their original positions. Thus all points 
under one peak represent the same atoms of matter, and the same charges 
of electricity and magnetism, all in approximately the same positions. IH, 
then, this peak is isolated from all other peaks by the contour line of 
height o, the matter, electricity, and magnetism“in the universe will be 
fixed both in quantity and position. If, on the other hand, the contour 
‘of height o includes a number of such peaks, but no. peaks of normal 
piling, the matter, &c., will in general be variable in quantity and also in 
position. The motion of the universe will tend to a certain definite 
arangement of matter, &c.—that of the peak above the greatest cross 
section made by the contour. This arrangement might, of course, 
represent the cold motionless universe, with the matter all clustered 
together, with which we are familiar. But in the motion towards this 
configuration we should in general find no continuity, either in quantity 
or position, of matter, electricity, and magnetism. The motion, as far 
as one can see, would probably consist of the dissolution of matter at some 
points and the appearance of matter at and near the centre of the 
universe. The time taken for the universe to cover e~' of its path towards 
the final stage would be about 10~” seconds, asin § 16. This possibility 
however, as we have already said, is excluded by the figures given. by 
Prof. Reynolds. | | mt 


18. We have so far only discussed the case in which -the contour 
includes only a finite number of types of peaks.. -If this number becomes 
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infinite with N, two new difficulties occur. In the first place, it may be that 
the heights of the peaks decrease by steps which are of the order only of 
1/N or even smaller, in which case the ratio of the different cross sections 
can no longer be taken to be 1:0:0:0.... And, secondly, the sum of 
the terms of the probability ratios may be a divergent series. 

To obviate these difficulties we may agree to divide up the different 
peaks only into a finite number of classes, each class presenting one 
definite peculiarity. Then in calculating the ratio of the probabilities of 
the representative point being under peaks of two different kinds, we are 
again calculating the product of an infinite number of factors, so that, 
as in § 15, it is infinitely probable that this product will be infinite or 
zero. Thus we may assume a probability ratio of the form 1:0:0:0... 
consisting of a finite number of terms. 

Let us agree that all arrangements of normal and antinormal piling 
are together to form one class. 

There is no obvious justification for identifying the first term of the 
probability ratio with this class. There will be a final state towards 
which the universe will tend, but this has not been proved to be a state 
in which ether alone exists. At the same time it is almost obvious, in 
spite of the absence of definite proof, that such must be the case. And, 
whether this is so or not, with the figures suggested by Prof. Reynolds, 
the motion of the universe towards its ultimate state would still be at the 
rapid rate which has been mentioned, and the peculiarities in the ether 
would still not possess permanence either of quantity or position. 


19. The question of the ratio of the probabilities, as between peaks 
of homogeneous normal piling, homogeneous antinormal piling, and 
combinations of the two kinds of piling is one of importance. Prof. 
Reynolds states that shot shaken together tend to arrange themselves in 
homogeneous normal piling, while Prof. Everett has suggested that this 
may be because the six close lines of normal piling act in effect as 
battering-rams, breaking up weaker structures which are provided with 
fewer lines of battering-rams ;.so that homogeneous normal piling 
ultimately becomes established by an evolutionary process. 

We see at once that Prof. Kverett’s suggestion is not borne out by 
the analysis of the present paper. As regards the other question at 
issue, we may notice that, except for the influence of the shape of the 
boundary (an influence which becomes infinitesimal when the number of 
grains is very great), all arrangements of normal and antinormal pilings 
are equally probable, these arrangements being represented by peaks of the 
same height and shape. If there are N tiers, the probability is 2%-’—1 to 
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1 against homogeneous normal piling. We have, however, seen (§ 16) 
that the height of contour proposed by Prof. Reynolds is far below the 
level of the passes connecting the various types of normal and antinormal 
pilings; so that the piling ultimately established would be very “inexact ”’ 
(in the sense of § 10). 


THe PERMANENCE OR NON-PERMANENCE OF MatertaL Momentum. 


20. Just as the conservation of mass requires the continued 
existence of a peculiarity in the piling of the medium, so the conserva- 
tion of momentum requires the continued existence of a peculiarity in the 
distribution of the velocities of the grains, 7.e., of a deviation from Max- 
well’s Law. The average rate of subsidence of such a deviation can be 
calculated just as in the Theory of Gases. The velocities of the grains, 
independently of the arrangement of the piling, tend to arrange themselves 
according to Maxwell’s Law. As regards the rate at which this arrange- 
ment takes place, we require to distinguish between three kinds of 
deviation from Maxwell’s Law :— 


(i.) Deviations in which the mean values of w, v, u?—v?, wv, ... 
vanish at the point in question, while the mean value of «?+v?+w” 
at this point is different from the value at points in the neighbour- 
hood. Such a deviation becomes dissipated by conduction and wave- 
motion ; in each case the deviation spreads out in all directions at 
a rate which depends only on the structure of the medium. 

(ii.) Deviations in which the mean values of w?—v*, wv, ... 
vanish at the point, while the mean values of uw, v, and w do not 
vanish. Such a deviation becomes dissipated by viscosity and wave- 
motion, the features of this dissipation being the same as before. 

(iii.) Deviations in which the mean values of u?—v?, wv, and other 
functions of degree higher than the first, which would vanish if 
Maxwell’s Law were obeyed, do not vanish. Such a deviation vanishes 
without propagation of any kind. It falls to e~’ of its value in 
a time which Maxwell calls the “time of relaxation,” this time being 
comparable with the time of description of a free path. In Prof. 
Reynolds’ theory this is comparable with 10~” seconds. 


In so far as I understand the theory of Prof. Reynolds, momentum 
is a deviation of the third type; so that the momentum of the universe 
would be reduced to e~' of its value in about 10~” seconds. The altern- 
ative would be that momentum would spread itself out in all directions 
through the ether, travelling with the velocity of light. 
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DyNAMICS OF THE ETHER. 


21. We now turn to a discussion of the phenomena which might be 
expected in free ether, all peculiarities of piling being absent. It will not 
be necessary to introduce any of the figures suggested by Prof. Osborne 
Reynolds as suitable for the actual ether: we shall simply discuss the 
abstract question of the motion of a granular medium. 


Specification of the Strains of the Medium. 


22. We suppose the state of the medium to be specified in terms 
of its divergences from a state of loose uniform normal piling. This state, 
as we shall see, may be regarded as an equilibrium position for the 
medium. The whole space is supposed to be of such extent, and the 
boundary to be of such a shape, that, if the diameter of each grain were 
7 instead of c, the grains could just be accommodated in close and exact 
normal piling. Each sphere in this case is touched by twelve others, and 
the points of contact lie on six diameters. By drawing all these diameters 
for each grain, we arrive at a network of straight lines. These lines lie 
in six directions in space, these directions being parallel to the six edges 
of a regular tetrahedron. It will be convenient to speak of these lines as 
the frame-lines of the piling. The frame-lines intersect in sixes, and the 
points so determined are the centres of grains of diameter 7 in close 
normal piling. 

If we now let the diameter shrink from 7 to c, the shrinkage being so 
small that t—o vanishes in comparison with 7, and if at the same time 
we endow each grain with motion so that its centre describes small 
rectilinear paths about its former position, we have a medium in loose 
normal piling, the piling being determined by the same frame-lines as 
before. 

This conception explains the configuration of the medium in terms 
of the frame-lines. In general, however, the problem will be to determine 
the frame-lines from the observed configuration of the medium. If the 
medium is strained, the frame-lines are displaced and distorted; as the 
strain relaxes, the frame-lines return to their old position. What we 
require to study is the motion of the frame-lines; so that it would be 
objectionable to define the position of these frame-lines in any manner 
which involves averaging over an interval of time. We, therefore, define 
the position of the frame-lines at any instant as follows :— 

Let any M grains be taken, these grains being contiguous grains on the 
same frame-line in the undisturbed state of the medium. ‘The centres of 
these grains will not, in general, be collinear, but it will always be possible 
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to find the line of closest fit (¢.e., the line such that the sum of the 
squares of the distances of the M centres from this line is a minimum). 
Let us do this, and then take the next M grains and again find their line 
of closest fit, and so on indefinitely. If the strain of the medium may be 
regarded as homogeneous over a length which contains a great number 
of grains (say IM’), we shall be able to choose M so as to be very great 
compared with unity, but very small compared with M’. If this is done, 
the lines of closest fit, each of length Mc, may be regarded as elements of 
arc of a continuous curve, and, moreover, the position of this curve will 
not be influenced by the to-and-fro motion of the grains, but only by the 
motion of the medium as a whole. It is clear that these curves will be 
the same no matter what value of MW is chosen, so long as it satisfies the 
conditions mentioned above. We define the curves obtained in this way 
to be the frame-lines of the strained medium. 

The frame-lines will still intersect in sixes, at any rate except for 
small distances of a high order of infinitesimals. We define these inter- 
sections to be the mean-centres of the corresponding grains. If the 
strained medium is at rest, the mean-centres as just defined become 
identical with the mean position of the centres averaged through a 
sufficient time. 

The vector distance between the mean-centre of a grain in the 
standard (normal-piling) configuration and the mean-centre of the same 
grain in the medium when strained we define to be the displacement 
of the medium at the point in question. 


23. As regards analysis which is not fine-grained enough to separate 
out the individual grains of the medium, the displacement of the medium, 
as just defined, will be a continuous function of position in the medium. 
We may, therefore, introduce the strain components e, f, g, a, 6, c, and 
the rotations w,, @», @s;, defined as usual by 


Ou _ dw Ov ace Yok! 
ae coe 9 TRAE ULE: ae) ara 0g’ aes 
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where w, v, w are the components of displacement at x, y, z. 
A short line passing through the point 2, y, z and having direction- 
cosines /, m, 2 1s extended by the strain by an amount * 


(e, f, g, a, 40, 4c) (1, m, n)? 


of its original length. 





* Cf. Love, Elasticity, 1., $9. 
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24. When a strain is homogeneous, the frame-lines are straight lines 
in the strained state, and alternate meshes of the lattice formed by them 
are similar and equal tetrahedra. When the strain is not homogeneous, 
but satisfies the condition of varying only over lengths great compared 
with the diameter of a grain, we may regard the alternate meshes in 
the neighbourhood of any point as consisting of equal and similar tetra- 
hedra. And, if the strain is small, these tetrahedra differ only shghtly 
from the regular tetrahedra of edge 7 which occur in the unstrained state. 
Let the edges of the tetrahedra in the neighbourhood of any point be 
Gy, Gg, G3, M4, ds, dg, and their direction-cosines in the unstrained position 
be J,, m,, n,, ..... Then the extension a,—7 of the first edge is given by 


OU ame 





= el +fmi+gni+amn, + bryl,+elm, 


and there are five similar equations for the other edges. If a, ay, ..., ag 
are given, these six equations may be regarded as equations to determine 
é, f, g, a, 6, c, and as such they are independent. ‘Thus, instead of being 
given the strain components e, f/, g, a, 0, c, the strain is sufficiently 
specified by a knowledge of the edges of the tetrahedra at any point, and 
it will be this specification of strain which we shall find most useful. 

By adding the six above equations we obtain 


= S(a=7) = 2et ft; 


so that the cubical dilation is three times the mean linear expansion of 
the six frame-lines through any point. 


25. We cannot, of course, assign arbitrary values to the edges of the 
tetrahedra at the different pomts of the medium: the condition must 
be satisfied that they fit together and fill all space. The obvious fact 
that the edges of the tetrahedra are not arbitrary is simply Saint-Venant’s 
theorem that the strains in an elastic solid cannot be given arbitrarily.* 
And the condition that the tetrahedra shall fit together is equivalent 
to the condition that any journey along the frame-lines, which is such 
that the algebraic total of the “steps” (in Prof. Everett’s sense) taken 
parallel to each frame-line is zero, shall bring us back to the starting 
point. This brings us at once to the conditions that a given system of 
strains may be possible (cf. Love, p. 121). 


* Love, Elasticity, 1., p. 121. 
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Stresses in the Medium. 


26. The stresses are the result of the transfers of momentum which 
take place at the different collisions between the grains. At a collision 
the components of momentum in the tangent plane remain unaltered, but 
the two components along the line of centres are interchanged. ‘There is 
therefore a transfer of momentum across the tangent plane equal to the 
difference of the original components of momentum, and this may be 
interpreted as an impulsive stress acting across the tangent plane. Thus 
the system of stresses in the medium is the resultant of a system of forces 
which have the frame-lines of the medium for lines of action. Our first 
task will be to determine the forces along the frame-lines. 

This obviously will involve a determination of the number of collisions 
of any given type, and the ultimate basis for any calculation of this kind 
must be a generalised space of the kind described in § 2. We must not 
use the whole of this generalised space, but only those parts which 
represent configurations having certain specified frame-lines in the neigh- 
bourhood of the point P at which we are calculating the pressures. The 
calculation of the pressures may be supposed to proceed as follows. 


27. When a collision occurs between two grains moving with relative 
normal velocity V there is a transfer of momentum mV across the 
common tangent plane, and this is produced by the action of an impulsive 
action and reaction mV along the line of centres. We may replace these 
impulses by ordinary forces of repulsion mV?/e acting for a time e/V, 
where ¢ is to be made to vanish in the limit. Let us agree that the time 
e/V is to be taken as beginning e/V before the collision, and terminating 
at the collision; then e will be the distance apart of the two grains when 
these forces first come into play. Let us select a point at random from 
those parts of the generalised space which represent configurations having 
the given frame-lines at and near the point P. On examining the motion: 
and configuration represented by the selected point in the generalised 
space, we shall find that certain pairs of grains will undergo collision 
within a time e/V. Between these pairs of grains, then, we must suppose 
forces to act. On compounding all the forces which act upon the grains 
intersected by any plane, we obtain the system of forces (pressures and 
tractions) acting across that plane. 

These forces will have different resultants for the different points in 
the generalised space. As in the Theory of Gases,* we shall find that the 
resultant is the same for all except an infinitesimal fraction of the points 


* See the author’s Dynamical Theory of Gases, § 120. 
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in the generalised space, and that, in any case, the observed system of 
forces (v.e., the actual system averaged through a sufficient time) is the 
average system when the average is taken through all those parts of the 
generalised space with which we are concerned, equal elements of volume 
receiving equal weight in taking the average. In taking this average, it 
will be convenient to use the language of the theory of probability, the 
statement “‘the probability of the occurrence of z is p”’ meaning that x 
occurs in a fraction p of that part of the volume of the generalised space 
through which the average is being taken. In taking this average, we 
have to average with respect to the 6N variables (1), subject only to the 
limitation that the values must give a point in the non-excluded part of 
the generalised space. 


28. We can perform the averaging with respect to the velocity co- 
ordinates at once. The law of distribution of velocities is, as we have 
seen, that of Maxwell; so that the probability that two neighbouring grains 
have velocities between w and w+du, w' and u’+du’ respectively along 
the line of centres is iain vuln as 
—— erm) di du’. 

T 

Let us put w—w' = VJ, utu’' = 2W, so that V is the relative velocity, 
and W is the velocity along the line of centres, of the centre of gravity. 
Then the foregoing expression may be written as 


hin ea hmv? 9—2hmW? dV dW, 

T 
and on integrating from W=—o to W=-+o we obtain, as the 
probability of a relative velocity between V and V+dV, 


Q0 


Let P be the probability, obtained by averaging the positional co- 
ordinates, that two specified grains are within a distance e of one another. 
If this condition is satisfied, and if V is positive, a collision will occur 
within time «/V; so that we must suppose a repulsion mV*/e to act 
between the grains. Hence, integrating over all values of V, we obtain, as 
the expectation of force between the two grains in question, 


. hm —ihmV?2 mV? ble hee 
Pl On 4 € Naas Aceh 
The system of pressures is accordingly the resultant of a force P/2eh along 
each frame-line, P being, of course, different for the different frame-lines. 


SER. 2. vou. 3. No. 891. L 
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Stress-Strain Relations. 


29. We can now show that the stresses and strains are connected by 
linear relations, and can determine the equations expressing these relations. 
The problem is, of course, the same as that of determining P in terms of 
the edges of the strained fundamental tetrahedron. This involves aver- 
aging in the generalised space with respect to the 8N variables 


Lay Yas Bas Lbs Yds Zby 


We begin by giving fixed values to 2», yp, 2, Zc ---, and averaging with 
respect to Xa, Ya Za The values given to 2, Yo, 2, Xv, --. are to be such 
that those of the grains B, C,... which are near to A are at their mean- 
centres, the medium being strained so that the edges of the fundamental 
tetrahedron are aj, dy, ..., ag. Let B, C, D, ..., M be the twelve grains 
surrounding A; then all relations of the type 


(a — 3)” + (Ya— Ys)" + Za 2)? >? ~— (ad, be, ca, ...) 


are already satisfied by the values assigned to the variables, except for the 
twelve relations a 
TI IO IS Aacy ates 

We have, therefore, to average over all values of 2, Ya, 2. Which are 
consistent with these twelve relations, assigning equal weight to equal 
values of dz,dyadz,. This, however, is exactly the same thing as averaging 
for all positions of the centre of A which are possible in the real space, 
subject to this centre not approaching to within a distance 4o of any one of 
the twelve grains b, c¢,...,m. The space available for the centre of A is 
accordingly bounded by twelve spheres, each of radius o, having their centres 
at the mean-centres 6, C,..., WM. The linear dimensions of this space 
are small compared with the radii of the spheres, so that the bounding 
surfaces may be regarded as plane. The space available for the centre of 
A is therefore a dodecahedron. Each face is a quadrilateral, and in the 
unstrained medium these quadrilaterals become equal rhombuses 
(cf. Everett’s paper, § 17). In the strained state, let Sz, So, ... be the 
areas of these faces, Sz being the face which lies in the tangent plane to B. 
This tangent plane will be perpendicular to. BA, where A is the mean- 
centre for the grain A, and its distance from A will be AB—oc. Hence, 
if we regard the space available for the centre of A as made up of twelve 
pyramids on Sz, S¢, ..., Sar as bases, we arrive at once at the expression 


for the volume of this space. The probability that 4 shall be within a — 
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distance e of B is the ratio of a small volume of base Sz; and height e¢ to 
the above expression, say P’, where 


ma 3eSz 
~~ (AB—a)Sp+...+(AM—a) Sy 
To find P we have to calculate this expression for other possible values 


Of 2, Yo, 2b, Ley ..., and average it over all these values. We first calculate 
P', as found above. 


ie (10) 


30. In the figure, let A, B, ... be the mean-centres of A and the 
twelve surrounding erains, C, D, H, F being the four which are contiguous 
both to A and B. ABCD may be regarded as the fundamental tetra- 
hedron, its edges being ay, ag, ..., ag, aS marked. The whole figure is, 





Fig. 3. 


except for the strain, what Prof. Everett has called the “normal pile 
solid’”’ (see his paper, Fig. 6); B, C, D form an equilateral triangle ; 
HFGHIJ is a regular hexagon parallel to BCD, having A as its centre ; 
and A, LZ, M form a second equilateral triangle, its plane being parallel to 
BCD and equidistant from O, its projection on the plane BCD coinciding 
with the triangle BCD if turned through 180°. (The triangle KLM is 
omitted from the figure for clearness.) The lengths of other lines in the 
figure can be obtained by noticing that all lines joining mean-centres of 
contiguous spheres are elements of one or other of the six frame-lines. 
Clearly CD and EF, being similar elements of parallel frame-lines, are 
L 2 
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equal and parallel. Thus C, D, H, F are coplanar, and form a parallelo- 
gram. Similarly, A, C, B, H form a parallelogram; so that CEH bisects 
AB. Again, D, A, F, B form a parallelogram ; so that DF bisects AB. 

Thus the intersection of the diagonals of the original parallelogram 
CDEF is also the middle point of AB. 
The line AB and the parallelogram 
CDEF are reproduced in Fig. 4. 

To find Sz we draw a plane perpend- 
icular to BA at a distance o from B, and 
then planes perpendicular to CA, DA, 
EKA, FA, at distances o from C, D,; H, F 
respectively. 

The quadrilateral traced out on the 
first plane by the last four is the required 
quadrilateral of which the area is Sz. 





31. In the unstrained medium, in which a,=a,=...=7, let the 
value of Sz be Sy. “Then in the strained medium, in which aj, ay, ... each 
differ slightly from 7, we may write 

a8, aS, 


a Sot (a7) A 1.» (ag—7) a 
1 


where the differential coefficients are calculated in the unstrained state. 
Now in this unstrained state OC = OF; so that CDEF is a rectangle, 
and AC, AD, AH, AF are each equal to 7; so that AO is perpendicular to 
the plane of this rectangle. Thus, in the unstrained state AC, AD, AE, 
AF are symmetrically placed in Fig. 4. The lengths AC, AD, AH, AF, 
however, are simply the edges ag, a3, ag, a; of the fundamental tetrahedron. 
Hence it follows that in the unstrained state 


OSz _ OSz __ OSp _ OSs. 


Ody 


Cag Oas Ode ‘ 
so that the value of Ss may be written 
| Sp = Sotp(ai—7)+¢ (ag +ag3+as+ag—47) +7 (ag—7) (11) 
where p, g, 7 do not depend on ay, dg, ..., ag. 

To determine , g, 7 we consider the case in which ag = a3 = as = Gg. 
In Fig. 4 AC, AD, AH, AF are now equal; so that CDEF is a rectangle, 
and AO is perpendicular to its plane. 

Take A as origin, and axes of z, y, z parallel to 40, DC, FC. Then 
the co-ordinates of C, D, H, F are 4a,, +4a, +340, where 0=CF; so 
that 


a(Qitadit+)=@8= f= ae = a= Kk’, say. 
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The plane perpendicular to AC at a distance o from C is 
a,¢+ayt0z = 2x(x—«), 


that perpendicular to 4B at a distance ¢ from B is x = a,—o, and the 
trace of the latter on the former is the line 


agy+02 = 2x (k—c7)—a,(a,—<c). 
This makes, with the axes of y and z, a triangle of area 
3 (Bay)? [2x («—) — a, (a, 0) F, 
and this is 4Sz, since the quadrilateral now becomes a rhombus of which 
the triangle just found is a quarter. Thus 
Sp = 2(Oa,4)~*[ 2x (k—c) —a,(a,—<a) FP. 


On differentiation, we obtain 


dS; = ave (rt7—o) (27 —c) (Ade —da,)+ se (r—«)* (da, —da,—4dx) 
in the standard configuration. And, by differentiation of equation (11), 
dSx = pda,+4qdk+rda, 


from which p, q, 7 are found by comparison. If we neglect t—o in 
comparison with 7, these values become 


Die Nomen NE Tie) oT 
Writing a,—T = Q, rn T—-cC=BD, 
the value of S; is found to be | 
Sp = /2[wo? +o (ag tastas+ag—2a,) |. 
Also 
(AB—oc) S3+...+(AM—o) Su 


= (wa) /20° (1+ fat Got Oat do Sth = 2/207 (6a + 32a,) 


® 
as far as the first powers of a, dg, ..., dg; so that 
pie Be (w+ Ag+ Ag+ As + Ag— 2a) 

Qe (6a + 32 a,) 


= | 1+ 5 (aya, ay+a5+45—5ay) |. 


32. We now proceed to average P’ for all other positions of the grains. 
The value of P’ has depended only on the positions of the twelve grains 
contiguous to A; so that, if we keep these twelve fixed in the positions 
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already assigned to them, the process of averaging for the positions of the 
remaining grains produces no effect on P’. 

The value of Sg depended only on the eae of the four grains 
BCDE. We can therefore average for all positions of the remaining eight 
grains without affecting the value of S;. The value of 


(AB—o)S3+...+(AM—o) Sy 


depends, however, on the position of these eight grains. Since the values 
for which this expression has been calculated corresponded to mean 
positions of these eight grains, and since we are neglecting squares of 
deviations from these positions, we may say that equal deviations from the 
mean positions are equally likely on either side, and hence we see that 
the averaged value of the expression in question is exactly that which 
has been calculated. Hence the average value of P’ also is exactly that 
which has been calculated. 

We can apply a similar argument to the final process of averaging with 
respect to the four remaining grains B,C, D,H. We accordingly arrive 
at the result that P, the probability of which we are in search, is the same 
as the P’ which has been calculated. 


33. We have found the cubical dilatation to be 2(a,—7)/27, or, in our 
present notation, 2a,/27. Let us denote this by A. Then the value of 
P' (or P) can be expressed in the form 


P= (1+= (Ar—a,—3a,) ).. 


The force along the frame-line corresponding to the edge a, of the 
fundamental tetrahedron has been found to be P/2eh. Calling this force 
F’,, its value is now seen to be 

(oq == 


aa (1 + — = (Ar—a,—81,)). 


Thus the stress-strain relations are completely known. 


Work Function. 


34. A system of parallel frame-lines in the unstressed configuration 
meet a perpendicular plane, to the number of unity per 77/,/2 of area. 
Hence in a unit volume of the medium there will be a length 4/2/7? of 
frame-lines of each system, containing 4/2/7* elements. It follows that 
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in changing the state of stra of the medium the work done, per unit 
volume of the unstrained medium, is 


J 2r-8 (Fda, +F,da,+...+ Fs dag). 


This is seen to be a complete differential dW where 


W = NA, | 2dr t = [A —F2a} 8 (Gatco tage) | | 

Unit volume in the unstrained state is, however, represented by a 
volume (1-++A) in the strained state; so that the work function per unit 
volume in the strained state, say W’, is 





eee ON eee eS gare ib vids | 
W =o ve, | 247 a—A)+ + (6) | 
where @ = 42aj;—3(a,a,+4, As + As Ag). 


To reduce this to rectangular co-ordinates, we have to use the relations 


a,/7 = e?+fmi+gnitamn+bnl+cl,m, ..., 


which have already been obtained, and from this transformed work 
function the stress-strain relations in orthogonal co-ordinates can be 
obtained in the usual way. 


Introduction of “ Ether Temperature.” 


35. The reciprocal of the quantity / measures the energy of agitation 
of the medium. In the Theory of Gases we put 427'= RT, where R is 
a constant and 7’ is the temperature. In the present problem also we 
shall put 42~' = RT’, and shall define T to be the ether temperature. In 
the final state 7’ is constant throughout the medium, but in discussing a 
strained medium we have already supposed the state to be other than this 
final state, and so are compelled also to consider the possibility of non- 
uniformity of 7’. 

The work function we have obtained is the work function only for 
strains at constant ether temperature—the isothermal work function. In 
terms of this temperature, it becomes 


Wisin = X25 (2Ar(—A)+ + (A*x*—0)), 
dar (oy 
This work function contains implicitly the thermo-elastic properties of 
the medium. We see that each elastic constant is directly proportional 


to 7’, as in a perfect gas (Charles’ Law). 
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The Adiabatic Work Function. 


36. This last cireumstance, and the occurrence of A in its first power 
in the work function, remind us that the medium is in some ways more 
like a gas than a solid. There is a second work function to be considered, 
namely that appropriate to adiabatic motion, ?.¢., motion which is so rapid 
that no energy escapes by conduction during the progress of the motion. 

In unit volume, measured when unstrained, there are 4/2/7° grains. 
These each have a mean kinetic energy 3/4h, so that the kinetic energy 
of agitation per unit volume of the unstrained medium is 34/2/4h7° or 
S\/ 21 ar 

When strained, let dQ be the quantity of energy per unit volume 
which escapes by conduction; then we have, as the energy equation of 


any element, (3 J2T 
d 3 
Or 





—dQ +4 Wisotn = 0, 


and, as far as the first order of small quantities, we may take 


V2F 


Var te 


d Wisoth cone 





Putting dQ = 0, the energy equation becomes 
aT T thy 
7 se oe dAt—r\), 


This is the adiabatic relation between 7 and A. If we replace dA by dv/v, 
where v is the volume occupied by any part of the medium, we obtain the 
mibegral Tv = constant. 
Since 7/@ is very great, 7’ varies very rapidly in comparison with v. 
Thus the medium, when moving adiabatically, is almost incompressible, 
any excess of energy spent upon an element in the medium being used in 
increasing the internal agitation of the medium rather than in compressing 
the element. ‘The medium then, behaves like a gas in which the ratio of 
the specific heats is nearly infinite. 

If 7) is the temperature of an element when unstrained, and if the 
motion of straining is adiabatic, the strained temperature will be 


” 
T, (1 a A). 

To obtain the adiabatic work function, we must replace 7 by this ex- 

pression in the former (isothermal) work function. We thus obtain for 
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the two work functions 


= [eae ne lh 22 
Win = seems (2A7(1—A)-+ = (Ate*—0)), 
Wasa, = 5 cree =; (247 1—A)+ = Ga'?—0)). 


35. The meaning and method of calculation of O have already been 
explained. Taking the axes of x, y, z to be respectively parallel to a,, 
perpendicular to a, in the plane of a,a;a,, and perpendicular to this plane, 
in the unstrained medium, we obtain 


a, = it+8g—)v2a, 





Aa) irs Jidiweg thbohos 
EA AEE ars Ea oF Sas as e), 
iy) meg 

Qs) __ 

a,) — 2448S tae ae 


whence upon substitution 
con 42a;—3 (Ay Ay Ag As As Ag) 
ai Bist eale my) co OL 
+ 40°+40°+ 550+ —— os (be-++ ae) — os af. 

It is at once clear that the medium is eolotropic. It is unnecessary to 
discuss the nature of the sxolotropy from the algebraic form of the work 
function, since a sufficient idea of it can be obtained by considering the 
arrangement of the frame-lines. We may notice, however, that the 
number of elastic constants is 18. Writing the work function in the form 

ives Ga ee ee tC UR Ome 


we have the relations 


C14 = C56, Cos = Coss C36 = C455 


reducing the number of constants from 21 to 18.* These are three of 





* To prove the relations, we have 
C14 — 55 = > (2,7 4024 + L2myn, _ Lym lyn4— Ly l424) 
11, 25, 26 
= (4img—l ym) (274 — Lyn) 
= = cos (z.14) cos (y. 14), 


where (z. 14) is the angle between the axis of z and the common perpendicular to the are 
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the relations by which Cauchy reduces the number of elastic constants of 
the general crystal from 21 to 15: the remaining three, namely, 


Cog = C4ay Cg3 = Crp Cig = Coe» 


are not true. The conditions which must be satisfied for Cauchy's rela- 
tions to hold in an elastic solid are that the force between two point atoms 
should be along the line joining their centres, and should be a function of 
their distance apart. In the present problem, we may suppose the centres 
of the grains to be point atoms, and the force between two such point 
atoms to be proportional to their frequency of collision. This, as we have 
seen, does not depend solely on the distance apart of their mean-centres, 
but depends also on the other edges of the fundamental tetrahedron. 

In cubical piling, on the other hand, the frequency of collisions along 
a frame-line depends solely on the extension or contraction of that 
frame-line, and it will be found that the six relations of Cauchy are all 
satisfied. 


Conclusion. 


36. The xolotropy which we have found to be associated with a 
sranular medium in normal piling seems to dispose sufficiently of any 
claims to represent the ether which such a medium might be thought to 
possess. At the same time it may be of interest to notice a few other 
characteristics in which such a medium differs from the ether as we 
know it. 


I. In a gas the rate of propagation of a disturbance by wave motion 
is very great compared with the rate of dissipation of an excess of energy 
by conduction, the reason being that the disturbance is propagated at a 
rate comparable with the velocity of the molecules, while the excess heat 
is, so to speak, buffeted backwards and forwards almost at random by 
collisions between molecules, in its effort to escape by conduction. I have 
not worked out the problem of conduction in a granular medium, because 
it is pretty clear that considerations similar to those just mentioned for a 
gas must have at least equal weight here; so that we are led to suppose 
that the propagation of light would be adiabatic. On the other hand, the 
ratio of the electrostatic and electromagnetic units would obviously be the 
isothermal velocity of propagation. Thus this ratio would differ from 


edges 1, 4 of the tetrahedron; and, since the three shortest distances between opposite edges 
of a regular tetrahedron are mutually perpendicular, this expression 


= cos (y. 2) ='05 
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the velocity of light by an amount which, as is shown by an inspection of 
the two work functions, would be comparable with the whole value of 
either. 


Il. The phenomena of viscosity and conduction of heat resolve them- 
selves, when we pass to the ultimate mechanism of the medium, into a 
redistribution of the energy of agitation of the different parts of the 
medium—in fact they simply represent the tendency for the velocities of 
the grains to assume Maxwell’s law of distribution. Hence in any 
granular medium there must be a constant degradation of energy of 
wave motion or mass motion into energy of random agitation of the 
medium ; so that energy of radiation and the motion of material masses 
would be ‘dissipated’ in raising the ether temperature. According to 
Prof. Reynolds, the energy of the normal wave would be spent entirely in 
raising the ether temperature in the immediate neighbourhood of the 
origin of the wave. Incidentally, it may be remarked that the analogy of 
sound motion leaves little hope that any perceptible amount of light could 
reach us through a granular medium, from even the nearest of the fixed 
stars. In any case, however, the elastic constants, and therefore also the 
velocity of propagation of light, would be different in the neighbourhood 
of moving or radiating bodies. 

A first consequence of this would be that as the material energy of the 
universe became dissipated into the ether the velocity of light would con- 
tinually increase. This, however, would be unnoticeable, amounting only 
to a uniform shrinkage of the unit of time. 

A second consequence would be that in the neighbourhood of moving 
or radiating bodies, where the ether temperature would be highest, the 
velocity of light would be greater than elsewhere (or, what comes to 
the same thing, the local unit of time would be less). Consequently 
the periods of vibration of atoms would be less near hot or moving bodies 
than elsewhere—the radiation from regions in which the ether temperature 
was higher than that near the Earth would shew a uniform displacement 
towards the violet when analysed in a terrestrial spectroscope, while that 
from regions of lower ether temperature would shew a similar displacement 
towards the red. 

A third consequence would be that light passing from a higher to a 
lower ether temperature would undergo refraction. And, as the medium 
has already been seen to be exolotropic, there might be additional refraction 
consequent on the distortion of the frame-lines of the medium. 

If a region of the ether could be kept permanently at a higher ether 
temperature than the remainder, a condition of hydrostatic equilibrium of 
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the medium would be that the density of the ether should be less in this 
region than elsewhere. Thus there would be an outward displacement of 
ether from a region of high ether temperature, and the linear dimensions 
of matter, if any, in this region would increase. 

Other differences between the behaviour of a granular medium and the 
observed behaviour of the ether will suggest themselves to the reader. I 
have only attempted to mention a few of the more obvious ones. As 
regards the ability of the granular medium to represent the structure of 
the universe, it is useless to mention differences of this kind at all if, as I 
have tried to shew to be the case, there is an infinite probability against 
the continued existence of those pecularities in the ether which must be 
taken to represent matter, electricity and magnetism, and if the ether 
itself is crystalline. 
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AN EXTENSION OF BOREL’S- EXPONENTIAL METHOD OF 
SUMMATION OF DIVERGENT SERIES APPLIED TO 
LINEAR DIFFERENTIAL EQUATIONS 


By EK. Cunnrnenam. 


[Received December 6th, 1904.—Read December 8th, 1904. | 


THE object of the following discussion is to make somewhat more 
precise the connexion between Laplace’s definite integral solution of linear 
differential equations with rational coefficients and of “rank’’* unity 
in the neighbourhood of z = © and the development of this solution 
in the form of a power series with an exponential factor. Poincaré has 
shewnt that these developments are “asymptotic expansions” of the 
integrals from which they are derived, and as such serve to calculate 
numerically the value of the integral for large values of the variable. 
But from the function theory point of view asymptotic expansions are 
of little value, inasmuch as they do not represent unique analytic 
functions. In fact, if we consider the integrals of a given differential 
equation, not only does an asymptotic expansion fail to represent a definite | 
solution, but a definite solution has different expansions for different 
phases of the complex variable. 

Now it seems clear that there should be some more definite relation 
between the divergent series and the integrals of the equation than the 
foregoing seems to suggest, and it appears that some approach to this 
connexion may be made on the lines of Borel’s theory of summabdle 
(sommable) divergent series. } 

The divergent expansions we have to consider are of the form 


* U U 
et x tpt —++4-— +...}. 
x x 


Leaving out of account for the present the exponential factor, we shall 
extend Borel’s theory to include series of the form 


Heth {uo +...f, 





* Forsyth, Linear Differential Equations, p. 271. 
+ Acta Math., t vit1., p. 296. 
t E. Borel, Legons sur les Séries Divergentes, pp. 97 ff. 
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p not being an integer. We require first a generalized form of the I 
function. It is well known that for all values of z 


iKig l= 





: Je(—otae,* 
2 sin 7Z 


the integral being taken along a contour which goes from infinity along 
the axis of ¢ to the origin, makes a small positive circuit round the origin, 
and returns to infinity along the axis. Integration along such a path 
as this will be denoted by the suffix A. The path may be shown diagram- 
matically by the figure 


sss 
Integrating with respect to a along a like contour, we have 


| ey ode = (SD | Be sin ete E Da 


saat ew me @tr+t) POAT ie) ae onan ny uU 
Pe 


= u,(1—e"™), 


gs 43 U ‘Onn “e 
or Up eae) 7 ———____ e "dq, 


AG 
Consider now a series 
U = Uptu,tuot... 


which may be divergent; and let 


aru a‘tiy atu 
oO 4+ ye _ _t, 


Viet) ° V(e4+2) LT (e+tr+l1) 


Then we have the formal equation 


u(a) = 





eat 
eee eu, (a)da = [=| ee eda | ae = Dn. 
mz | 4 1|—e*" 





Ms spat T(g¢+r+1) 
iit fe (4) = (4) U eye 
urther Us \— By enee ak 
and a | CU, (=) da = & Ba, comet Ce > Unxt "; 
1—e LUZ | zx grts 0 


the equation being once more merely formal so far. 

We proceed to show that, if we agree to call the definite integral on 
the left-hand side the sum of the divergent series on the right, Borel’s 
propositions regarding the sums of divergent series are equally true of the 
more general series and their sums so defined. 








* Whittaker’s Analysis, p. 181. 
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We shall assume that z is not an integer; for otherwise the expression 
on the left is illusory. If z is a positive integer, Borel’s method of 
summation is applicable without modification. If z is a negative integer, 
the series begins with a finite number of positive integral powers of x and 
the remainder of the series can be summed by Borel’s method. 

Assuming then that z is not an integer, let 


90) 
pee DD er mm 
0 


be a series diverging for all values of x, however large. 
Let f(€) denote the associated series 


ES Dune" L (ern I), 


and let this series be convergent within a finite circle about € = 0; and, 
by continuation, define an analytic function, existing over the whole plane, 
isolated singular points excepted ; and suppose that none of these singular 
points occur within a certain angle O bounded by two lines through € = 0 
between which lies the real axis, nor within a circle of finite radius 
including € = 0. Further, suppose that a quantity #, real, finite, and 
positive, can be found such that 


e-* | FOE) |. A = 0,1, ... 


tends uniformly to zero as € becomes large within this sector. 
Now 
—6 a —_— —ba b db 
Jens (Z)ae= |, eese 2. 


where on the left the integration is taken as before, and on the right 
a straight line inclined to the real axis takes the place of that axis in the 
path of integration. Such integrations will in future be expressed by 
the suffix B. The path may be shown diagrammatically by the figure 


os 


0 


The integral on the right exists if the straight line in question lies within 
the angle 9; and, if this is so, that path may be taken along the real 
axis without changing the value of the integral. We must also have the 
real part of « > k. The existence of the former integral is contingent 
upon (a/x) lying within the angle 0; a being real and _ positive, 
« must lie within an angle such that x~' lies within 0. Let the region 
which fulfils this condition, and also R(z) >k, be called 9; in the future 
the variation of x will be supposed restricted to the region 0. 
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The series 2-* Stiga will be called “‘ absolutely summable”’ within 
the region 9, and either of the above written integrals will be denoted by 
Cea: ) te, 
u being called the ‘“‘sum”’ of the above series. 
It will now be shewn that the series 
oS Ue 


obtained by omitting the first term of the previous series, is likewise 
absolutely summable within 0, and has for sum w—w)a~*. 
The associated series is here 


fod ee 7) a eg WaT? 
GAGs a Bedale (aD SE Tan al 
z—1 


=a Vet) 9 


the series a {f(€)} being convergent within a finite circle, and giving by 


0g 
continuation throughout the plane the analytic function /’(€). Hence, 
since e~|/f'(€)|, e~* | f"(E)|, .... tend uniformly to zero within O, the 


integral 


\, e~"d(a, x)da 


exists, and the said series is absolutely summable within 0. 
Its sum 


= cee ol VE) rel 


Hwee otesfer(2)] +), er(2) 


—_—s 
6 


= U— Ug 


Conversely, if a series be absolutely summable within 0, the series 
obtained by prefixing a term is so also; and its sum is the result of 
adding the term prefixed to the original sum. The proof of this is 
a natural extension of Borel’s proof for the more limited definition, and 
need not be given in full.* 

From these two propositions it follows immediately that the addition 
or subtraction of any finite number of terms at the beginning of a series 


* Lecons sur les Séries Divergentes, pp. 101-2, 
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does not affect its summability; and, therefore, that the interchange of 
any finite number of terms in a series affects neither its summability nor 
its sum. Next it is clear that two series of the same index z or of 
indices differing only by integers may be added or subtracted term by term, 
the result being a series absolutely summable in the region common to 
the two series, its sum being the sum or difference of the sums of the 
two separately. 

We may similarly extend Borel’s proposition as to the multiplication 
of two such series. Let 


LEP {ut “2 +...}, Gre {vot a+. 
iy x 
be two series having a common region within which they are absolutely 
summable. Then, if 
pia Unni dest Un Uns 


the series g +e) (oot a +...} 


will be absolutely summable within that common region, and, if wu, v, w 
denote the sums of the three series respectively, w = wv. 
Letting w(a), v(b) denote the associated series 


sie oe Vossen rent tere is fi 
(=) fen ur I'(p+2) é teed 
Ae v Uta 0 
fee) rerrany iacyerers (a) tof 
the product of the sums of the series is given by 
(1—e-?7"") (1—e-*"") wy = \, e~“u(a)da i, e~°v(b)db. 


Inasmuch as e~*u(a) and e~°v(b) tend uniformly to zero, as a and b 
become infinite along the given contours, this product may be written as 
a double integral, viz., 


| | e~ +4 (a) v(b) da db. 
AJA 


Call this integral W, and let the variables be changed to 
c=at+és, vi OU. 
Then W= je u(t) v (=) | dc. 


SER. 2. vou. 3. NO. 892. M 
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The range of integration with respect to c and y will be specified a 
little later. 


Let \u(2) v (=) ae be denoted by w(c); so that 


W= Jere (c) de. 


This integral from its formation is known to be valid. 

Within the common circle of convergence of u(a), v(b) these two series 
may be multiplied together, giving an absolutely converging double series 
of powers of a and 6. The typical term in the product is 


MeV Oe Ue 


pe aby Vevey peet LN E hess eis mlb 


e003 yy (Cy) 
(Qax)e***2+*T (op +7r+10To+s+1) 


or 


Call this term ws. 

Now as to the paths to be described by the variables c, y during the 
integration :— 

For a given value of c, = a+, y describes a path from —c to +c, a 
small positive circle round the latter point, returns along itself to —c, and 
closes the path by a small positive circle round —c. 

The variation of c is then represented by the diagram used above :— 


(On 


The y contour may be represented diagrammatically by 


kei] =e 


and an integration along such a contour will be denoted by | : 
C 


Supposing |c| so small that the corresponding y contour lies wholly 
within the region for which 4(c+y) and 4(c—y) lie within the circles of 
convergence of w(a), v(d), the integral w(c) can be integrated term by 
term. The typical term is 


at 

UrVv I 
aes Q2YT 8 

| wady = 


(20) 00ers aly 
Put now ec+y = 2ct, 


\, (c+y)Pt"(c—y)7t$ dy. 


so that c—y = 2c(1— 2). 
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Then | (c+y)*"(c—y)" dy = | pA RTA AG fo GY) it in a eat 
C o 


where in | the contour is of the same kind as in | , but the points —c 
’ C 


C 
and c are replaced by 0 and 1. The integral last written is equal to 


ta Cl ad Bure dt 


erm (ptrt+o+s)__ it 


(Qejrerrctstt | 


taken along the contour represented diagrammatically by 


Olay 


and the integral in this expression is Pochhammer’s generalization of the 
Kulerian function of the first kind.* It is equal to 


_ 4sin (etr+ 17} sin {(o+tst) ar} eet) (ptr+)DCoe+tst) 
(eometr+et+s)__ 1) T (op +r+o+s+ 2) 


=< 1 —e7 2p +2) T(ptrto+s+2) . 
Uy DaCeee ae a (L — e~ 27) (1 oe Cm se) 


ptrtotsT (ot yrto+tst 9) Gia) 


If now all the terms of w(c) which have the same value for (7-+s) be 
grouped together, we obtain 





Thus 2 wy. dy ae 
x 


(1 —e~?mP) (1 —e7?ne) a) Wn, cetetntl 


We) = moray © rete Digto tno)’ 


provided c lies within a certain circle. 

Since u{4(c+y)}, v{4(c—y)} are analytic functions which exist for 
all values of c and y, so too is w(c); thus, without the circle of convergence 
of the series for w(c), the continuation of this series will give the value of 


| widlcty)}o{s(e—ydy. 
C 
It is now necessary to see that w(c) satisfies the same conditions that 


u(a) v() satisfy, viz., that e~°|w(c)| tends uniformly to zero as ¢ tends to 
infinity, when z lies within the region we have called O. 





* Math, Ann., t. XXXV. 
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Within this region we have 


|wid(cty)}|<|aet*”| 


and |v{s(c—y)}|<| Bee”, 
a, 8 being assignable finite constants. 

Hence |ujt(cty)} v{4(c—y) || <]eaS| ; 
therefore |w(c)|< 2 2| |a8e|ay| < 2a8 | ce’, 





or, putting c/a = €, ee < 2a/3 | €e*|. 





The left-hand side is now independent of zx, and this inequality holds 
for all points within the region 8. Tet « be the least value of R(x) within 


this region. Then ola (0) |/a < 2a3|Ze-£- 


Hence, provided R(x) > x, e~°w(c) tends to zero when &, and therefore c, 
tends to infinity. Similarly, we may show that, since w'(a), v'(b) also 
satisfy this condition at infinity, so also does w’(c), and so on. 

Consider now the integral 


| é “wide = |enw OL+| re amt =| e {2 (c)} de, 
a A 


ie) 
Oc A Oc 


what we have just proved being sufficient to ensure the existence of this 
integral. But 


mT vie Wn, cetetn (1 —e7*7"") (1—e-?""7) 
{w(o)} = 2 arate Tiotetn+) lao ery? 


S| 


so that {1—e?™ Ot) yy = | e~°dew(c) 
A 


where w(c) is the function defined by the series 
y ap” cerorn 
wPtet™ T(op+o+n+1) 
This series is exactly the series. associated with the divergent series 


x W,/x?*°*”, and, inasmuch as we have proved that 


Lt je~*|w() |} = 0 


c= 


within the region 9, this series is absolutely summable, and we have: 
shewn its sum to be wv. 
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Next consider the series formed by differentiating the series 27° Y wv, x” 
term by term. 

For convenience put « = 1/z. Then, with the extended definition of 
absolute summability which has been adopted, we may apply all Borel’s 
propositions as to the summability of the derived series to the series 


zPiugtuze+...}. 


The proofs are so identical with those which he gives that they need not 
be repeated here.* 

Thus, if the last written series be denoted by w(z) and its sum by w, 
the divergent series 


wl (Zz) = upp 2 *+u,(p+1)z+... 


is absolutely summable within the same region as w(z) and has for sum 
du/dz. Reverting to the original series in powers of 1/z, 

d ee eral 

qa {(x)} = — 2? w! (2). 

But «? may be looked upon as the limiting form of a series absolutely 
summable within any assigned region, and wu'(z) has been shewn to 
be so within a certain region. Thus w’(z) is absolutely summable within 
that region, and has for sum 
| _ pd _ du 

dz dx” 


Thus the propositions as to differentiation are extended to series proceed- 
ing in descending powers of @. 

We may therefore state the following proposition, which includes 
practically all that has been developed, and which is the generalization 
of Borel’s theorem :—t+ 

. Let u, u, w, ... be series absolutely summable for z = a, and each of 
the typical form 
ee {ot 2 +...}, 


and let PU, v, w, ..., U™, w, wr, x) 


be a polynomial in the series wu, v, w and their derivatives, the coefficients 


* Borel, Legons, pp. 108-115; Ann. de V Heole Norm., 1899, pp. 94-5. 
+ Borel, Legons, p. 114. 
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being developable for |x] > |2)| in the form 2~” {a+ = +...}, m being 


any index and the series being convergent. 

Then, if the polynomial P is calculated as if the series were absolutely 
convergent, and the terms whose indices differ by integers are collected 
together, the result is an aggregate of series absolutely summable for 
2 = 0x),,0>1: and, if the sums of these series be substituted in their 
place, the result is what would be obtained by substituting in P in the 
first instance the sums of the series w, v, w, .... 

Further, it is clear that the sum of an absolutely summable series 
is identically zero when, and only when, each coefficient vanishes 
separately. Hence, if the equation P(u, v, ..., z) =O is satisfied 
formally by the absolutely summable series wu, v, w,..., the analytic 
functions defined by these series also render the polynomial P identically 
zero. 

We now proceed to consider expressions of the form 


Brae ee {0+ 2 state 


where x? {uw%+...} is absolutely summable within a certain region, and 
is denoted by w, its sum being w. 

Two such expressions with the same exponential factor may clearly 
be added term by term to give a like expression. ‘T'wo series e”.u and 
esx.v, if multiplied formally, give e%*®*uv, and the product wv is 
absolutely summable, giving the product of the sums of w and v, thatis, wv. 

Consider now the process of differentiation applied to such expressions. 
Differentiating formally, we have 


d 
°F {e*. ut = e*{u'+au}. 

Now w' is absolutely summable and may be added term by term to aw; 
so that 

cs {e*u} = eu 

dx 

where uw is absolutely summable. Further, the sum of 


eu) = e* 1u'+au} = é {eu}. 
Thus the process of differentiation gives a series of like form whose sum is 
the derivative of the sum of the original expression. 


It is now clear that the general proposition stated above may be 
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extended to the case where wu, v, w represent absolutely summable series, 
each multiplied by a factor of the form e*’, and where P may also contain 
explicitly expressions of the same form. 

We may now bring what has been said above into line with the normal 
series satisfying linear differential equations with rational coefficients, of 
rank 1 at infinity, and of order n. Subject to the condition that a certain 
algebraic equation has its roots all different, we know that there are n 
expressions of the form 


é a? lu) 4 +...| 


which formally satisfy the equation. 
Assuming that this series is absolutely summable for certain values of 
x, it follows that the sum, viz., 


1 ar ,—O U U a 
em : ie ) tla mee 


is an integral of the equation for those values of z. 

Now this integral may easily be changed into Laplace’s definite 
integral solution. 

Put a = —xz(t—a). Then the above sum becomes at once 


tay (— 1" | ea (ta | (ta) +... dt. 


sty a SOW Hos iw 
2 Ti (octal) iii (Gate) 

The contour now consists of a line from infinity to the point ¢ =a, 
encircling that point and returning to infinity in the direction whence it 
came, namely, the direction such that «(t—a) is real and negative. Calling 
this path B’ and integrating by parts, the sum becomes 


ee fe PRO a8 a ade 


1 p tu (+ __ -y)P— non 4 “ 
We creeper Aen {6 (t—a)? ae Tesi —a)+...}d¢ 


The assumption as to the absolute summability of the series causes the 
quantity within brackets in the integrated part to vanish at the infinite 
limits. Thus we are led to the conclusion that, provided 


[ta os — TOLD (t—a)+.. +] 


converges uniformly to zero when ¢ becomes infinite in a certain direction 
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for all values of x within a certain region 0, the integral 


ce yet Mo tip rol ern? Ga ae 
exc Gy EEE 


exists and is an integral of the given equation. 

Now it has been shown directly from the recurrence formula for the 
coefficients w, that the series within the last written integral satisfies the 
equation known as Laplace’s transformation of the given equation,” and 
hence that a finite number A exists, such that, as ¢ becomes infinite by 
real positive values, 


e410) Wis pay t — | — 
bight =| ¢ ar x pS 





for all values of u such that R(u) > X.t 


We have thus arrived directly from the normal series at an analytic 
function satisfying the equation within a given region of the a plane, and 
therefore throughout its region of existence; that is to say, we have 
shown that a normal series formally satisfying an equation defines a 
unique integral of that equation by the method here developed, and that 
these series may be added, multiplied, and differentiated within a certain 
region as if they were absolutely convergent. 

Poincaré’s proposition that they asymptotically represent the definite 
integrals is included in the fact of their absolute summability. The proof 
is essentially the same as that which Poincaré gives. 

As was stated at the outset, the object of this discussion has been 
rather to make closer the connection between the divergent normal series 
and the ordinary integrals of the differential equation than to obtain fresh 
knowledge of the integrals from the divergent series apart from the known 
integrals. One tangible result, at least, emerges from this reversal of the 
procedure which begins with the definite integral, viz. :—If two differential 
equations with rational coefficients, and each of rank 1, are satisfied 
formally by one normal series, these equations have a common integral, 
even if that series be divergent; and consequently, if one equation be 
irreducible, the second admits of all the integrals of that one as integrals 
of itself. 





* V. Schlesinger, t.1., § 111. 

ft V. Forsyth, Linear Differential Equations, pp. 319-322. 

t See aleo, Le Roy, ‘‘ Mémoire sur les Séries div.,’’ Ann. de la Fac. des Sci. de Toul., 1900, 
p. 427. : 
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Suppose two such equations to be denoted by R& and S, S being irre- 
ducible, and R containing all the integrals of S, and being therefore of 
higher order than S. 

If the Laplace transformations of these two equations be called U, V 
respectively, then at least one integral of V must satisfy U; and, if V is 
irreducible, all the integrals of V must satisfy U. In this case, therefore, 
U must be of higher order than V, unless the equations are identical. 

But the order of the Laplace transformation is the degree of the first 
coefficient in the given equation. Hence, if a linear equation of rank 1 
with rational coefficients is irreducible, and also its Laplace transformation, 
and a normal series exists satisfying this equation and another equation of 
rank 1 with rational coefficients, this other equation must not only be of 
higher order, but must have its coefficients of higher degree. In par- 
ticular, it follows that no two equations of Laplace’s type, 7.e., with linear 
coefficients, can be satisfied by a common normal series. 
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ON THE GENERAL THEORY OF TRANSFINITE NUMBERS 
AND ORDER TYPES 


By EK. W. Hosson. 
[Received January 26th, 1905.—Read February 9th, 1905. } 


1. In accordance with Cantor’s general theory of ordinal numbers 
and of aleph-numbers, there exist two aggregates 


1, 2.) B,aed.,oty ales (o,lo bly ae QAQHol, st Gareiie 
Roo Ni, Nay ---s Nay -++9 Noo Not], «++» NO, NOG], «++» Ney oe 5 


the first is the aggregate of all ordinal numbers, and the second is that of 
all x cardinal numbers. These aggregates are both normally ordered 
(wohlgeordnet) and are similar to one another ; and they contain respect- 
ively every ordinal number, and every cardinal number which belongs to 
a normally ordered aggregate. 

In accordance with the principle which is fundamental in the whole 
theory, that every normally ordered aggregate has a definite order type, 
or ordinal number, and also a definite cardinal number, it is seen that the 
above aggregates have an ordinal number y and a cardinal number x,. 
The ordinal number y must itself occur in the first aggregate, and must 
therefore be the greatest ordinal number, 7.e., the last element of the 
ageregate ; moreover x, must occur in the second aggregate, and must be 
the last element of that aggregate. There can, however, be no last 
ordinal number ; for, on the assumption of the existence of y, an agereg- 
ate of ordinal number y+1 can be formed; for example, by placing the 
first element of either of the above aggregates, after y or x,; it can then 
be shown that there can be no last aleph-number x,. We have thus 
arrived at a contradiction. 

Burali Forti, who first pointed out this contradiction,* accounted for 
it by denying the truth of the theorem, that any two distinct ordinal 
numbers a;, a, must necessarily satisfy one of the relations a,> a9, a, <a, 
in accordance with Cantor’s definition of the meaning of these relations. 





* Rend. del Circolo mat. di Palermo, Vol. x1., 1897, ‘‘ Una Questione sui Numeri Trans- 
finite.”’ 
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However, Cantor’s proof* of this theorem does not appear to be capable of 
refutation ; so that the origin of the contradiction cannot be explained in 
the manner indicated. 

B. Russell has suggested that the aggregates of all ordinal numbers 
and of all aleph-numbers are not normally ordered, and therefore that 
these ageregates have no ordinal number, and that their cardinal number 
is consequently not necessarily an aleph-number. He admits, however, that 
the segments of either aggregate are normally ordered. This explanation 
is confuted by the argument duet to Jourdain, that, if the above aggregates 
are not normally ordered, then they must contain parts of type*; sucha 
part would then be a part also of a segment of one of the aggregates, and 
such segment would not be normally ordered. 

The contradiction has been explained by Jourdain, by means of the 
suggestion that there are ordered aggregates which have no order type 
and no cardinal number, and that the above aggregates belong to such 
class. To such aggregates he gives the name inconsistent aggregates, in 
virtue of the fact that of such an aggregate it is impossible to think, 
without contradiction, as a “collection by the mind of definite, distinct 
objects to a whole.” It appears from a statement made by Jourdain,! 
that Cantor had himself, some years previously, arrived at the same con- 
ception and name. In accordance with this view of the matter there 
exists an ordered ageregate, that of all the ordinal numbers, every segment 
of which is normally ordered and has a cardinal number, and yet the 
agoregate itself being ‘inconsistent ’’ cannot, without contradiction, be 
thought of as having an order type. This amounts to a denial of the 
universal validity of the fundamental principle that every ordered 
ageregate has a definite order type; and yet it is by means of this very 
principle that the existence of the successive ordinal numbers is regarded 
as having been established. Each successive ordinal number was defined 
to be the order type of the ordered aggregate of all the preceding ordinal 
numbers. 

The doubt thus thrown upon the validity of the principle by means of 
which the existence of the complete series of ordinal numbers, and, 
simultaneously, that of the aleph-numbers, is established in Cantor’s 
theory, naturally suggests that a further scrutiny of the foundations of 
that theory is needed. It is not clear, a priorz, that an aggregate which 





* Math. Annalen, Vol. xuIx., p. 215. 

+ Phil. Mag., 1904, ‘‘ On the Transfinite Numbers of well-ordered Aggregates.” 

t Loc. cit., p. 67, note. Seealso Hilbert, Jahresbericht der Deutsch. Math. Vereing., Vol. vut. 
p- 184. 
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is inconsistent, in the sense employed above, may not be reached at an 
earlier stage of the process of forming the successive classes of ordinal 
numbers, before the aggregate of all such numbers, in the sense of 
Cantor’s theory, is reached. Moreover, it would seem reasonable to expect 
that so fundamental a distinction, as that involved in the notion of an 
inconsistent aggregate, should be indicated in the general definition of 
an ordered aggregate, or in close connection therewith. In any case, an 
explanation of the contradiction on these lines cannot be regarded as 
satisfactory, until criteria have been obtained which shall suffice to decide, 
in respect of any particular ordered aggregate, whether such aggregate has 
an order type and a cardinal number, or whether it is an inconsistent 
ageregate. 


2. Before proceeding to attempt the consideration of the question how 
far Cantor’s general theory of ordinal numbers and aleph-numbers can be 
accepted as sound, some remarks will be made as to the definition of an 
ageregate in general, with a view to discover whether it has, in the form 
given by Cantor, the requisite degree of precision. An attempt will then 
be made to decide what limitations or qualifications must be imposed upon 
the nature of an aggregate, so that in the development of the theory, the 
possibility of being confronted: by such a contradiction as that which was 
pointed out by Burali Forti may be removed at its source. 

Cantor has given the following definition of an aggregate (Menge) :— 
“Menge ist jede Zusammenfassung M von bestimmten wohlunterschiedenen 
Objecten m zu einem Ganzen, M = |m}.’ The term aggregate being 
thus taken as denoting a collection of distinct objects, in the most general 
sense, the difficult question arises as to when the elements of the aggreg- 
ate can be regarded as adequately defined. In the case of a finite 
ageregate, the elements may be defined by means of individual specifica- 
tion, but this is not possible in the case of a transfinite aggregate. 
Individual specification must then, in the latter case, be replaced by a law 
or a set of laws, forming the norm by which the aggregate is defined. 
The most general definition which presents itself, as a prima facie defini- 
tion of an aggregate, is that an aggregate consists of all objects each of 
which satisfies certain specified conditions. It is, however, convenient to 
admit the case of two or more alternative sets of conditions; thus an 
ageregate may contain all objects each of which satisfies either the con- 
ditions A or else one of the sets of conditions B, C,..., AH. The conditions 
forming the norm by which the aggregate is defined must be of a 
sufficiently precise character to make it logically determinate as regards 
any particular object whatever, whether such object does, or does not, 
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belong to the aggregate. In such a case as the ageregate of prime num- 
bers, we may practically be unable to decide, as regards a particular 
number, whether that number is a prime or not, but we know that the 
question could be settled by means of a process containing a finite number 
of steps. On the other hand, if we consider the aggregate of all aleebraical 
numbers, we may possess no present means of deciding, by means of a 
known process, whether a particular number is an algebraical number or 
not. It would, however, be an undue restriction of the conception of an 
ageregate, to insist upon the possibility of actual determination by means 


of a known finite process, whether a particular object satisfies the norm by 


which the aggregate is defined, or not. We therefore agree to fall back 
upon logical determinacy as sufficient ; thus, for example, it is logically 
determinate as regards a number defined in any particular manner, 
whether that number is algebraical or transcendental, although we possess 
no perfectly general method of making the actual determination. 

We shall accordingly define the meaning to be attached to the term 
ageregate as follows :— 


All objects which are such as to satisfy a prescribed norm are said 
to belong to an aggregate defined by that norm. The norm consists of 
a set of specified conditions, or of a specified set of alternative specified 
conditions, and must be sufficient to render wt logically determinate, as 
regards any particular object whatever, whether that object belongs to 
the aggregate or not. 


In the case of a finite aggregate, the norm may take the form of 
individual specification of the objects which form the aggregate. 


8. It is not clear that an aggregate, defined in the above sense, is 
necessarily capable of being ordered at all. or example, it is difficult to 
see that such an aggregate as that of “ all propositions ” could conceivably 
be ordered ; it being assumed that the meaning of the word “ proposition ”’ 
is taken as so definite that this aggregate has a norm, in accordance with 
the definition above. Again, to take an example among aggregates of the 
kind usually considered in mathematical theory, we may consider the 
ageresate obtained by covering (Belegung) the aggregate of real numbers 
by itself; this aggregate, which, according to Cantor, has the cardinal 
number / = c’, is equivalent to the aggregate of all functions of a real 
variable: it is difficult, if not impossible, to see how order could be 
imposed upon this aggregate. If, then, a transfinite aggregate is to be 
given as an ordered aggregate, or is to have an order imposed upon it, it 
would appear to be necessary that the norm which constitutes the defini- 
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tion of the aggregate should be of such a character that a principle of 
order is contained therein, or can at all events be adjoined thereto; so 
that, when any two particular elements are considered, the conditions 
which they satisfy in virtue of their belonging to the aggregate, when 
individualized for the particular elements, may be sufficient also to assign 
relative rank to those elements in accordance with a principle of order. 
This is, in fact, the case in such aggregates as those of the integral 
numbers, the rational numbers, or the real numbers. In the case, for 
example, of the positive rational numbers, defined in accordance with the 
arithmetic theory as associations of pairs of integers, the relative rank of 
any two particular elements (p, q), (p', g') is assigned by the system of 
postulations which defines the aggregate. It may, of course, also be 
possible in other cases, as in this one, to re-order the aggregate in 
accordance with some other law extrinsically imposed upon the aggregate ; 
but the nature of the elements must be such that this is possible. 
We can now state that :— 


In order that a transfimte aggregate, defined as in § 2, may be 
capable of beg ordered, a principle of order must be explicitly or 
umplicitly contained in the norm by which the aggregate is defined. 

In the definition of the order type of an aggregate, given* by Cantor, 
according to which the order type is obtained by making abstraction of 
the particular nature of the elements of the aggregate, the conception of 
their order being retained, it is assumed that the aggregate is given as an 
ordered one. Again, Cantor has defined a cardinal number as the notion 
which remains, when, by help of our mental activity, we make abstraction 
of the nature of the elements of an aggregate, and of the order in which 
they are given. Here the question arises whether the definition of 
cardinal numbers should not also be applicable in the case of aggregates 
which are not given as ordered aggregates. Cantor has himself, in fact, 
in his theory of exponentials which involve transfinite numbers, con- 
templated certain aggregates as having cardinal numbers, whilst such 
aggregates are not given as ordered aggregates, and, proma facie, at least, 
are not capable of being ordered. 

The relative order of any two elements ofa transfinite ordered aggreg- 
ate 1s determined by the individual characteristics of those elements 
(including, when relevant, their positions in space or time), subject to 
the defining norm. If then, complete abstraction be made of the nature 
of the elements, they become indistinguishable from one another, and 





* Math. Annalen, Vol. xuv1., p. 497. 
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order in the aggregate is thereby obliterated ; all relation to the norm by 
which the original aggregate was defined having disappeared. 


4. Taking the case of an aggregate defined as an ordered aggregate, 
we now approach the consideration of the fundamental question whether, 
and under what conditions, if any, such an aggregate can be regarded as 
having a definite order type and a definite cardinal number. This is 
equivalent to asking whether, or when, meaning can be given to these 
terms, of such a character that they can be treated as denoting permanent 
objects for thought, or as mathematical entities which may themselves be 
elements in ageregates. 

There are two distinct methods of establishing* the existence of a class 
of mathematical entities :— 


(1) Their existence, as definite objects for thought, may be shown to 
follow as a logical consequence of the existence of other entities already 
recognized as existing, or of principles already recognized as valid; thus 
the existence of the new entities in question cannot be denied without 
coming into contradiction with truths already known. This method may 
be termed the genetic method. 


(2) The existence of the entities may be postulated; their mutual 
relations and their relations with other entities being defined by means 
of a complete system of definitions and postulations. Accordingly, the 
objects in question are a free creation of our mental activity. The validity 
of the scheme thus set up is established when it is shewn to be free from 
internal contradiction and from contradiction with other known truths. 
Its utility is to be judged by its applicability to the general purposes of 
the science, and the light it may throw upon the fundamental principles 
of that science, in virtue of the scheme containing a generalization of what 
was previously known. This method may be termed the method of 
postulation. 


Both these methods have been employed by Cantor in his theory of 
transfinite numbers and order types. In his earlier treatment of the 
subject he employed the second of the above methods. The existence 
of the new number , and of the other limiting numbers of the second 
class, was postulated in accordance with his second principle of generation 
(Hrzeugungsprinzyp). Freedom from contradiction, and utility in con- 
nection with the theory of sets of points, which suggested the postulations, 
were relied upon as the grounds upon which the scheme of new numbers 


* See Hilbert, Jahresbericht d. deutsch. math. Vereing., Vol. vi11., p. 180. 
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was to be justified. The first number Q, of the third class, was introduced 
by a new postulation. 

In his later and more abstract treatment of the subject, Cantor applied 
the genetic method. The existence of the number is not directly 
postulated, but is taken to follow from the existence of the aggregate |} 
of integral numbers; is defined to be the order type of this aggregate, 
and it is assumed that such order type is a definite object which can itself 
be an element of an aggregate. The existence, as definite entities, of the 
cardinal numbers being assumed, the successive ordinal numbers of the 
successive classes are obtained, by assuming the general principle that an 
ordered ageregate necessarily possesses a definite order type which can be 
regarded as an object, viz., the ordinal number coming immediately after 
all those which are the elements of the aggregate of which it is the 
order type. 


5. It has been seen above that the assumptions that an ordered aggreg- 
ate necessarily possesses a definite order type and a definite cardinal 
number, which can be treated as objects, lead to the contradiction pointed 
out by Burali Forti. It appears, therefore, that the classes of entities, the 
ordinal numbers of all classes, and the similar aggregate of aleph-numbers, 
do not satisfy the condition of being subject to a scheme of relations 
which is free from contradiction. In fact, the principle in accordance with 
which their existence is inferred is in conflict with the definition of the 
ageregates, as containing every ordinal number, or every aleph-number. 
It would then appear that the genetic process, which led to the definition 
of all ordinal numbers and of all aleph-numbers, cannot be a valid one. 
Thus, the principle that every ordered ageregate has a definite order type 
which may be regarded as a permanent object for thought cannot be 
accepted as a universal principle to be used in a genetic mode of establish- 
ment of the existence of a class of entities. A denial of the validity of 
this principle does not, however, preclude the less ambitious procedure 
of postulating the existence of definite ordinal numbers of a limited 
number of classes, in accordance with Cantor’s earlier method. So long 
as the postulation of the existence of ordinal numbers does not go beyond 
some definite point, no contradiction will arise, and the utility of the 
scheme, for purposes of representation, will suffice to justify the postula- 
tions which have been made. An attempt to examine the structure of 
such a class of ordinal numbers as that of the w-th class, with cardinal 
number &,, or that of the Q-th class, with cardinal number No, will lead 
to the conviction that such conceptions are unlikely to be capable of useful 
application in any branch of analysis or geometry for purposes of 


1905.| THE GENERAL THEORY OF TRANSFINITE NUMBERS AND ORDER TYPES. 177 


representation. Nevertheless, in case inexorable logic compelled us to 
contemplate the existence of such classes of objects, they would form a 
very proper field of exploration; we have, however, seen that there are 
erave doubts as to whether this is the case. 


6. The genetic method being rejected on the ground that it leads to 
the construction of a class of entities which, in its entirety, can have no 
existence, we have to fall back upon the method of postulation. A con- 
sideration of the essential elements in the conceptions which le at the 
base of the scheme of finite integral numbers may afford guidance as to 
how far we may properly proceed in the construction, by postulation, of 
transfinite ordinal numbers of successive classes. The ordinal numbers 
of any one particular class are those which belong to rearrangements of 
the elements of an aggregate of which the order type is the lowest number 
of that class. We may, therefore, consider primarily the lowest numbers 
of the classes of which the cardinal numbers are No, Nj, No, ..- respectively. 
A finite ordinal number is characteristic of a class of aggregates all of 
which are similar to one another, and a finite cardinal number is char- 
acteristic of a class of aggregates all of which are equivalent to one 
another ; thus, in both cases, the notion of correspondence between the 
elements of different aggregates is an essential factor in the idea of 
number. The number of each of a class of similar or of equivalent 
ageregates is considered to be a definite object. The relation of this 
object to any member of the class of which it is characteristic may be 
illustrated by the relation of the colour red to a particular red object. 

The existence of a particular number does not follow as a mere logical 
consequence of the existence of the preceding numbers, but from the 
existence of the class of aggregates of which it is characteristic, the 
relation between different aggregates of the class being that of (1, 1) 
correspondence. In the genetic method, as applied to the construction 
of the whole series of classes of transfinite ordinal numbers, this notion 
of correspondence plays no part; in fact, the existence of a number is 
constantly inferred from that of a single unique ordered aggregate. For 
example, the existence of Q and of ¥, is inferred from the existence of the 
single aggregate of numbers of the first and second classes. Generally, in 
the whole scheme, the existence of a new number is inferred from the 
existence of that unique aggregate which contains the preceding ordinal 
numbers. That this procedure leads to contradiction has been already 
seen. The transfinite numbers must be regarded as obtained or defined 
in accordance with the same principles as obtain in the case of the finite 
numbers, if they are to be regarded as numbers, even in an extended 
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sense of the term. It seems, then, highly probable that the neglect of 
the principle, that correspondence between similar or between equivalent 
agoregates is essential to our right to consider the numbers belonging to 
ageregates as definite entities, may be the source of the contradiction which 
arises from the thorough-going application of the genetic method which 
leads to Cantor’s complete series of ordinal numbers and aleph-numbers. 
In accordance with this view of the nature of number, finite or transfinite, 
the postulation of the existence of a definite entity, which entity shall be 
entitled to be regarded as a number, is only justified when it is shown 
that other aggregates exist besides the aggregate which consists of the 
preceding ordinal numbers, of which other aggregates the postulated 
number is the characteristic number. Thus the postulation of the 
numbers w and Np requires for its justification the exhibition of other 
ageregates besides {2}, that of all finite numbers; in this case the re- 
quirement is satisfied by the definition of sets of points or of other 
geometrical objects, and thus there really exists a class of aggregates 
which are all similar to the ordered aggregate 1, 2, 3, ...,,...; and hence 
the postulated order type w and the postulated cardinal number Np are 
really entitled to rank as ordinal and cardinal numbers respectively. 
When we consider the ordinal number Q, and the cardinal number X,, the 
state of the case is very different. In order that the existence of 2 might 
be on a parity with that of w, it would require to be shown that it is 
possible to define a set of objects, say points of the linear continuum, 
which should be such that to each prescribed ordinal number of the second 
class there corresponds a definite point of the continuum, 7.e., to show that 
a norm is possible which would define a set of points of order type Q. 
This has hitherto* not been accomplished, nor have aggregates having any 
of the cardinal numbers xo, Ng, ... been defined by means of definite sets 
of rules. If it be urged that the postulation of the existence of the order 
type Q, and of the corresponding cardinal number y,, does not of itself lead 
to contradiction, it may be replied that such postulation does not entitle 
Q and x, to rank as numbers in the sense in which w and x, are numbers; 
for in the latter case the essential elements in the original conceptions 
of ordinal and cardinal numbers are all present, whereas this has not been 
shewn to be true of Q and x,. Moreover, the postulation of the existence 
of Q and xy, if it does not of itself lead to contradiction, can only be made 
by means of a principle which, when applied systematically, certainly 
leads to contradiction. In accordance with the criterion laid down above, 





* An attempt to define a set of points of cardinal number yy, has been made by G. H. 
Hardy ; this will be criticized in § 12. 
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Ny, No, ... cannot at the present time be regarded as definite entities, and 
could not be regarded as in any true sense numbers, even if any meaning 
could be assigned to them. 

It may conceivably turn out, in the future, to be possible to justify the 
postulation of certain of the numbers yj, No, -.. with the classes of ordinal 
numbers which would belong to them ; it will, however, certainly never be 
possible to do this for the whole class {xg}, where 6 is any ordinal 
number of the aggregate of all ordinal numbers, in accordance with 
Cantor’s complete scheme, because such postulation leads to unavoidable 
contradiction. The setting up of a scale of standards, to which standards 
no aggregates not consisting of the preceding numbers conform, involving 
as it does the employment of sphinx-like aggregates, to each of which no 
other aggregate can be shown to be similar, would, a priori, appear to be 
an illegitimate extension of the notion of number, from which an essential 
element had dropped out, and, a posteriori, it has been shown to lead to 
contradiction. 

It may be urged that no contradiction would ensue if, in single in- 
stances, the existence of order types and powers, considered as definite 
entities, were postulated for aggregates of the unique character referred 
to above. But, if this were done, such order types and powers would not 
be entitled to rank as numbers, and such sporadic creations would be of 
no importance in mathematical theory. Systematic postulation of this 
character is just what has been shown to lead to a self-contradictory 
scheme of entities, and is therefore illegitimate. 


7. A cardinal number has been defined* by B. Russell to be a class 
of equivalent aggregates. It may then be urged that such class may 
contain only one member, and that this is sufficient for the existence of 
the cardinal number. In fact, Russell infers+ the existence of the number 
n+1 from the mere existence of the numbers 0, 1, 2, ..., m. In accordance 
with the view here advocated, this definition, or any other one which allows 
the existence of a cardinal number to be inferred solely from the existence 
of a unique aggregate, to which no other aggregates have been shown to 
be equivalent, must be rejected. Russell objects{ to the conception of a 
number as the common characteristic of a family of equivalent aggregates, 
on the ground that there is no reason to think that such a single entity 
exists, with which the aggregates have a special relation, but that there 
may be many such entities. The mind does, however, in point of fact, in 
the case of finite aggregates at least, recognize the existence of such single 





* Principles of Mathematies, Vol. 1., p. 111-116. 
t Ibid, p. 497. t Ibid, p. 114. 
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entity, the number of the aggregates; and this is a valid result of our 
mental activity, subject to the law of contradiction. Since Russell 
apparently regards the activities of the mind as irrelevant in questions of 
existence of entities, his view, and the one here advocated, do not rest upon 
common premisses. An advantage claimed for the view here supported, 
over that of Russell, is that it does not lead to such a contradiction as that 
pointed out by Burali Forti. 

The definition of cardinal number, by abstraction, which Cantor employs, 
can be justified only by the interpretation, that abstraction is made only 
of those characteristics in which the elements of the aggregate differ from 
the corresponding elements of equivalent ageregates. The partial abstrac- 
tion will then consist in taking the cardinal number to be the common 
characteristic of all such equivalent aggregates. To make a complete 
abstraction of the nature of the elements of a transfinite aggregate would 
remove the relation with the cardinal number. 


8. The conclusions at which we have arrived in the course of the above 
discussion may now be summarized as follows :— 


(1) The ageregates 
LD es Ose ates Parent | Che) tm Lahn ene DRE in See, 
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of all ordinal numbers, and of all aleph-numbers, in the sense in which 
Cantor contemplates them, have no existence. Their existence cannot be 
established without the assumption of the principle that every normally 
ordered aggregate necessarily has a definite order type and a definite 
cardinal number which can themselves be regarded. as objects capable 
of being elements of an aggregate. This principle leads to contradiction, 
and must therefore be rejected as not being a universally valid truth. 


(2) Of the aleph-numbers, the postulation of the existence of ¥, has 
hitherto alone been justified, by showing that it is possible to define 
ageregates consisting of objects other than the ordinal numbers them- 
selves, of which it is the characteristic cardinal number. The numbers. 
wo, o+1, ..., 0.2, ..., 07, ... of the second class exist, but it has not yet 
been shewn that the totality of all these numbers, taken in order, 
has a definite order type, or a cardinal number. To do this it would 
be necessary to shew that a finite set of rules can be set up which will 


suffice to define a definite object corresponding to each ordinal number 
of the second class. 


(8) The existence of individual aleph-numbers, other than %), with 
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the classes of ordinal numbers belonging to them, may, in the future, 
possibly be established, but it is not possible that this should be done 
beyond some definite point. 


It may be observed that an aggregate which consists wholly of distinet 
physical objects which do not penetrate one another, must be enumerable 
(abzihlbar), for each such object occupies some finite volume in space; 
and it has been shewn by Cantor that any set of non-overlapping portions 
of space is enumerable. It follows that the objects in an unenumerable 
ageregate must, with the possible exception of an enumerable component 
of the aggregate, consist of ideal or abstract objects. 


9. The regarding of a collection as a “whole” has been emphasized 
by Cantor as essential to the notion of an aggregate. It is no doubt true 
that, in a certain sense, every logical class, or every aggregate as defined 
in § 2, forms a whole, as being dominated by a norm; but, for the 
purposes of mathematical science, the important question is under what 
circumstances such an aggregate may be regarded as having a definite 
cardinal number, and, if ordered, a definite order type. An attempt 
has been made above to answer this question in the case of normally 
ordered aggregates; the answer in the case of other aggregates would 
be on the same lines. 

Ordered aggregrates have been defined which are not normally ordered ; 
and of such aggregates the most important is the arithmetic con- 
tinuum defined as of the order type 0, considered* in detail by Cantor. 
That @ is a definite object, with a corresponding definite cardinal 
number c, must, as has already been pointed out, be regarded as a 
postulation subject to the law of contradiction. It is known that a class 
of aggregates exists which are similar to the linear continuum, and 
thus conform to the type 0, and have ¢ as their common cardinal 
number; this is in accordance with the regulative principle which we 
have maintained to be essential to justify our regarding ¢ as a number. 

As has been already remarked, aggregates may be defined which are 
unordered. In such cases no question arises as to the existence of an 
order type, but there is no reason why such aggregates should not have 
cardinal numbers, provided that in the case of such an aggregate, equi- 
valent aggregates can be found of which the cardinal number in question 
is the common characteristic. The aggregates of which the cardinal 
‘number is c° =/f are an example of this species of aggregate. T'wo 





* Math. Annalen, Vol, XLvI., p. 510. 
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ageregates which have been independently defined are not necessarily 
comparable with one another as regards either order type or cardinal 
number. It cannot be assumed a priort that the cardinal number of 
one of them is necessarily either greater than, equal to, or less than that 
of the other, in the sense in which these relations are defined in the 
theory. Further, it cannot be assumed that an ordered aggregate such 
as, for example, the continuum, is necessarily capable of being normally 
ordered. ‘There is, as we have seen, no convincing reason for thinking 
that any unenumerable aggregate 1s capable of being normally ordered. 
Two aggregates of abstract objects, which have been independently 
defined, belong, no doubt, to the same universe of thought; but, never- 
theless, any particular category of relations may be too narrow to formulate 
any nexus between the two systems, so that it is conceivable that, so far 
as such relations as those of order and cardinal number are concerned, 
the two aggregates may be completely isolated from one another. 


10. In some proofs of theorems which have been given by writers 
on this subject, which proofs have for their object the establishment 
of relations of inequality or equality of cardinal numbers, aggregates are 
employed, the elements of which are regarded as being successively 
defined by an endless series of separate acts of choice. When we leave 
the region of the finite, it would, however, appear that we have passed 
beyond the region in which definitions by arbitrary acts of choice can 
be regarded as adequate specifications of definite objects; the existence 
of a norm would appear to be essential to our right to regard an ageregate 
as really defined, and therefore to justify our making use of the 
conception of such an aggregate in the proof of a theorem. The point 
may be illustrated by a discussion given* by P. Du Bois Reymond, 
in which he contemplates the existence of a number represented by 
a non-terminating decimal in which the figures are determined by no 
law. He contemplates that each figure in the decimal may be fixed 
by a throw of dice, and rejects the conception of such a decimal (ewig 
gesetzloses Decimal) as representing a real number. A non-finite, or 
endless, process can be conceived of as a completed whole, only when it is 
subject to some kind of norm; thus a non-terminating decimal represents 
a number, only under the presupposition that a set of rules can be 
given which suffice to determine the figure which occupies any assigned 
place in the decimal. In general, the proof of the possibility of giving 





* Allgemeine Functionentheorie, p. 91. 
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a norm is required before an aggregate of any particular character can 
be contemplated as existing, or can be legitimately made use of in 
a demonstration. 

Cantor, in his proof that N, 1s less than any other transfinite cardinal 
number, has assumed that it is possible to pick out of any given transfinite 
ageregate an enumerable component. ‘This proof can only be accepted 
as valid in case it is possible to detine an enumerable component of 
the aggregate in question. In a large class of cases—possibly in all 
which are of importance in mathematical theory—this condition can be 
satisfied: for example, in the case of the continuum. In the aggregate 
of “all propositions,’ for example, the enumerable component may be 
taken to be that aggregate of propositions which asserts the existence 
erane numbers 1,-2,:3,-.... 

G. H. Hardy has extended* Cantor’s method, for the purpose of shew- 
ing that every transfinite cardinal number is either an aleph-number, or 
is greater than all the aleph-numbers ; and, in particular, 28° = c > Xj. 
The proof runs as follows :—Having given an aggregate whose cardinal 
number is > No, we can choose from it successive individuals 


U4; Ug, eee yg Wes e0eg Up, eee 


corresponding to all the numbers of the first and second classes; if 
the process came to an end, the cardinal number would be wn». Its 
cardinal number is therefore > w,; and, if > N,, it is >N,.; and so 
on. And, if >»,, for all finite values of », it must be >xn,; for we 
can choose individuals from the aggregate corresponding to all the 
numbers of the first, second, ..., n-th, ... classes. And, by a repetition 
of these two arguments, we can shew that, if there is no npg equal to 
the cardinal number of the aggregate, it must be at least equal to the 
cardinal number of the aggregate of the xg, and so is greater than 
any Nz. 

Apart altogether from the question as to what constitutes all the 
aleph-numbers, this argument could only be made valid if it were shewn 


how the successive individuals 2, 2, ..., Ug, ... are to be defined by 
means of some norm, and also how the individuals of the aggregate 
which may correspond to the numbers of the first, second, ..., -th, ... 


classes can be assigned by a norm. ‘The process can neither come to 
an end, nor be regarded as, in any sense, a completed one, unless this 
has been done. 











* Quarterly Journal of Math., Vol. xxxv., 1903, p. 88. 
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11. Two proofs have been advanced, that every cardinal number is 
necessarily an aleph-number ; this is equivalent to the statement that 
every aggregate which has a cardinal number can be normally ordered. 
If these proofs could be accepted as valid, the particular theorem would 
be established, that the arithmetic continuum is capable of being normally 
ordered; and the only question which would remain open, as regards this 
ageregate, would be as to which particular aleph-number is the cardinal 
number of the continuum. 

The first of these proofs, that of Jourdain,* is founded on the 
assumption that, if a cardinal number is greater than every aleph, there 
must be a part of the ageregate to which this cardinal number belongs 
which can be made to have a (1, 1) correspondence with the “inconsistent’”’ 
ageregate of all the ordinal numbers arranged in normal order. This 
assumption is regarded as justified by the process of making the 
successive elements of the aggregate of ordinal numbers correspond to 
elements of the given aggregate; it is then argued that, if this process 
comes to an end, the cardinal number of the aggregate is an aleph, and, if it 
does not come to an end, the given aggregate must contain as a part 
the ‘‘inconsistent’’ aggregate of all the ordinal numbers; thus in the 
latter case the aggregate is inconsistent, and has no cardinal number. 

The objection to this proof is of the nature which has been already 
stated, viz., that no norm is forthcoming by which the correspondence 
in question is defined; and, in default of such norm, there is no meaning 
in speaking of an essentially endless process as a completed one, or 
as having come to an end. 

In the second proof, duet to KE. Zermelo, no account is taken of the 
possibility that an ageregate may have no cardinal number, or of the 
existence of “‘inconsistent’’ aggregates. The proof, which is funda- 
mentally of a similar character to that of Jourdain, is represented as 
demonstrating that every aggregate can be normally ordered, and thus 
has an aleph as its cardinal number. 

It is assumed that in each part M’ of a given aggregate M, one 
element m’', called the special (ausgezerchnetes) element of M’, can be 
chosen. A part M' must contain one element of M at least, and may 
contain all the elements; and the aggregate |M'} of all parts of W is 
considered. Hach element MW’ of | M’'}, corresponds to a special element 
which belongs to MW’, and this particular mode of covering the elements 
of {M'} by elements of M, is called a “covering” y; the employment 
of a particular “covering” y is essential to the proof. A y-ageregate 





* Phil. Mag., January, 1904, pp. 67, 70. 
t Math. Annalen, Vol. rx, 1904, ‘‘ Beweis, dasz jede Menge wohlgeordnet werden kann.’’ 
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is then defined as follows :—Let M, be a normally ordered aggregate 
consisting of different elements of M, such that, if aw is any arbitrarily 
chosen element of M,, and A is the segment (Abschnitt) of M, defined by 
a, which segment consists of all the elements of M, which precede 4A, 
then a is always the special element of M—A. Every such aggregate 
M, is a y-aggregate. If every element of M which occurs in a y-ageregate 
be called a y-element of M, it is shewn that the ageregate L, of all 
y-elements can be so ordered that it is itself a y-ageregate, and contains 
all the elements of the original aggregate M. It follows then that WM 
can be normally ordered. 

Zermelo himself expressly recognizes the assumption made as to the 
existence of a definite “covering” y. The objection to this assumption 
is of the same character as before, viz., that for its validity a norm must 
be shewn to be possible; this norm must assign to each part of the given 
ageregate, a definite “ special ’’ element belonging to that part. In the case 
of such an ageregate as the arithmetic continuum, it is not clear how 
such a norm could be devised; indeed, it seems probable that a proof of 
the possibility of establishing such a norm involves difficulties comparable 
with those which occur in any attempt to prove the original theorem. 
The non-recognition of the existence of “‘ inconsistent’ ageregates, 
which existence, on the assumption of Cantor’s theory, cannot be denied, 
introduces an additional element of doubt as regards this proof. The 
ageregate L, here employed is parallel with the normally ordered 
ageregate which occurs in Jourdain’s earlier proof. 


12. [Added February 25th, 1905.|— A method has been given* by 
G. H. Hardy for the construction of a set of points of cardinal number x. 
He proposes to determine for each ordinal number 6 of the first or of the 
second class, a sequence 0,, bo, bs, ..., bn, ..., consisting of mcereasing 
integers, so that to each number 6 a unique sequence corresponds which 
is not identical with the sequence which corresponds with any other 
ordinal number of the first two classes. The sequence is then correlated 
with a point of the lmear continuum (0, 1), by taking that binary radix 
fraction in which the 0,-th, },-th, b,-th, ... figures are all 1, whilst the 
remaining figures are all 0; the point of the linear continuum so defined 
being taken to correspond to 6. The sequence corresponding to the 
number 1 being taken to be 1, 2, 3, 4, 5,..., the other sequences are 
determined by the following modes of formation :— 

pL t Dy Og vant eu wee mCOLLGSDONdS LO. Os bel Use 0s1 010 ns On tis ic> - 
is the sequence which corresponds to 6-+1. 
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(2) The sequence which corresponds to a limiting number y of the 
second class is obtained from the sequences 


M415 A495 35 eeey ins oveg 
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which correspond to a sequence (,, 6g, 63, ... of ordinal numbers of which 
y is the limiting number, by traversing the sequences diagonally, and 
thus 11, Go, A33, --. 18 the sequence which corresponds to y. 


Fivery sequence b,, by, bs, ... is to be such that b, <b, < bg, .... 
It is pointed out by Hardy that an infinite freedom of choice arises in the 
case of each limiting number y, since there are an indefinite number of 
sequences of the preceding ordinal numbers, of each of which sequences 
y is the limiting number. Thus, for example, # is not only the limit of 
w, 0.2, 0.3, ..., but also of w+1, ».2+2. ».8+3, .... In the case of 
the smaller limiting numbers of the second class, Hardy shews how to 
exercise this freedom of choice so as to obtain distinct sequences; thus w 
is taken as the limit of 1, 2, 3, ...; w* is taken as the limit of 
w, ».2,.3,...; in particular, 1, 5,17, 49, 129, ... is obtained as the 
sequence corresponding to w”. 

In order that the method.should really suffice to define a sequence 
which shall correspond uniquely to each prescribed number £ of the first 
or of the second class, it would be necessary to replace the freedom of 
choice by a definite norm, or finite set of rules, which would decide in the 
case of any particular limiting number y, of which particular sequence of 
the preceding ordinal numbers it must be regarded as the limit, for the 
purpose of forming the sequence of integers which is to correspond to y, 
in accordance with the mode of formation prescribed in (2). 

Hardy has given no norm of this character, but confines himself to 
the selection of the sequences which are to correspond to some of the 
lower limiting numbers of the second class ; thus he finds 


(w”. 2) Le Lees, 
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When we reach the region of the e-numbers of the second class, it is 
difficult, if not impossible, to imagine the nature of the norm which would 
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suffice to make the decision referred to above, and no such norm is in fact 
forthcoming. On this ground, the method cannot be regarded as really 
defining a set of points corresponding to all the numbers of the first and 
second classes. 

Moreover, it can be shown that, if sequences such as those contem- 
plated by Hardy are employed, the second figure b, would have indefinitely 
great values for numbers 6 of the second class, and thus that for 
sufficiently great ordinal numbers of the second class the corresponding 
sequences can have no existence.* 

Corresponding to w®, Hardy finds the sequence 1, 5, p, g, ... (p> 5). 
With the mode of defining the sequences, as in (2), corresponding to 
higher limiting numbers, for all numbers > w”, the second figure in the 
sequences will in no case be < 5, and, in fact, Hardy finds for the num- 
ber e, defined as the limit of w, w®, w®’, ..., a sequence 1,5, p’,q’, ... (p’>5). 
For any number >e, the second figure will be not less than p’; thus 
e, +1 has 5, p', q’, ... for its sequence, and for e,+ the second figure of 
the sequence is p’. It follows that, with the mode of formation con- 
templated, the second figure of the sequence corresponding to ¢,, defined 
as the limit of ¢, e/, ¢; » --., is not less than yp’. Proceeding in this way, 
we see that for the numbers ¢, €9, €3, ..., €n, --- the second figure of the 
sequence must continually increase as m is increased. Now consider any 
sequence ky, ky, ..., kn, ... of Increasing integers; there is a number /,, 
from and after which the a, is always > k,; again, there is a number /,, 
from and after which the a, is always > k,, and soon. The number /,, 
which is also a number of the second class, being the limiting number of 
the sequence ,, 84, 8, ..., is such that in the sequence of integers which 
corresponds with it, the a, is greater than k, for every value of m, and is 
therefore indefinitely great. There can therefore exist no sequence which 
corresponds to 6; hence it is impossible to construct in the manner 
contemplated an unenumerable set of points. The point here discussed 
was not considered by Hardy, probably simply because he did not attempt 
to set up a definite norm for the sequences. 

W. H. Young has employedt Bernstein’s diagrammatic method, to 
correlate ordinal numbers of the second class with points of the continuum. 
The method does not, however, amount to the construction of a set of 
points of cardinal number x;,, in accordance with the view maintained in 





* Prof. W. Burnside communicated to me that he had convinced himself of the truth of this 
statement. I then devised the proof of its correctness given in the text. 
+ Proc, London Math. Soc., Ser. 2, Vol. 1, p. 243. 
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the present communication as to the necessity for a definite norm which 
shall determine the correspondence. 


13. In case the criticism which has been here given of the general 
theory of order types and of aleph-numbers be accepted as wholly, or in 
part, valid, the debt which mathematical science owes to the genius of 
G. Cantor will be in no respect diminished. The fundamental distinction 
between enumerable and unenumerable aggregates, the ordinal theory of 
the continuum, the theory of irrational numbers, with the interpretation 
of the arithmetical theory of limits, and the conception of the transfinite 
ordinal numbers of the second class, with their applications to the theory 
of sets of points, remain as permanent acquisitions which rest upon a firm 
logical basis. This order of ideas has already become indispensable for 
purposes of formulation in analysis and in geometry; it is constantly 
receiving new applications, owing to its admirable power in providing the 
language requisite for expressing results in the theory of functions with 
the highest degree of rigour and generality. Cantor’s creations have 
rendered inestimable service in formulating the limitations to which many 
results in analysis, formerly supposed to be universally valid, are subject. 

The outlying parts of the theory to which exception has been taken in 
the present communication, do not appear to be comparable in importance, 
for the general purposes of analysis, with those parts to which the 
criticisms made are inapplicable. The latter involve only a natural 
extension of the notion of numbers, in which account is taken of all the 
elements which are essential in the conception of number in its original 
form; whereas an endeavour has here been made to shew that the more 
speculative general theory of aleph-numbers and order types depends upon 
an extension of the notion of numbers which leaves out of account an 
essential element in that conception, viz., the notion of correspondence ; 
and that this is the origin of the contradiction which ensues when an 
endeavour is made to contemplate the totality of these new entities. 

The criticisms here given are advanced with some diffidence, on account 
of the great logical difficulties of the subject, and especially of the philo-— 
sophical difficulties involved in questions relating to existential propositions. 
It is hoped, however, that the remarks made in this communication may, 
in any case, be of some utility as a contribution towards the discussion of 
questions of great interest which, at the present time, cannot be regarded 
as having been decisively settled. 
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ON THE EVALUATION OF CERTAIN DEFINITE INTEGRALS BY 
MEANS OF GAMMA FUNCTIONS 


By A. L. Drxon. 


[Received May 2nd, 1904.—Read May 12th, 1904.—Received, in revised form, 
January 10th, 1905.] 


Tue following communication consists of two distinct parts. In 
Part I., I investigate a formula for the multiple integral 


fait oo | rat 
1 2 Sel esa 
Geet] (> Auk) 
t= Ns 1 
where €, = 1—€,—&,—...—,-1, and in which #,, y:, Ay are quantities 
which have their real parts positive, and in which, moreover, 26—Zy is 


either zero or has its real part positive. This formula is modelled on 
Lejeune Dirichlet’s formula 


fhsaity © GES Fe 


s 


| aa oan By—-1 dé Bee dé. — one ; 
Gane Ge aee ; ae 1 (263) 


il 


both integrals being taken for all real positive values of &, £, ..., €.-1 
which make €, positive. 

In Part II. I wish to find integrals which will take the place of the 
two given above in the cases when (6, and y; are not restricted to have 
' their real parts positive. ‘This second part is founded on Pochhammer’s 
investigation* of a double circuit integral constructed to replace the 


al 
Eulerian integral of the second kind | x’1(1—a)"-!dz, in cases when 
tY) 


the real parts of / and m are not positive. 


* Math. Ann., Vol. xxxv., p. 495, ** Zur Theorie der Euler’schen Integrale.”’ 
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1. The multiple integral 


| TL fase ia (= Ast é,) as dé, déq Bene dEn—15 


(n—1) s=1 t=1 
s=n t=m 
and D2, [oy SS Yt» 
Ss v— 


and in which §;, y: As denote constants which have their real parts 
positive for all values of s and ¢, taken over a field of integration for 


which €,, &9, ..., €&, are all real and positive, is equal to 
U 132) t—=™ veel S20 /b= 1 [2h 
ct no (3 Ay 6.) Wil hon dice 
I Diy) (m—-1) t=1 s=1 \t=1 
in which On = 1—0,—0,—...—O ni, 
taken over a field of integration for which 0,, 90, .--> 9 are all real and 


positive. In particular when m = 1, 


s=n Ni s=m —=B 
| Wao (ES 48) ddl... da =H 
(n—1) s=1 eal 


aa 2 
imi 


T (8) « 
ine 
= B)’ = 


2. Consider first the case when m=1, and put y= 2X;. In the 
integral i 
| Tr 73 (3 4. é) dé déy .. dé 

(n—1) 1 


make in the first place the transformation 
e — ena (s = 1, 2, ..., at), 
m— 1 n—1 =i 
so that i=l ee, — (1+ » n) , 
ut 1 
and &, — ns|(1-+ Xm,). 


Then the limits of 7, are 0 and ©, and the transformed integral is 


CP (hee. os=n—1 
| \ wf II an = (4. aa 5 " Aans) an dane Oyn-1; 
0 JO 


0 


the factor (1+ 2y,)’~*? disappearing, since y = Z8. 
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nm—-1 
Now substitute for (4.+ Dy, Aan) é by the formula 
1 


nm—1 —¥ mt 1 Re —) ,—$(4,,+24,7,) 
(4.45 den) "= poy), O74 - 


Then we shall get 


ae eh B,—-1 ey—1 ,—$(4, +24.) 
ra. a a Geo Gian nace 
In this change the order of integration,* and integrate with respect to 
the 7 by the formula 


| Hee eas dns —_ I'(6;) Aa Gar. 
0 
“TL 1 (B,) AvP cc 


ani wer shale cage oo) Oe SE EY Gard este: op 
g men Clee as ¢, 


since 1255 (opp fey. 


S= 1 


That is, we have, finally, 


Ie WEAN 
ie 
C > 6.) s=1 

s=l 


as the value of the integral 


g=2 s=n —=p 
| IT g-( = A.é,) dede ade a. 


m—1) s=1 


3. This result being established, let us apply it to the multiple integral 


s=n t= s=n t=m ay 
\ a 2), II ace II Aas ( > 2) A st &, 6.) dé, eos hEn=1 dé, coe AO n=1 
M+M—4) s=) 1 


Sool 
s=n t=m 
where Chee Sa ey, 
s=1 t=) 
s=n t=m™ 
and ae eee Gass 
Sok f=) 


the field of integration being for all real positive values of 
£1, Eo, OE) hare En, 01; Qo, te Om—15 One 








* For a justification of this see later, § 5. 
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Since Ay has its real part positive for all values of s and 1, > A st &s 
t=m ue 


and + AO, also have their real parts positive, and.so we get, integrating 
t—1 r 


first with regard to the 0, and secondly with regard to the €, that 


t=m s=n t=) /S8= Hip. 
If ro | If cs ur ( x Auf) AE, dEy... AEn—1 


(n—1) s=1 


is equal to 


s=n t=™ _ 4 s=n /t=m wah 
II I'(8,) \ Wk Ome IL (5 Ay.) dO, d0,...d0n—1. 
a 


s=1 m—1) t=1 s=l1 
4. Another formula of the same type is obtained by integrating 
r= s=™ 
0 PA pip + ZB oY 5 + ZB p52 yg) Il gPr-1 al yrs} 
r=1 7. s=1 .° 


first with regard to the z, and then with regard to the y, and equating the 
two results obtained. In this way we get the equality 


s=m 


care Aerts oo: eo Btsy¥s—} 
II r@)| x EE HED) es 
r=1 0 Jo 0 I (Apt DsCrs ye)? 
eae, eno: E Theat aged 
=x il ro | | A a re eee 
Cail 0 J0 0 


(BS Crete) 


s=] 
in which §,, ys, A,, B;, Crs are constants which have their real parts 
positive for all values’ of s and ¢, and the field of integration in both 
integrals is for all positive real values of the variables. 


5. It is necessary to justify the inversion of the order of integration 
in the multiple integral with infinite limits. 

Taking the integral just considered in § 4, I suppose the limits of z, to 
be 0 to h, and of y, to be O to ks, where h, and k, are real positive 
quantities ; then it is sufficient to show that, as h, and &, are indefinitely 
increased, in any order and in any manner, the integral 


\ | =| | | ak e~ Tae I ys? day... dandy, ...dym, 


hy he h, hy ke Higa 


where " V = SAD Bey t 2D Cp tr Ys3 


can be made less than any assignable quantity. 
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In order to include the integral in § 2, zero values of A, and B, will 
not be excluded from consideration. This we may prove as follows :— 
Throughout the range of integration we have 


Le > Ny and Ys ls; 
and therefore Lr Ys > F (RrYsths Xr), 
and so Ls DX ty(Ap+4sd Crs ks) +2 Ys(Bs+$2 Cys hr) ; 


so that the above integral is less than 


co 
—y(B C,..I —1 
; € Ys sta sey) Yu dy. 


IL 


r 
T=! 


2 : s=m 
6 tr(Ay +82 Cy mer dx, I | 


hy s=1 8 


This is a product of factors which tend to zero separately and inde- 
pendently as h, and k, are indefinitely increased, and so the inversion of 
the order of integration is justified. 


6. If in the formula of § 1 we take As, = 1 for all values of s, we 
shall have = Asm §s — us = 1, and so, changing m—1 into m, we shall 


get the following result :— 


s=n t=m /s=n —Y¥; 
\ T @o I ( Aaés] dg adil eel 


n—1) s=1 t=1 \s=1 
in which &, = 1-€,-£4—-...- —En-1, 


and 6,, y:; As denote constants which have their real parts positive for all 
values of s and ¢, with the condition that the real part of 26—2Zy is 
positive, taken over a field of integration for which &,, £, ..., &, are all 
real and positive, is equal to 


s=n 


1(@;) 


Para «PS =e ee 
Re pay) Mt Py) 


=1 


t=m+1 ole t=m =; 4 . 
i II t Ul (Ons1+ ae WA 6.) dé, dé, eee AO», 


n 
l| 


t=m s=1 t=m 


where Cae — 2, 0, and Yn+1 = = Bs—- 2, Yt> 
the field of integration being for all positive real values of 


ORO; Ae, 28. Asrer! 


By making the substitution 0; = 0°0,,:, this last expression may 


sER. 2. von. 3. No. 894. O 
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be written in the equivalent form 


I T'(6;) Soro) t= y:-1 S=” t=m ; —B, 
va aa \ | | II 6. (1+ 5 446’) 
T'(=B— Dy) Il Ty) 0 J0 Om t—1 si 
=] 
| x dO, dO, ... dB. 
In particular, when m = 1 we have that 


\ TL £4 54,8} dé, dé, ... dé 


m—1) s=1 


TIT.) 1 =p—-y-1 
is equal to gee nedewie oe etd aaa Cade sr 


T(x 6—y)T(y) aE (1—0+ 4,6)": 
which may also be written 
ee | 67-1 dé 


T(ies—yTy) I (1+4,6)" 


7. Generalisations of the known formule for definite integrals of 
Lejeune Dirichlet’s type, in which &(£,+&,+...€,-1) takes the place of 
fat are easily obtained from the fundamental formule of § 3. Thus, 


+(Ze)iter 
T(r 3 48) 


for example, 


roy | ail ETN FT 
r= (n) II 


t=1 


is equal to Tre | EN aa Gly 
e=1 m) “Ty (4+ > Aus) 
Seal tL 
where Pe ys 


the field of integration for both integrals being over all real positive 
values of the variables, such that their sum is less than h (t.e., we have 
XE; >A and XO; h) and B,, y, A+Asgh being constants which have 
their real parts positive for all values of s and ¢. 

To prove this it is only necessary to make the substitutions 2¢, = t, 
fp 0, ANd. 0; — 101,00, AL eenO nat) oe, == “ANG eae Le 
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If in this formula we take m = 2, write y for y,, and put A». = 0 
for all values of s, we shall get that 


b (ss é,) Il oe 
| = 7m dé, dé, ... dEn 
© (44 3 46)’ 


is equal to 


AZzB-¥ jt) Gps) ay 6? 1 = 6; area 
Torey |e aeons dO, b (0, +6.) 03 


II (4-+4,6,)" 


when the real part of 2 @8—y is positive. 


1a 


8. In a paper in the Mathematische Annalen, Vol. xxxv., p. 495, 
Pochhammer has investigated a double circuit integral, constructed to 
take the place of the Eulerian integral of the first kind, 


1 
| a1 (1— x)’ da, 
0 


when the real parts of a and b are not restricted to be positive. 
The double circuit integral in question is 


(r 5 UF es 0—) 
| gt-l (1 —z)°-} dz, 


by which is denoted an integral taken along a path which starts from 
some point c, lying on the real axis between 0 and 1, makes a circuit 
round 1 in the positive direction, and returns to c, then a circuit round 0 
in the positive direction in the same way, and then circuits round 1 and 0, 
respectively, in the negative direction so-that the integrand returns to c 
with its initial value. 

The value of this double circuit integral is independent of the position 
of c, and we may suppose the path of the variable to be the real axis 
except at points in the immediate neighbourhood of the points 0 and 1, 
where we may suppose it to describe small circles about 0 and 1. 

Now when the real parts of a and b are positive the values of the 


integral round these small circles become infinitely small at the same 
o 2 
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time as the radii of the circles become infinitely small, and the circles. 
may be reduced to their centres so that the integral is reduced to one 
taken along the real axis between the points 0 and 1. Moreover the 
integrand is multiplied by e’” when a circuit is made round 0, and by 
e™ when a circuit is made round 1. 

Denoting this integral by e"“*” E(a, b), Pochhammer shows that 


G(a+1, d) =— ag & (a, 6), 
Ga, b+1)=— = & (a, 6); 


and further that when the real parts of a and 6 are positive 
1 
em (a+b) & (a, b) = (e774 __ 1) en—1) | gel (1—z)"! dx. 
0 


Leaving out of consideration the cases in which a or 6 is an integer, for 
which some modification is necessary, it is easy to see that these equa- 
tions establish the formula 


fied fet Ta) (6) 


a—-1/1 __»\b-1 pont eee Qmub___ 
artes Neh De ad [4 nome al 1)(e 1) ie peDay 


for all values of a and 6. 

This particular double circuit integral is, of course, not the only one 
which can be so used; any circuit which encloses each of the points 0 and 
1, the same number of times positively and negatively, and for which, 
when the real parts of a and 6 are positive, the integral reduces to 


1 
Theses eure | gel (1 —g)’-} dx, 
0 


where / is a rational integral function, will do as well. Thus, for in- 
stance, if the circuit (1+, 0+, 1—,O0—) be denoted by C, the circuit 
1+, C,1—,C will make f(e?*, ce") equal to (e’™’—1)7(e’""—1); the 
circuit 1+, C, 1— will make f equal to e™(e?"’—1)(e"*—1); and the 
circuit 1+, 0+, C, O—, 1—, C— will make f equal to 


(gem (a+b)__ 1) (e27-> — 1) (e274 1). 


9. Consider the integral 


-1 9—1 =| =] 
| f pyrameeh W1U, ape a dey dx, ts: dtn-1, 
n— 
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where Lf le oy — ge — Ly, 


and the field of integration is such that each of the boundaries 
z= 0, t= 0, ..., t, = 0 is enclosed by the same number of positive 
and negative circuits, these circuits being drawn so as not to meet any 
of the boundaries, so that after the field has been covered each factor of 
the integrand returns to its original value, and, moreover, is such that, 
when (3, (,, ... have their real parts positive, the integral can be reduced 
to one taken throughout the content bounded by z,=0, 2.=0, ..., an =0, 
where 2, 2, ..., are real and positive. Since the integrand is multiplied 
by a factor e?"* when a circuit is made round z, = 0, the value of the 
integral, when ,, @,, ... have their real parts positive, will be 


Bi—1 
(lecuen e77'Be a A) | Ly were ax, din see Og oye 
(n—1) 


taken throughout the content bounded by z, = 0, z,=0,..., that is, it 
will be r=" 


Te le (S,) 
S(eri, erm, |.) = ___., 
r(s 8.) 
r=1 
j being the appropriate rational integral function which belongs to the 
particular field chosen, and I wish to show that the value of the integral 
will be given by the same formula for all values of 8,, Gs, .... 

The form of the field of integration will in general be independent of 
the values of (,, 65, ..., but modifications are necessary if any of them 
are positive integers, in order to avoid the occurrence of zero factors in /. 
If 6, is a positive integer, the field of integration will start from and end 
in x, = 0, just as in the case of Pochhammer’s integrals { z*~'(1—z)°"! dz, 
in which, if a is a positive integer, the double circuit is replaced by a 
single contour which starts from 0, makes a circuit round 1, and returns 
to O again. Negative integral values of 6, are excluded from con- 
sideration. 


10. One such field of integration is obtained, and, moreover, the formula 
is proved for the particular case by applying to the integral 


s= 
| Wie Mende, U2)... Olney 


n—1) s=1 


the transformation which is commonly used to obtain its value when §, is 
restricted to be positive for all values of s. 
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If we put Ci — 7, 
0, —= 0, (1— vp), 


tnt Se) Up Ug ie « Dato (dare er) 
Lyn = U1 V9 coe Un —2Un-1) 
s=n 1 
Ee LTE silos 
(n—1) s=1 


is transformed into 
= b = byes 3 ae —1 
fa —v,)" BO. Rca ae 1 dn, | (1 —v,)” 1 ipilae +B, dv. Ehes 
=i i 
x | (1 pea yen AVy-1; 


and now, if we suppose all the variables v to make double circuits about 
the points 0 and 1, so that each factor of the above expression is a 
Pochhammer integral, we get as the value of the expression 


s=n 
II I'(6;) 
Ca 1)(e™ (Ba++ 63+ -..4iBy)) v 1) (oe ribae ine (Bete. ty) 1) SB s=1 i 


r(= 8) 

s=1 
The original variables x will in this case describe a closed continuum of 
(1—1) dimensions in a space of 2(n—1) dimensions, such that each of the 


boundaries z, = 0 is enclosed by the same number of positive and nega- 
tive circuits, because this is true of the variables v, and, moreover, this 


II 


continuum will not meet any of the boundaries. Also any factor a®*~* of the 
integrand will return to its original value after the continuum has been 
covered, since this is true of any of its factors yes type? An aerin ee 
Further, when the real part of 6, is positive for all values of s, each of 
the double circuits can be reduced to the part of the real axis between the 
points 0 and 1, described four times with different values of the integrand, 
as explained by Pochhammer; so that the continuum described by the 
variables x can be reduced to that bounded by z,= 0, z,=0, ..., where 
all the variables may be taken to be real and positive. This field of 
integration, therefore, is such a one as has been described, and the value 
of the function f(e?"™, e?"*, ...) for this particular field is 


(627s wae 1) (e™ (B2+83+...+8,,) __ 1) (e2™Be ait 1) (em (B32. PP ee 1) ts 


X (€?7'Bn-1— 1) (e?™Fn — 1). 
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If any of the 6 are positive integers, it is necessary to modify the field of 
integration. As the order of the letters is immaterial, we may suppose all 
the positive integral indices to come at the end; thus, if 6, is a positive 
integer, the path of the variable v,_1 1s a contour which starts from 0 and 
makes a circuit round 1 and returns to 0*; if 8,_; and 6, are both positive 
integers, Uz—-2 makes the circuit just mentioned, while the path of v,-1 is 
the real axis from 0 to 1. 


11. It is also possible to construct such surfaces geometrically. Con- 
sider the double integral 


—1l 9-1 —1 
(far af aft" da, dz, 


where iE A Nome fereclP 


If we put 2, = y, +21, % = Yot%t, then yy, %, Yo, 2 are the co- 
ordinates of a point in four-dimensional space. The boundaries are the 
Pianessy, — 0) 2 05) 4,'— 0, za — 03) 4-4-4 — 1, 4-126 —=0. When 
the real parts of 6,, 6,, and 83 are positive, the integration is over the 
area of the triangle in the plane z,=0, z,=0 which is bounded by 
¥1 = 9, Yo = 9, Wty. = 1. 

Let this triangle be OAB in the figure. Take a point P, in the 





WiGaak. 





* Cf. Pochhammer, Joc. cit., p. 510. 
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triangle whose co-ordinates are (a, b, 0, 0); and its Images Ps, Ps, P, in 
the other three quadrants. 
Consider the surface whose equations are 


2 oes ko. He yA is KO 
yy =a, Yate, = O°. 


This can be represented by two circles, a point on the surface being 
represented by two points taken together, one on each circle. Thus the 


Pe 





Pia. 2. 


points P,, P,, Ps, P, in Fig. 1 are represented respectively by the pairs 
(A, As), (Ai A), (A149), (A, Ad). 

This surface can be described in four distinct ways, since the circles 
O, and O, may each be described either in a positive or negative direction. 
If, starting from (A,, A,), we describe each circle in the positive direction, 
az, and z, will each have taken the factor e?", and tae oe therefore, the 
factor efit) and the whole surface will have been described in a 
positive sense. If, now, we describe each circle in the negative sense, the 
whole surface will have been described positively again, but x, and x, will 


each have taken the factor e~?", and a ~*~" will have returned to its 


original value.* 





* This may be illustrated by putting 6,;=1, y, - acos@, 2,= «sind, 4, =bcos9, 
Zg=bsing. The integral {| a®.—| xfa-! dx, dx, becomes in this case — a: b& \| e81% e82b dad, and 


its four values will be —«®' 0°(e+2"8,—1)(e+2*#:—1) according to the directions in which the 
circles round QO, and QO, are described, and the integrand will return to its starting point (A), A.) 
with the corresponding values a91~' 587? e2x(+6: +8), If, starting with these values as the 
initial value of the integrand, the surface were described in the negative sense, that is if the 
integral were taken over the opposite side of the surface—or over a variété opposée—the value of 
the integral would be changed in sign. 

In the case of an anchor ring in ordinary space of three dimensions, we have similarly a 
surface which has an inside and an outside, and in which two sets of circles drawn on it, viz., 
those about the axis of revolution and those about the circular axis, can be described independ- 
ently in either direction. 
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Let such a double description of the surface be denoted by Cj», the 
surface itself being called Sj». 

We may deform this surface Sj. into the surface represented by two 
contours, one of which starting from A, describes the line A,O, to some 
point near to O,, then makes a small circle about O,, and returns to A, on 
the other side of the axis O,A,; the other being a similar contour starting 
from A,, and making a small circle about O,. Then corresponding to any 
point Q in the area OMP,N we shall have four points on this deformed 
surface, viz., if the point @ is represented by the two points B, and B,, 
and if the points infinitesimally near to B, and B, on opposite sides of 
O,A, and O,A, respectively are denoted by B,+, B,— and B,+, 
B,—, we have corresponding to @ the four points represented by 
(B,+, Bot). 

If cf~* 2%" start from P, with its natural value, viz., 


exp [(8,—1) log a+(8,—1) log b], 


where loga@ and logd are real, and if its value at (B,+, B.+) be 
Ce al 4. then its value at (B,—, B,+) will be ea? 7a", at 


(B,+, B,—) will be ¢e* ai "2s, and at (B,—, B,—) will be 


- eT Beal : : , : 
e2™ (Bi ths) oP" of" and, if we consider the area OMP,N to be described 


positively as the describing point is passing through (B,+, B,+), it will 
be described negatively at (B,+,B,—) and (B,—, B,+), but positively 
at (B,—, B.—). 

So that, when the real parts of 6, and 6, are positive and the circles 
round O, and O, may be reduced to their centres, we have that the 
integral over the surface Sj, is equivalent to (¢?*:—1)(e""*—1) times 
the integral over the area OMP,N. Thus the integral over Cj, 1s equi- 
valent to 2 (e?™®:— 1) (e’"*z—1) times the integral over OMP,N. 

An exactly similar field of integration enclosing the corner A, viz., 
that over the surface S,3; whose equations are 


fears =i SORA e A is: 
where Yat 23 = 1—-Y,—Yo—t (4% +40), 


will be denoted by Cy3, and over a similar surface enclosing the corner 
B by C4. 

In order that when z, and z are taken infinitesimally small, the whole 
area of the triangle OAB, in Fig. 1, may be covered, these surfaces must 
be so deformed that each meets the others in a single line. That this can 
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be done may be seen by moving B out to a very great distance along Oy;; 
then the two surfaces S,. and S.3 become 


ptiaa, yteav 
and (I1—y,?+2 = (1—a)*, Yate, = 0, 
which meet one another along the circle 

Dig ae en, Yi te, = B, 


and by continuous deformation we may bring B back again, and still have 
the two surfaces meeting one another along a single line. We may 
suppose the portions of the triangle OAB which correspond to the three 
fields of integration Cy, Cos, Cz, to be OMP,N, MAKP,, K BNP, respect- 
ively, and now, if we assume the element of area which describes the field 
to start from P,, then move along the line P,K, make a circuit round AB 
at K, and return to P,—so that the integrand has taken the factor e?™'*»— 
then to describe Cy. in a positive sense, then the circuit round K in a 
negative sense, and finally Cj). in a negative sense, then we shall have as 
the equivalent of the integral over this field, when the real parts of 6, 
and 6, are positive, 
2, (e783 — 1) (e272 — 1) (e781 — ]) 


times the integral over the area OMP,N in the plane z,;=0, z= 0. 
The integrals along the positive and negative circuits around K destroy 
one another, since the integrand returns to its original value after C,, has 
been described. 

If we construct similar fields corresponding to the other two regions 
AMP,K and BNP,K, these three taken together will give a field of 
integration such as is required, and the factor f(e?"*, e?7*, e?™) corre- 
sponding to it will be 

2, (e°7"F1 — 1) (¢?7F2 — ]) (e?783 — 1), 


If 6, is a positive integer, it is necessary to avoid the factor (e?"**— 1). 
The field of integration may be taken to be over the surface S,., so 
deformed that P,M and P,N le along KA and KB respectively, or rather 
over the part of such a surface cut off by a boundary curve, which lies in 
the plane y¥,;+y. = 1, 2,+2, = 0, and encloses the line AB of Fig. 1. 


12. I now propose to show that for any field of integration of this 
sort the value of the integral 


B\—1 ,,B2—1 B,—1 
| ‘ Dini Cou wal h AL, dea. teen te 
i 


1905. | THE EVALUATION OF CERTAIN DEFINITE INTEGRALS. 203 


where lq = Lt — i, —... EI, 
IL 1@,) 
18 sp due een m4 r=1 
Bs TRB) 
for all values of (§,, By, ... (negative integral values excluded), 


f (e'"®, e?"®, |..) being the appropriate function for the field chosen. 

This I shall do by the method of induction, so that: the formula, being 
true for any values of §,, 85, ..., which have their real parts all positive, 
is also true for any values of 6, 8o, ... whatever. 

For shortness I write F for the integral 


ieee t em 
| 4 ee ee Sa NAT need i tay 
nu— 


taken over a field of integration such that each factor of the integrand 


ie returns to its initial value after the field has been covered. 
Further, I write F', for the integral obtained by replacing 6, in F 


by 6,+1. Then, since 


= (ce Pn) = ise ahr? a Pn 8B, ce ine 
= es gin" {Br Cee aa —2n-1)— Bn&r} : 
I get, on multiplying by af "aS"... ar Sa as sae and in- 
tegrating throughout the field, the two relations 
or Br Pa— Br Fs, (1) 


0= 6, F— 8, F,— PB, Po— oS es ORE IO inn eee OL gel; (2) 


the left-hand side vanishing since 2''z*" returns to its initial value.* 


In these equations 7 may have any one of the values 1, 2, ..., (w—1), 
and, if we write down the series of »—1 equations so obtained from (2), 
and solve them, we get at once 


Mg BE StI DS Nd A eters the) to beard) E 


18. By the help of this relation the evaluation of the integral 


s=n 
\ Wigan da, ..3da,—; 


nm—1) s=1 





* Or, if B, is a positive integer, has zero for its initial and final values. 
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is reduced to that of another integral of the same form in which #, can 
be replaced by 6,-++-n, where nm is a positive integer, that is, finally, to 
the evaluation of the integral when all the 6 have their real parts positive, 
and so the result is established that, if the value of 


s=n 
\ II ees) da, cep HS, 5, 


(n—1) s=1 


taken over a suitable field is 


I T'(6,) 
Ener 7m B2 ig eit 5 a 
f TRB) 
when the real parts of §,, 6,,... are positive, it is given by the same 


formula for all values of 8,, 8s, .... 


14. The same reasoning may be applied to extend to all values of §, 
and y;—with the exception of negative integral values—the formula 
proved in Part I., § 3, of this paper. 

For, if we have 


t 


ir 


m s=Nn t= /S=10 BN ay 7 
Ty) PCr cee ee | Deere Ir (= Auk) dé, dese eden 


m—1) s=1 


s=N z=m s=n st=m —B, 
——! NPR eh) eater e) a INL eho” VB (> Aa) 
s= 


(m—1) t=1 s=1) \e—1 
x dé, dé, eee Goes 


the integrals being taken over suitable fields, and f and ¢ being the 
rational integral functions corresponding to the fields of integration which 
have been chosen, then we shall get on integrating each side with respect 
to some one coefficient, say A,y, the same formula with Sy and y, changed 
into 6,—1 and y,—1 respectively. That the constant of integration 
introduced in this way is zero may be seen as follows. It is not a 
function of A,,, and therefore it cannot be a function of Ay for any values 
of s or ¢, since the integrals are unaltered, if, throughout them both, any 
two suffixes s, or any two suffixes ¢, are interchanged. 

As it is therefore independent of the coefficients A, we may put 
Ay equal to unity for all values of s and ¢, and we get integrals of the 
form considered in the last paragraph, and the relation is at once 
verified. 

The formula, then, having been proved for values of 6; and y; which 
have their real parts positive, is also true when 6, and y; are replaced by 


— 
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B,—n and y:—n where 7 is any integer, and so is true, in general, for all 
values of 6, and y;. 


15. A similar extension may be made for the formula of § 4, the field 
of integration beginning and ending at infinity (x, =-+ o, for all values 
of r), and making circuits about z,— 0. In fact the formula is at once 
proved for one such field, by making use of the expression for I'(p) as a 


; : 1 
contour integral, viz., oP] az?-le-*dx, taken round a contour which 


starts from infinity on the positive side of the axis of real quantity, makes 
a circuit about the origin, and returns to infinity on the negative side of 
the real axis. 
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GENERALISATIONS OF LEGENDRE’S FORMULA 
KE'—(K—E)K' =10 


By A. L. Dixon. 


[Received May 2nd, 1904.—Read May 12th, 1904.—Received in revised form J anuary 10th, 1905. | 


In a paper in the Messenger (Vol. xxx1., Part 2, p. 31) entitled “ A 
Formula including Legendre’s HK’+KH'—KK'=37,” Prof. EH. B. 
Elliott has proved that, if we write L (a, b,c; x) for 


K 
| sn*uen?udn’wudu (mod x), 
0 


the following relation will hold good, viz., 
L (a, b,c+2; x) Lc, 6, a; «')+L (a, 6, ¢; x) L (¢, 6, a2; «’) 
| var wy bl gs A 
—L (a, b, ¢; «) L (¢, b, a; «') Pee, Gece 
2 
In the present communication I propose to apply the method used by 
Prof. Elliott to the proof of similar relations for more general integrals. 
Legendre’s formula may be written* 


a, s=3 a1 s=3 i 

aa: | Nees ie 

| Il (cx—a,)7?adza, \ Il (a—a,)~? dx 
dg s=1 ag s=1 

— The 


to s=3 ae s=3 
| II (x#—a,)~? 2 dz, | Il («—a,)~2dz 


a3 s=1 a3 s=1 


and in the first place I investigate a similar formula by which a de- 
terminant of the (21—1)-th order, whose elements are of the form 


A, s= 
\ II (2—a,)*s—' x? dz, 


dy 41 S=1 


is equal to a product of gamma functions ; secondly, I prove that the ratio 
of a determinant of the (n—r—1)-th order to a similar one of the r-th 


* Weierstrass, ‘‘ Beitrag zur Theorie der Abel’schen Integrale’’ (Werke, Vol. 1., p. 118). 
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order, the elements of both being of the same form as that just given, 
can be expressed as a product of gamma functions. 

From these two results together I deduce some other formule, which 
correspond to Weierstrass’s relations for hyperelliptic integrals.* 

Finally, I show that similar relations exist for integrals of the form+ 


s=n 
jen II (c—a,)*s—! dz. 
S=1 


1. Writing f (0) = (0—a,) (0@—a,)... (@—ay), 
where dj, Go, ..., dy are taken to be all real, and arranged in descending 
order of magnitude, so that 
Ay > Ap > Ag... > An, 
consider the substitution 
(= 1)" "fF" (Q) &1 = (@1— A) @g— Gy)... @n-1— ay), 


(—1)""1/' (ay) a ae (21 — Ay) (%g— Aa) vee (inty— a); 
(—1)""*f" (ar) & = (L1— Ar) (Za— Ar)... (n—-1— Ay), 


(—1)"7f" (Gn) En = (@y—An) (Zo— An)... (@n-1— Gn) | 


where the number of the z is one less than the number of the roots of the 
equation /(0) = 0. 
The identical relation between the € is 


ftiat... tbr = 1, (2) 
which is immediately deduced from the relations 
nm—1 


tere. 
CAS fs 


Be 
Te ET (p <n—1); 


Transform the multiple integral 


Wes |e Coaemeca rename dciden dence 1 cde, 8) 


r 


in which &p = 1-8, — fg... — G1 — Sg ee — Ens 


and (6, has its real part positive for all values of s, by the substitution (1). 


* Weierstrass, loc. cit., p. 127. 
+ Cf. Abel, ‘‘ Petite Contribution a la Théorie de quelques Fonctions Transcendentales”’ 


(Guvres, Vol. 1., pp. 40-60). 
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It becomes 


TT {(—1)°-F"(a) 1-4 iihasdioouth Rv) Tdi,dity...dtna, (4) 


Sard S= 1 


th 
where R(a) = II (x#—a,)*e7} 
c— 


ips a(é,, E05 Pio 28) Cran, p41) iil OF) En) 


and 
A(X, La, ..-, Ln—1) 


The limits are chosen so that 2, varies from a, to a, 2 from a; to 
Qa, ..-» L; from ds41 to as. All these limits correspond to the limit zero 
for one of the €, and, moreover, the value of any € is always positive for 
this range of values of the z. 

Since €, is always positive, we have 


1 = Expat... +E-it Seti tb... bEn (5) 
throughout the integration, and so the field of integration for €,, ..., &—1, 
€,41, «++» €n 18 for all positive values subject to this condition (5). 


The value of the € integral is therefore by Dirichlet’s theorem 


P(Bi+8o+...+8n)’ 


and I have the result 





ay 2 G1 s=n—1 cam 
| \ oe | II EG) I dG drs One — II {(—1)"-1f" (a,)} e-} ITT’ (6) 
— $=] 











Ag Ja3 Qy P(28;) : 
(6) 
2. Now 
Ti == d (&, ey oie? fens Cant sey En) 
TR ORR AD 5 ST 
1 u 1 
ti—a, i aga)’ \) 0 “gaee—ay, 
1 1 li 
s=H L4—Ay-v Lag— Ap avy Ln—-1— Ar-1 
= [[ _ 
s=1 é 1 1 a) d 7) 
Ly — Ars Lg— Arey eal Ln-1— Ar+1 
iL 1 1 








’ ? e° Ak eee 
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where in II’ the dash denotes that the term corresponding to s =r is 


ol 
omitted from the product. 
Further, JII'f’(a,;) vanishes when 2, = a and when a, = q, and it is 
therefore equal to a numerical multiple of IL(#,—~2;,) II’ (ay—ay) ; and so I 


340) roe IL (7, — 2) 
— II (ay— dy) 


Gee Sat os se eres: fe ales all al APO it, 


which may be written in the form 


- —3 —4 
EPS) Fume TET ee yh y eay T 
—2 —3 —4 
aes 1 Dees aa Doser) Eo ee alos ety 8) 
IL (ay— ay) 
n—2 n—3 n—4 
Ln—1 oP Ln—p eeey Ln—1 a 
3. Now, writing A (as, as541, m) for 
a t=n 
IT (w—a,)Pt* x dar, (9) 


Os41 Ga 


I shall get as the value of the multiple integral, when expressed in 
24, Lg, ..., L,—taking for J the form (8)—the determinant 








| A (a, Ag, Was a) AH (a, Ag, n—3), sisie.9 A(a, 2, 1), A (a, M9, 0) 

IH (a5,.0,,2—2), EH (az, ay, 2-8), ven, LH (ay, dy, 1), Hag, a3 -0) 

AH (GQn-1, Qn n— 2), HG en, Any n—2), ceey HT (Qn-1; Any 1), A (Qn-1, Any 0) 
| (10) 

divided by II {(—1)""!f' (a) }* (asa) (s>d; 


so that I have as the final result: the determinant (10) is equal to 


n—1 fI } Ay T'(6,) 
I {(—1)""7" (as) | * Was Dey ay 


where s and ¢ take all the values 1, 2, 8, ..., », subject to the condition 
s>t. 

It should be noticed that the question of the sign of J(é/x) has been 
disregarded, so that it is necessary to determine what sign should be given 
to the result in any particular case- 

As an example of this formula, put | 

v5. Bs 4 & As iesgv2)18 14} by: 


SER. 2. vou. 3. NO. 895. P 
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then, writing R(x) for («—a,)(*—Aa,) (x—ag) (x—a,)(w—a;), we get for 


hyperelliptic functions of genus two the relation 


a 3 da ar ae 2 aa hes 
|. V/ {BR (a)}? |e are \, / {1B (a)}’ fF (a 
x? dx Karena: x da 
Nea WV {R(ax)}? ii J {fe (a)}? ie WV {R(a)}? La ae Be: 
ag es es 
te “i \. J Vik@y ae then AL “ites rAr IONS ii wae 
a dx er ae x Ax 
\s V {R(a)}? \. V {Ray}? We V {R(x}? a TIR@! 


4. Taking the form (7) for abs and writing Ip (ds, Gs41) for 


a, t=n B: dix 
\; ae (2—G,)(%&—a,;) 


43+1 t=1 
I get 
ACR AR Gra! io) JE Ghia) 
I, (a, Qo), I, (de, Qs), or) HE Pay Gn) 
II {(—1)""1f (a) |" 1B) 
Lp Cg), oD Cogs lg) oe Cl ee eed eee 
ee wa Nis le mean ete) CaS 
Tp4i(Q; Qo); L41 (Gay As), Dib at) Dsss (nse Qn) 
In(Q, 3),  In(@5, 3), «22, In(Qn~1, An) 





(S50) 25,ue tt) aL) 


5. I now go on to investigate the result of applying this method of 
transformation to evaluating a determinant of the (n—1)-th order, whose 
elements are integrals of the form 


ie 8 
in which },, bo, ..., Bm, Qy, Ao, ---) An are taken to be all real and arranged 
in descending order of magnitude, so that 

Ay > A, > Ag... > An 


(oa) => b, > by =o, coe = ba > Q; 


and in which 6, and y, and Y}8— Ly denote quantities whose real part 
is positive for all values of s and ¢. 


nN 


(x—a,)P* 
1 


ll 


I 


t=m ; 
—" TL (c—b,) a? dx, 
t=1 


and 
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Under these conditions b,—a, 1s always positive, and «—, does not 
change sign throughout the integration. 
Consider the transformation of the integral 


@1 (a2 y—1) S=N—-1 t=n s=n—1 t=m 
\ | eee | II II Cea. II a (2,—b,) “J da, Ax, eee An (12) 
Sle o— 


de Jag a, s=l] t=1 


by the substitution (1). © | 
46 is d ie Ex eeeg fdas g ener seg fay 


d (x1, gy +24) Xn—1) 
PORDEGEOUN Te 0a. 4a yon ets 


, and is considered to be expressed in 


s=n—1 


Expanding II (#,—0d,)+(—1)""'/ (6, by partial fractions, I have 
<= 


s=n—1 s=n—1 
II (X, = b,) II (ie ana Ay) s=n é 
s=1 eds >; (18) 


0) an =e GG) Ca ww cea 


so that by this transformation the given integral becomes 


p=n 


s=n t=n 
I (1 "Pao" TL {(— 1 "Ff Gd} ™ 
s=n t=m /s=n —Yyt 
calle I g*! 7 (= 2.) Oat de Gen enue Lee) 
gal ere Gar Ge a 
the range of integration being for all positive values of the £€, with the 


condition > £, = 1. 


6. In the preceding paper (Part I., § 6) it has been shown that this 
multiple integral can be replaced by 


Co pee eri s=n t=m —B, 
| | | TE af} IE (1+ —_ i. fb. 
sS=l 


0 Jo 0 t=1 t=1 0;—s 


I L(G) 


Re Sa eee 

T(z B—Zy) IL I'(y;) 
t=1 (15) 

Transform this integral by a substitution exactly similar to (1), viz., 


(—1)"~" 9’ (6) 0, = (@,— dy) (t2— 9») ... @n— i), 
where p(x) = (w#—,) (w@— bg) ... (@— Om) 


and the number of the variables @ is equal to the number of the z. 
The limits of x, are from b, to ©, of 2, from 0, to b,, ..., of 2 from 
b; to b:-;. Then, as in §1, 


(Pye Oo = Il (x,—2,) / eh aoe 
J = FS) = ay CE =F 


p Q 
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and can be expressed in various forms as a determinant, just as J(€/a) in 
§2. In particular, the form (8) of § 2 is the same for the two cases, and, 
corresponding to the form (7), I have 

















1 ip 1 
2,—b,’ t— 6,’ ont Lm— by 
t=m 
t=1 
1 1 1 
2i—O0m Zo Om (1) 6% One Oe 
Also, I get at once 
t=m 
i (%;—4,) 0, @, 
——____ — {—}_ —*"_. —= {-++) ; (17) 
—Dpa ie) at ern 
so that the integrand takes the form 
it ( IL (x,—b) ee 5s (a ee 
Ji | oe Se [ee ae (18) 
(—1)"—* f' (by) s=1 \(—1)" (as) i 


Finally, then, I get that the integral 


(ty (Go a, 1 S=n—-1 t=n ree n—1 t=m : 
| | > Vay T@-ayf TT @,—b)-*7 (£) tite. den, daca 


Ae Jas an s=1 ssi Gh 
is equal to 
0 by poe a m t=m =m s=n fa) 
| | al 160 IRE nor TI Il (@,—a,)~ m7 (= =) dry dry... dtm (19) 
by Din t= te" T=) sll 
multiplied by 
TL {(—"g@)}*{(—p fa}? TG) | 
cao a es cee oot Den oo ema A PE ay 6 aus ap 
TL { (1 FG) (=D Gd) }™ ‘ Eye me Y) 


7. Giving to J(€/x) and J(0/z) the form (8), and writing H (as, 341, 7) 


for in ae, 
\ II (c—a)** TL (2—b,)~ "a" dx (20) 
Ase] t=1 
and .1’(b;, 6,41, 7) for 
bs t= 
\ 2-6)" > I (c—a,) Pa" da, (21) 
S¢l1 t=1 


I get—writing down in each case only the first and last rows of the 
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determinants—that the determinant 


Aa, a, N—2), Hy, a, n—8), «.., HQ, d, 1), Hd, aa, 0) 


HT (Qn-i; Gn; 2—2), LE (Ani; Gn; M—3), vss, ET (Gin—1, Mn; 1), H(Qn-1, &n; 9) 
is equal to the determinant 


| {shi tes b, m—1), H'(x, bj, m— 2), eeey H'(a, bi, 1), H'(2, b, 0) 


a One1; Dre m—1), isl (Om—1; Bins m—2), @eey Jae (Greets ey 19 f EE (One ape 0) 
multiplied by 


1 (aay) TE {(— 1)" ga} (HIF) }" TB). (gg) 
P(2B—Zy) I (b;— by) TL {(—1)" 7 fF (6) }™ {(— 1)" p' (0) Dy) 
where s and s’ take the values 1, 2, 8, ...,, and s'’>s; ¢ and #' the 
Pcs eben, Oe tonite. =f, 
As examples of this formula, putting n = 3, m= 2, 6, = y; = 4, and 
writing a, and a; for b, and 0,, and f(x) for iat (s—a,), we have 
r=1 


\" x dx \ dx i x da i x Ax 

Lda A 1B)? Ja, 4/1 R@)} as V{R(@)}? Jas A {BR @)} 

bs _ eda i de i _ ada \ _ da 
an V {Ee (a) f° a, WV (fe (a) } PEA ae a, V 1B (a)} 


similarly, putting ft (x) for ith (x— dy), we have 
(Rd 














| 








\ x dx \ x Ax i. dx 

a, V {BR (a) }’ ay V {Be (a)}’ a V (R(z)} 

| ada if x Aa ig da 

a3 J {Ba}? as V/ | B(x) }’ , 7 a3 iB (@)} 

fi x dx | x ax | dx 

a, VR (e)}’ ag VW {Re (@)}’ a WV {F(z)} 
|. Le es |. x dx | dx 
ay 1B (a) }? hy (B (a)}? a, V {| B(a@)} 

= | aedx i adx \" da 

JeVIBOY Ja VTBOP Jee TRO} |? 
{" x? dx i x da " dx 
JaV{R@)} Ja Vi R@)} Jas 71 R(a)} 
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and there are similar formule for hyperelliptic functions of any order. 
Ife yput yn — de yi 1 an a 0, aero il, Tandmeyeite 


a for Qs, R(x) for (%— @;) (L—A) (T—As), we shall get, after some slight 
reduction, 


\e a2 dx i. dx ig da | 
oD) / {Be (a)}? Oy / (B(x) }’ Me (x — b)/ |B (a) } 


| Ae je dz ere eee 
aV{R@} “Ja V{R@} Ja @—DV{R@} ~~ 
| | 





\" x da \ dx E dx | 

Ja A/a e/a LOG) eee Ki 0) re ee 

/ | B(a)' | dx 
/{R(b)} Jy (a—a)/ { R(a)}?’ 


which is equivalent to II (w, v)—II (v, uw) = wH(v)—v E(w), in the notation 
of elliptic functions. 


say gg | 


8. Giving to J(€/xz) and J(6/x) the forms (7) and (16) respectively, 
and writing I,(a, @q+1) for 


\: TE (@— ast Gro bya nn (28) 


gy1 S=1 (ems Ay) \ oe ey’ 


where 7 is any chosen number out of 1, 2, 3, ..., 7; and I,,(b,, 6,41) for 


b 1 
| | IL been 1 (a—a,) ™ a (24) 


? 
bg+1 t=1 a—by 


I get—again writing down only the first and last rows of the determinants 
—that 


I, (4, Ao) » I, (Ag, As), 299%) f, (QHot An) . 
if (Qi) A) sik; (Qo, As) Ly rgb Es aes An) 


I, (a ) b3); f, (1, b.), erry T; (Oa Da) | 
is equal to oe pi Hae wee ne (25) 


Ty, (20 ’ b,), Te (b,, b,), ery IE Oaens bn) 


* In this determinant there is, of course, no row J,. 
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multiplied by 
{= play} (D7 ad} * PB) 
URC 02/2) (io Dam aa IL {( 


she! 


—1)""*f(6)) pee i(—1)""* gp’ (bi) }% T'(y) 


9. It is convenient, for the sake of extensions to be made immediately, 
to restate these formule in the form they take when the integrals which 
form the constituents of the determinants are transformed by a general 
homographic transformation, or, what is the same thing, when 
xb—Xy =0. The results are most easily obtained by using: trans- 
formations similar to (1), $1, on the formule of $1 of the preceding paper. 

Tf by, bg, .--, Bm, Gy, Aq, ---, Ay are real quantities arranged in order of 
magnitude, and 6, and y; denote ees whose real part is positive for 


t=m 


all values of s and ¢, such that = ees = 2 ae and if 


a, 


HT (ap, Ap+1, 7) =|". 1 (w—a,)P I Gb) ita da, 


Ap+1 S=1 
a b, t=m 

and Domne tat) =| Il (2@—b hyve ie (c—a;)*: x" da, 
By + ihe tae 


then the determinant 
| Oa ag fe Ay a ns 7-3), foes EL (A430, Lyk Lt (G4, @,-0) 


hoe coe eee . "=: eee eee eee eee 
| Ont; Any 1 — a), A (Qn-1, Ans n—3), opoh ET (Coes Qn, 1), ah Gm a, Ans 0) 
is equal to the determinant (m> 1) (A) 


EEAGe One m— 2), ED’ (0;, on m— 3), coy Hi (G7; bo, 1), HH’ (6;, Os; 0) 


Ee (Una Dink m— 2), tah Uinage bins m—3), oe) iy (Oe1, On by Ht’ (Cee Ors 0) 
multiplied by 


IL (as—ay) IL {(—1)"p(a,)}"* {(—1)" 1 f' a) | TB) ; 
IL (b,—by) IL {(—1)"-1f (6) }* {(— "1 6" (b) fT (yd) 


s=n t=™ 
where i ae (0—a,), (*) = Wi (O—b)), 


s and s’ take the values 1, 2, 3,..., », and s ><’, ¢ and ?@’ the values 
PO AAS ee, S77, andes = 1 
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216 
When m= 1 and y = 28 the above first written determinant is equal 
to Bs (7. 4\n-1 +! Bs—1 
Maa) APG ” 
10. Moreover, if oe 
2, I (w—a,)” 
Ti (Ap; Ap +1) = fi a eee =a 
t=1 


where 7 is some selected number from 1 to n, and 


L 


(w— b,)” th 
(x Te bi.) (x = ba) 


> 
lI 
~ 


= 


bp 


Alan 
Why 
S]e 


TGp, 0px) = |" =—_— 
p+) (x a as)" 
if 


s 


where g is some selected number from 1 to m, then the determinant 
I, (Qn-1; An) | 


Shey 9 


L(G, Aq), 1, (Aa; Ag), 
Ta ( Ces Gn) tang Lah Gay Ga), we TF dna) 
(in which there is no row J,) is equal to the determinant (m > 1) 
i (01, bo), Ti (b,, bs), eens Ti; (Res bin) 
Le a 2 be as (C) 


1, (01, b), Ea Obs bs), EO) Omen, Dm) 


(in which there is no row J,) multiplied by 


TL eC 1)” p(a,)(— inf. (As) } By T'(8,) 


(=D) 9" (b) _s=1 
(—1)"' f (ar) IL {(—1)""1f (6) (—D™ 1 g' (bd } *T (yy) 


When m=1 and y= 28, the above first determinant is equal to 


1 WH i@=a)(—1 Pa) } PHT) S 
Ky-y@  (—D=FOPTa) 


11. The results (A), (B), (C), (D) of the last paragraphs, obtained on 


the supposition that 6, and y; are quantities whose real parts are positive, 
and that a, a, ..., d, and b,, by, ..., bm are arranged in order of 
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magnitude, may now be extended to include all values of these quantities, 
the only condition which is retained being that b,—a, must be positive 
as to its real part, for all values of ¢ and s. 

This is done by replacing the definite integrals between fixed limits by 
double-circuit integrals. 

Thus, for example, if H (as, as41, 7) in formula (A) or (B), be defined as 


1 (Q,+ 5 %,,4+, &—, %,41—) t=n 8-1 
("Fy (oF 1) Loop | it (z—a,)" I (2— b,x" da, 


in which, of course, the double circuit is so drawn as not to pass through 
any of the points a or 0, and, if similar modifications be made in the 
definitions of J,(a_, @+1), ---, the relations (A), (B), (C), and (D) will still 
be true. 

For it is obvious that, corresponding to these double-circuit integrals 
for 21, 2, ..., the field of integration for &,, &, ... as given by the 
transformation (1) will be such a one as has been considered in Part II. 
of the preceding paper, that is, it is one such that each factor of the 
integrand will return to its initial value after the field has been covered, 
and also such that, when (6, 6,, ... are positive as to their real parts, the 
integral can be reduced to one taken over the content bounded by 


PES eye poke ep 
where &,, 5, €3, --- are all real and positive. 

This will be true for all values of 6, and y;, a, and 0, and so in 
accordance with what has been shown in Part II. of the preceding paper, 
the formule (A), (B), (C), and (D) will hold good for all values of 6, and 
yt, a; and b;; for, when (6; and y; are positive as to their real parts, the 
two expressions for H(ds, ds41, 7), ViZ., 


1 (A+1 Oe, y+. Uys Ue, ,—) t=n Ret 
(e2""8,— 1) La | ul (x—a,)* iti (a— b,x" dx 





and i TL (a—a,)*~* I (c—b,) “a dx, 
iy aes : 


become identical,* and the same thing is true with regard to 
Li,(Qp, Dp+1)> 
The condition that the two sets of quantities, a and 0, are separated 
from one another by a straight line drawn perpendicular to the axis of 
real quantities, may be changed by a homographic transformation into 
the condition that a circle can be drawn to ae the two sets from 
one another, and I get, finally, that, if a,,-a , ..., @, and Oy, bg, ..., On 


* Cf. Pochhammer, Math. Ann., Vol. xxxv., p. 470, ‘‘ Ueber ein Thiseene mit Pesceaten Umlaut. is 








218 Me. A. L. Dixon [Jan. 10, 


are two sets of quantities such that a circle can be drawn separating one 
set from the other, and if 6, and y; denote quantities such that 


= t= 
3 B= = 2% Y0 
and if 


x" daz 


n” 
pes 


Bs— 
oa 2 1 (ay +, Uy yyts Ups M41 — F(z na? 
(Ap, Ops 7) = (am, ("Fa —1) i Se (2x—b,)" 
t 
t=1 


and I; (Ap, Up +1) 


n 
ll 

— 
= 


— .)8s 
ik 1 i pts Ap41ts Ups % 41) a Ceti . dx 
= FFD n— 1) Tela @ [Meme 


~ 
WV 


with similar definitions for A’(b,, by41, 7) and [j,(b, by41), then the 
equations (A), (B), (C), and (D) of §§ 9, 10 will still be true. 


12. These two relations (C) and (D) taken together will furnish iden- 
tities in other forms. 

In the formula (D) suppose a, and b to lie outside a circle which can 
be drawn to enclose all the other points a, a3, ..., Gn, and take r= 1; 
then we have 


TL I {@—a) ("f(a }* PB) 
Cl F@ ep FOPTo) 


| I,(a,, Qs); I, (Qo; As), eeey Ts(Qn—15 Qn) 
IntGy; Ay), In (Qa, Cs), eoey il Chast Qn) 
= = (HI Lay, a) A, 


s 


where A, is the minor of J,(a@,, a.) in the determinant. Now 


| I, (aa; As), seey TOs Qn) 





Aye b Pitty (pp Gis leg Wi Ba (Pot dS) 


1541 (Qe, Cs), ro) dean (eens An) 


Ln (do; As), a) Le (An-1, Qn) 
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and can be evaluated by the formula (C), »—1 being written for n, 
8; being changed to 6,+1, a, taking the place of by, and b of b,, m being 


2, yo being 1—(,, and y, being y, and a, taking the place of a. 
In this way we get 


a A, = (a;— b) (as;— a) Bs 
ta (b—a,)(—1)""*f' (a) **T'(B)) 
* Toy FOP {(—1)"(b—a,) f’ (a) | - 2 Dy) FAB) 
x |; os —a,)'*\(a— by)” dx 
“TT (x —a,)*(2—a;) Cr) a a 
t=2 


ee 


Substituting, then, for A,, and noticing that the sign of A,, as given by 
this formula, will be different according as s is odd or even, we get 


Ir (x a, ay) da 


(sx—b)" (w—a,)(x—a)) 


iMil 
a 


> (@—by” dx 
(as— b) (as— a) Bs hee eae 
t=1 


~” 





=a 1 eIr(G,) bil =) 


sin ae T 
Now, changing the notation a little by writing a, for 6, and —f, for y, so 
that = 8, = 0, I get 
s=0 


t=n 








s=n 1a Ea At) if dx ny TL (c— a,)*t dx x 
— — dotted {ORs wl A OO ie eG abs Whi 
a EL A eae) \, a, (L—As) (%&— Ap) ie (x—a;) (4— a) = ee sin By 7 
| (27) 
13, This result may be given a more symmetrical form, for, writing 
As — Ay as). 1 Mad. 1} 
(x—a;)(@—a,) 2—a, 2—a, 





(c—a;)(4@—ay) 2—A, L—A)) 


and noticing that > el ems TEE AN ni (0). 


t=n pry 
s=0 


Scr dty)) I (x — a)" 
=0 


* Here and afterwards I write ff (w—a)*(x—b)4*f(x)dx for 
a 
1 fee = 0 


(e2n¢ — 1) (e2nud _ 1) er A ocld IAC 
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s=Nn ay t=n dz 
Lay \Be sas 
and = 8.|" 1 @—ay = 0, 
I get at once a 
a Il t—a,)' da 
s=N ‘Qo Ax al a a _ pA wT 28 
=O. eae ae 7 AO ee 


% (¢—a,) IL (e—a,)” 
t=0 

Again, keeping the same meaning as before for A,, I have 

D (—V Lar, %) A, =O (#2), 

s=2 


i" da re Ia=a) on 


SS 0. (29) 
a, (o-—a,) TE (wa) Ja, (t—as) 


from which > ley 


s=0 


In these formule the condition 26 = 0 may be removed, by moving 
one of the points a to © by an appropriate homographic transformation ; 
so that I have in general, putting 


t=n 
Pee) ll teeny 
t=1 


ima be 
L— Us tie sin 6,7’ ) 





s=n ts Ax ea R (x) Ax 
SG || ee ee | 
Caroll Maren amas 


a 


p We +) 


when p=q; and = 0 when pq, a, and a,-1 being so chosen that it 
is possible to draw a circle to separate them from all the other points a. 


14. As a verification put, in (27), a7 = ©,n= 8, 6, = 4, and write 
x= 9(u), ' (wu)? = 4[e(u)—e, ||? (w)—e9] [P (u) —es] ; 
then it becomes 


wo du +o’ 
2 (€.— €3) \ Fa | [ 9 (w) —e, | du 








+ 2 (€2—e,) | es fiat [?(w)—e.| du = mr 
; : 0 9 (U) — eg w ; , 
ae : \ [9 (wtw+w')—e,| du la [ @ (w) —e3 | du 
€y— €3 Jo * 
+ \ [p (ut o")—e,] du ie [0 (u)—eg]du = 1, 
€3— €g Jo wo 2 
or (1 — €y &) (4 — €3 w') — (9 — €3 @) (n’ —€g.0') = Ft (€g—€s) 


or nw!’ —n'wo = S71. 
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15. These formule (30) may be established directly by the method 
used by Weierstrass (loc. cit., Werke, Vol.1., p. 118). For writing the 
left-hand side as a double integral in the form 


R@y Bs 
Weare CPs Zane 


where RB (x) = II (zq—a,)", the integrand is equal to 











Rw) 1 (2o- RI (2)) 

Ry) (c—y) | R Ria) )’ 

' ao! R(z) ml f(x) 
len 6G Bi; (ne (ara 


so that the integral will vanish except when x = y within the field of in- 
tegration, and its value in the exceptional case may be determined.* 

By this method also, by taking the limits of x to be ¢ and c’, and of 
y, d and da’, we most easily obtain the formula 


1 | Bear _ 1 [ Ra) ae Ro | dy 








R@J). <-d Rd’), c—d' a (y—c) Ry) 
dom dy 
i a G=ayRGs 
Mee ° Ra) dz | dy 
a 2 Bs \ L— Us d (y—as) R(y)’ OP 
where AC) — TL (2—a,)". 


16. The method of this paper may also be used to obtain similar 
results with respect to integrals of the form 


| e~" Il (a@—b,)""' daz. 
For with the substitution used in § 6, viz., 


(—1)™"? 6! (0) ®; = (&,—},) (t#2— bi) ... (m— 2), 
where p(x) = (cx—b))(x—,) ... (e— On), 


* Cf. also Picard et Simart, Théorie des fonctions de deux variables indépendantes, Tome 11., 
pp. 198-201. 
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we have, as before 


t=™m 


i (%:—@s) 4, 
sa ae pea 
Se Te 
t=™ t=™m 
and also Li— bt 70; 
t=1 t=1 


Therefore the integral 


“Selah by, T=M™ t=mM A Q 
| | | LAUR Gere 0) ee oe Dans ) Aah cos Che 
by 


bo b r=1 t=1 


ne 


is transformed into 
TT {(—1)™"? g' (6) fe | | ty | OY ie ON Ore dO ns 
0 


which is equal to II {(—1)""1 6’ (b) }* " Ty), 


and so, writing I,(b,, 69+1) for 


(32) 





b 
iG oad TT (g— by - de 
b t=1 —by 


I get that the determinant 
I, (®, b,), I, (01, bo); CIO) J, (Omet; bin) 
IEatea- b,), Lei O;; b.), ereg iby (Opts mn) | 
= I} (—1)"* ¢' df Foy.” (83) 


Similarly the integral 


aera by_-j T=m t=m Oe a) 
| | aA ie (e,—)" Teli — a) eens go (= “) 
by b, if=l tel Pai Sead HY 
SEMEL co Oh es 
is transformed into 
t=m 


oar gayle (a 
II {(— 1)" p(a,)} Fs ; eee ll ( 0; LOUD 0n ee U0 as 
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which by the help of the formula in § 4 of the preceding paper is equal to 


S2=N 1 
I] EEO) ew 3s 


io Ast aa AUN ae M19) a 
WD pad TL J | ee pe ya tt be 





If in this integral we put 

(—1)" f' (@,) & = (2, — 4s) (X¥g—s) ... (Hn — As), (84) 
where f(a) = (2—a,)(a@—ay) ... @—An), 
we obtain 


ay (A, a, T=N s=n r=n t=m 
{ | eal II I (e,—a)*? 1 I (@,—b)-™ gems (£) 
r=1 t=1 


Ae J a3 —o r=l1 s=1 x 


MU tae Oe 


m—1 4! ¥—1 n Yt 
iplied by HAC=D* vPro Lyd 
mu tip ied by II (= 1)" f CA) ae {(—1)” p (as) | Pe 1*(6,) 


so that, writing I;,(b,, by+1) for 


t=m 





IL (w—b) 
°9 —(#—b941) t=1 Cate ax 
C s=n e—b,’ (35) 
aH II (c—a,)” i 
s=1 
a, Ul (2 — a)” d 
and I, (dq, Gq+1) for | eis ton CE aol (36) 
a &— Up 


t=m 
mT @— by" 
t=1 
I get that the determinant 
f, (2, b,), qi (d,, bo), e099 T, (OneeTs bm) 


Alera b,), TEA Gree bs), CULE) i pee Bin) 
is equal to the determinant 


berg) een lark (ls) 5s) ese -58 Ly (Ons — OO) 
(37) 


In (Ay, A), Ln (Ao, As), cere FE Gir a= Ge) 


ir 
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Gd ire Ory ever (1) 600) pe ih Gy) 
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multiplied by 


11)" fi Gay" {(—1)™ 6 @) Fe ES) 
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From these two, by a method exactly similar to that used in § 12, I deduce 


=m 


= ik (x —b \Ys b ree 

t=m bm a m (t—Dm) 

ot vt | * a7 @—Pn) Beall ax | ; € ax 

~* IL («@—b,)” («— by) 


t=1 bn r— b; 
=1 
Aa 
=(—-Doy sin Ym 7 
or, changing the notation, so as to agree with that used before, and writing 





Rw) = I (@—a,)*, 
s= 1 


see ? —© dx “% e R(x)dz a | 
Th pel Wiles Bac Sa ce 2 AAT) OES es 
a a EP \ paea he L— As lad sin 8,7’ (38) 
when p=q; and = 0 when p+ q. 
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THE WEDDLE QUARTIC SURFACE 


By H. Bateman. 
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i 


In a note at the end of a paper in the Camb. and Dubl. Math. 
Journal, Vol. v., 1850, p. 69, Weddle remarks that the locus of the 
vertex of a quadric cone passing through six given points is a quartic 
surface and not a twisted cubic as Chasles had once stated. This note 
was called attention to by Cayley (Comptes Rendus, 1861 ; Collected Works, 
Vol. v., p. 4), and a symmetrical equation for the surface was given by 
him. The subject was again taken up by Chasles (Comptes Rendus, 
t. Li1., 1861, pp. 1157-62), where he shows that the locus of the vertex 
of a cone which divides six given segments harmonically is also a quartic 
surface. The properties of this more general surface have been very 
fully discussed by Cayley (‘A Memoir on Quartic Surfaces,’ Collected 
Works, Vol. vit.), who identifies it with the Jacobian of four quadrics, 
the Weddle surface corresponding to the case in which the four quadrics 
have six common points. 

From the definition of the surface it is easy to see that the surface 
contains the fifteen lines joining two of the points and also the lines 
of intersection of the ten pairs of planes which can be drawn through 
the six points, making twenty-five lines in all.* 

The object of this paper is to obtain some of the tangential properties 
of the surface; a construction for the tangent plane at any point is 
obtained geometrically, but, in the latter half of the paper, considerable 
use is made of a parametric representation of the surface which was 
shown to the author by Mr. Richmond. 

The surface is obtained as the envelope of a certain system of planes, 
and is also shown to belong to a general class of surfaces which may be 
defined as the projections of surfaces formed by the translation of a curve 
in four dimensions. 





* The existence of the twenty-five lines is noticed by both Cayley and Chasles, but, as 
Cayley afterwards refers to Chasles’ paper, it is probable that they were first discovered by 
Chasles. 
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It appears in the course of the work that the twisted cubic is an 
asymptotic line on the surface. I have obtained a differential equation 
for the asymptotic lines, but have not succeeded in integrating it. 


2. The Jacobian of a System of Quadrics. 


The Jacobian of a linear system of quadrics of four terms may be 
described geometrically * as (1) the locus of the vertices of cones belong- 
ing to the system, (2) the locus of pairs of points which are conjugate 
with regard to all quadrics of the system, (3) the locus of points 
at which two of the quadrics touch, (4) the locus of the corners of 
tetrahedra self-conjugate with regard to two of the quadrics. If we 
denote the four quadrics by S, T, U, V, then the equation 


aS+6BT+yU+6V = 0 
will represent a cone if 

S@St=0 FO=G F0=G FO=O 

The result of eliminating a, 6, y, 6 gives us a quartic equation, viz., 
the Jacobian, while the result of eliminating 2, y, z, t is a quartic equation 
in a, 8, y, 6 which may be considered as that of another surface which 
Cayley has called the “symmetroid.” 

In the ordinary case the Jacobian surface contains ten straight lines 
and the symmetroid possesses ten nodes; and the above equations may 
be considered as establishing a correspondence between points on the 
two surfaces. The case in which the four quadrics have six common 
points is particularly interesting, for then the Jacobian is the Weddle 
surface, and the symmetroid has sixteen nodes and is no other than 
Kummer’s famous quartic surface. 

The second mode of generation tells us that the polar planes of any 
point P on the Jacobian meet in another point P’; the relation between 
the points P and P’ is evidently a reciprocal one, and so we have pairs 
of corresponding points on the surface. 

When the quadrics have six common points, there will be three 
linearly independent quadrics containing the twisted cubic through the 
six points; the polar planes of a point P with regard to these quadrics 
meet on the chord of the cubic through P. It follows, therefore, that 
the line joing two corresponding points on the surface is a chord 
of the twisted cubic and is cut harmonically by it.+ 





* Cf. Darboux, Builletin des Sciences Mathematiques, Ser. 1, t. 1., p. 348, 1870. 
+ This fact is mentioned by Darboux, Joc. cit., p. 356; he also remarks that in the general 
case, the lines joining corresponding points form a congruence (7, 3). 
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Since any chord of the cubic is cut harmonically by the surface, 
it follows that any tangent to the cubic meets the surface in three 
consecutive points; the cubic is therefore an asymptotic line on the 
surface. 

The system of corresponding points is obtained in another way by 
considering the system of quadrics apolar* to the original system of 
quadrics; 1t is built up by taking linear combinations of the tangential 
equations of any six linearly independent quadrics apolar to the given 
set. 

Let U,=0, U,=0, ..., Us = 0 be the tangential equations 
of the six base points: then the six quadrics U; = 0, .... Uj; =0 are 
linearly independent and are apolar to any quadrics through the six 
points ; accordingly, the general equation of a quadric apolar to the 


first system is 
¥ ky Ub hy 4. thy U2 = 0. 


Whenever this equation represents two points they will be conjugate 
with regard to any quadric through the six points, and will therefore be 
corresponding points on the Weddle surface ; if, then, LZ and L’ be the 
tangential equations of two such points, we have a relation of the formt 


(1) LL' = kU, +h; + hgUg t+ hyU; + hsUs +h Ue- 


By giving special values to the k’s we may obtain a number of points on 
the surface: for instance, by taking k, = k, = k; = ke = 0, we recognize 
that the straight line joining 1 and 2 lies entirely on the surface; by 
taking k, also zero, the point 1 appears as a self-corresponding point. Since 
we have five lines through each of these points, they must all be nodes on 
the surface. 

Now let M and N be the equations of two points dividing LL’ har- 
monically ; then clearly ipji = Wee 


so that M?—N? = kU; +... +hgU¢- 








* Two quadrics whose point and plane equations are respectively 
= ax + bx, + ox: + da: + If aot, + 294%, + Wha yo + WXyXy + 2 XyQ%4 + 24H, = 0, 
Pa Au, + Bu, + Cus, + Du; + 2 Frigtts + 2 Guy, + 2H yey + 2Puytis + ZQugtts + 2Rugt, = 0, 
are said to be apolar when the invariant 
O = aA+bB+cC+ dD+24f+2Gg+2Hh + 2Pp+ 2Qq + 2kr 


vanishes ; it is easily seen that, when = = 0 represents two points, this is the condition that they 
should be conjugate with regard to S = 0. 
+ Of. Serret, Nowvelles Annales, Sér. 2, t. 1v., 1865, p. 438. 
Q 2 
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It has been remarked by Serret* that a relation of this kind is the 
condition that the eight points M, N, Uj, ..., U, are such that any quadric 
through seven of the points should pass through the eighth ; accordingly, 
every quadric through Uj, ..., Us, M passes through N, and every pair of 
points M, N on the line LL’ which possess this property divide LL’ 
harmonically. A pair of such points can only coincide at one of the points 
Land L’. Therefore, if we consider a transformation in which a point N 
is derived from M by drawing quadrics through U,, Up, ..., Us, and M, 
and finding their eighth common point of intersection, the Weddle surface 
will appear as the locus of a point M which coincides with its corresponding 
point N. This method of obtaining the surface is due to Geiser (Crelle, 
Vol. uxvu., 1867, p. 78). 

If we consider only planes which pass through the point Z, the relation 


(1) gives 
Os tgs tet tee! 


Now U,=0 may be regarded as the tangential equation of the point in 
which any plane is met by the line ZU,, and a relation of this form 
between the tangential equations of six points in a plane is the necessary 
and sufficient condition that they should lie on a conic.t This shows that 
LU,, LU,, ..., LU, are generators of a quadric cone, so that LZ actually is 
the vertex of a cone through the six points U,, Ug, ..., Us. 


8. Parametric Representation of the Surface. 


Let A and B be any two points upon the twisted cubic through the 
six nodes; then any quadric through Uj, U2, ..., U, and A contains the 
cubic, and therefore passes through B; accordingly, there must be an 
identical relation of the form 


AB? = kU  +hoUe +... keUes 


where 4 = 0 and B= 0 are the tangential equations of 4 and B. If, 
then, we break A*— B? into factors, we shall obtain the tangential equations 
of a pair of corresponding points on the surface. 





* Serret, ‘‘ Géometrie de Direction,’’ Nowvelles Annales, t. 1v., 1865, p. 440. An admirable 
account of theorems of this type, with full extensions to curves and surfaces of any order, is 
given by Clifford, Collected Works, pp. 119-129. 

t+ This theorem is commonly ascribed to Serret, but, as Darboux points out (Bulletin des 
Sciences Mathématiques, Ser. 1, t.1., 1870, p. 11), it was first given by Hesse (Extrait du Zeitschrift 
fiir Mathematik und Physik, 1866 ; Leipzig, Teubner). 
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The co-ordinates of points on the twisted cubic may be expressed in 
terms of a parameter 0 by the relations 


MD Tb eg ated 9 alll ll 6 Ma 
Denoting the parameters of Uj, ..., Us, A, B by 0), Oo, ..., 05, 9, ¢, the 


identical relation between the squares of the tangential equations of the 
eight points may easily be verified to be 


(P+mP+nO+p) 4. _(lpr+mg?+ngp-+p) 
(0—)(0—8,)...(A—) — (¢—4) (—4)) ... (6— 95) 


(103+ m6,+n0,+ p)? 
2a 2 ATCT NR CATT 


Comparing this with the previous relation, we have at once 
16°+- m0?+n0+ p)? (ld? +-m¢*+no+p) 
i = AA B= saUeMasietasiilay Sm £ ana 

(_PORCETAT CEST UNC SEIN a CIEEN 
Rejecting the common factor 6—4¢, we see that the tangential equation 
of a pair of corresponding points ZL and L’ may be written in the form 

(1+ me+nO+p) _ (lp?--mg*+ndtpy 

f (9) F() 
where F(a) = (a—9,) (a—,) ... (a—O,). 
Taking the square root of each side, we obtain the parametric representa- 
tion 




















LLU S82) GS was Pua. MERA $ es Ls ey 
Vf(0) VF(¢) VFO) VF(o)~ @) Vf (4) 

; 1 
e pas LEN = Vaan PSE iY 
Vf(0) WV F() 


This representation was obtained by Mr. Richmond by writing down the 
co-ordinates of Z and L’ as 
0 0 1 

gyri Sees e te ots 
(the co-ordinates necessarily being of this form, since AB is cut harmonic- 
ally by LZ and L’), and expressing that L and L’ are conjugate with 
regard to quadrics through the six points. The hyperelliptic parametric 
representation is considered by Humbert (Liouville, Vol. 1x., 1898, pp. 
466-473). Methods of obtaining a representation of this kind directly 
are suggested in a recent paper by Dr. Baker (Proc. London Math. Soc., 
1903, Vol. 1., p. 261) and in Hudson’s treatise on Kummer’s Surface, 
p. 199. 
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4, Systems of Points on the Surface. 


If we denote the quantity (/0°+m6@?+70+ p)7/f(0) by F(6), then 
F(0)—F(¢) is the tangential equation of a pair of corresponding points 
on the surface. 

Let 0, ¢, be the parameters of any three points on the mst 
cubic ; they give rise to three pairs of points 


aad = FG¢)—-FY), B= FW-FO, yy =FO-F), 
connected by the relation 


aa’ +6B'+yy' = 0. 


This signifies that the six points le by threes on four lines, 2.¢., are at 
the corners of a plane quadrilateral. Further, if a, a’ and 8, 6’ are two 
pairs of corresponding points in a plane, they are conjugate with regard 
to all quadrics of the system, and so by a well known theorem due to 
Hesse the other two points y, y’ in which the four lines af, af’, a’, a’8' 
intersect are also conjugate and are therefore corresponding points on 
the surface. If, however, the plane meets the cubic curve in A, B, C, it is 
easily seen that (a, a’), (6, 6’), (y, y’) must lie on BC, CA, AB respect- 
ively ; so that there are only three pairs of corresponding points in each 
plane. 

Again, if 0, 4, Ww, x are the parameters of.any four points on the 
cubic, we obtain six pairs of points, 


aa’ = F(¢)—L (Wp), az’ = F(0)—F'y), 
BB' = Fo)—F(), yy’ = F(p)—-F), 
yy’ = F()—-F (9), zz! = B()—LF), 
and we have the relation at 
aa’xa'+ BB yy’ +yy'ze' = 0, 
which signifies that the three tetrahedra whose corners are (a, a’, 2, 2’), 
(6, B', y, y'), (y, y', 2, 2) respectively form a desmic system.* 

If we take any six points in space and draw the twisted cubic through 
them, we may choose the coefficients in /(@) so that the quantities /(0) 
are any given multiples of the tangential equations of the given points ; 
accordingly, if the line joining each pair of points is divided. internally 
and externally in the ratio of the numbers corresponding to each point, 


~ 


~ 


* For an account of desmic tetrahedra I may refer to Hudson’s treatise on Kwmmer’s 
Surface, pp. 1, 3. 
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the thirty points thus found will lie on a Weddle surface. With each 
point as centre let a sphere, whose radius is proportional to the corre- 
sponding number, be described; then the thirty points are the centres of 
similitude of these six spheres taken in pairs; hence the centres of 
similitude of any six spheres lie on a Weddle surface. 

If the six nodes of a Weddle surface lie on a sphere, the surface may 
be described as the locus of the centres of similitude of pairs of spheres 
whose centres lie on a twisted cubic and which cut a given sphere 
orthogonally ; for the tangential equation of such a sphere is of the form 


(10°-+ m@?-+- n0-+ p)? = kf (0), 


where / (0) = 0 is the result of substituting «= 6, y = 6, z= 0, t= 1, 
in the equation of the given sphere, and the centres of similitude of a 
pair of such spheres are given by . | 


(1+ mP+nb+p) — (lg?-+-me+tnp+p)? 

| F (0) bs I) 
so that they are corresponding points on the Weddle surface whose nodes 
are the points of intersection of the given sphere with the twisted cubic. 

The surface which is the locus of the centres of similitude of spheres 

belonging respectively to two singly infinite sets possesses a number of 
interesting properties. It is easily seen that the co-ordinates of any point 
on such a surface can be expressed in the form 


LY iz. t= f,(w+¢4,(v) > fo (u) + ho (v) > fs (W) + 3(v) 7, (u) +94, (v). 


If now we regard (a, y, z, t) as the actual Cartesian co-ordinates of a 
point P in space of four dimensions, the corresponding point @ in our 
space will be obtained by projecting P from some outside point. Hf, 
moreover, the co-ordinates of Pare given by the above equations, P will 
lie on a certain surface obtained by the translation of a given curve. 

~ The lines w= constant, v = constant form a system of conjugate 
lines on such a surface and will project into a conjugate system on the 
surface in our space. In the case of the Weddle surface the space curve. 
by means of which the surface of translation is generated is easily seen 
to be of the sixth degree ;* it is symmetrical with regard to the vertex of 
projection in one position for which it projects into the twisted cubic, 
through the nodes of the Weddle surface; in any other position it passes | 








So 


* The surface may be considered to be generated by the curve @ = constant moving so that 
each point on it describes a similar curve; the symmetrical position is given by ¢ = 0, while in 
arly other position the origin is one of the points given by @ = ¢. . 
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through the origin and so projects into a curve of the fifth degree. We 
thus obtain a conjugate system of quintic curves on the Weddle 
surface. 

The class of surfaces obtained by reciprocation are considered by 
Darboux (Théorie Générale des Surfaces, Vol. 1., p. 123), where it is 
shown that they possess two families of plane curves forming a conjugate 
system: a surface of this type may be described geometrically as the 
envelope of the radical plane of two spheres belonging respectively to two 


singly infinite systems. 


5. Tangential Properties of the Surface. 


Let S and S’ be two consecutive points on the twisted cubic through 
the six nodes, # any other point on this cubic; then the sides of the tri- 
angle HSS’ will meet the surface again in three pairs of points PQ, P’Q’, 





Fia. 1. 


TT’, lying by threes on four lines ($ 4). Hence PP’ and QQ’, which are 
ultimately tangents at P and Q, intersect in a point 7’ on the surface, and, 
since the corresponding point 7” ultimately coincides with S, the polar 
planes of S with regard to quadrics through the six nodes meet in the 
point 7, which lies upon the tangent at S. 

As & moves along the cubic, the point 7’ will remain fixed; the points 
P and P’ will therefore describe the curve of contact of the tangent cone 
from T' to the surface. 

Again, if U be the point derived from A in the same way that 7’ was 
derived from S, and we keep Fi fixed and vary S, the points P and Q will 
describe the curve of contact of the tangent cone from U; also it ig 
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easily seen from the above figure that 7’P and TQ are the tangents at P 
and @ to this curve of contact. 

Now UP and UQ are generators of this cone; hence it follows that PU 
and PT are conjugate tangents to the surface at P, and so the curves 
obtained by keeping one point on the cubic fixed form a conjugate system. 
They are in fact the curves of the fifth degree obtained previously. 

The tangent planes to the surface at P and Q are the planes PUT and 
QUT respectively. Now P and Q, being points on the surface, will be 
vertices of cones passing through the six double points; the polar planes 
of R and S with regard to these cones will therefore pass through U and 
T respectively ; but any point on RS has the same polar plane with regard 
to a cone vertex P; hence the polar plane of Q with regard to this cone is 
the plane PUT, that is, the tangent plane at P. 

The tangent plane to the surface at any pvint P is therefore the 
polar plane of the corresponding point @ with regard to the cone whose 
vertex is P, and which passes through the six double points.* 


6. Analytical Treatment. 


The plane le+my-+nz+pt = 0 will pass through the point (0, ¢) on 
the Weddle surface, if 
1+ m6?+n0+p - lp? +m¢+no+p 
Vf (0) Vf (d) 
It will pass through the consecutive point (@+60, ¢+6¢) for all 
values of 6@ and dg. If 
0 (1P+mP+nd+p ) = 
OR moo mee ener n 2) 
and a { lpi mp Tnptp l a). 
op | Vi (~) 
it will then be the tangent plane at the point 0, ¢. These equations 
signify that the tangent plane passes through the point whose tangential 
equation 1s a 16 +6241 iO-+p | _ 
TN aes sO) 


bf 


for all values of ¢. 








* This construction is analogous to that for the tangent plane at any point on the Hessian 
of a cubic surface. Darboux remarks that many of the properties of the Hessian can be 
extended to the Jacobian of any four quadrics ; it is probable therefore that this construction was 
known to him. 
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If in Fig. 1 S is the point 6, and #& the point ¢, then the equation 
just written down represents the point 7. is co-ordinates of 7’ may 
therefore be represented by 


CUD Paar AP Gr Wi 
08 | /f(@) "00 L/#(6)! 





Co. IRN 
A/F (6) } "00 (/F(0)) ” 


Zl 


Lyi 2it= 


so that the locus of 7 is a rational curve of degree 7 ane on the 
surface. 

If P is any point on this curve, the chord RS is a tangent to the 
twisted cubic and so the points P, U and T coincide; but PU and PT 
are conjugate directions on the surface ; therefore PU isa tangent to one 
of the asymptotic lines at P; hence this rational curve a degree th is an 
asymptotic line on the surface. 

‘We saw that the tangent plane at any point must satisfy the relations 


1+ me +nO+p _ lg?-+-m¢? tnptp 


Vf (0) Vf (op) 
oO { 10°+-mO*+n0-+p |) _ (ld °+-m¢?+no+p Bl = 0. 
_ 00 ( /f (0) eid Oy 5 ( | AMF (}) | | 


Gea the sextic (6?-+m6?+n0+p)’—&f(0) = 0. 


If we eliminate 6 between this equation and the second equation, we shall 
obtain the values of & for which this sextic has equal roots; the first and 
third equation then signify that this occurs twice for each value of &k, 
since 0 and ¢ are different ; accordingly, with such a value of & the sextic 
has two pairs of equal roots, and so the tangential equation of Weddle’s 
surface may be obtained by expressing the condition that the equation 


(10?+-m??+nO+p)?—kf(0) = 0 
may have two pairs of equal roots for some value of k.* 


The tangential equation will be of the twenty-fourth degree, so I shall 
not: stop to work it out ; we may, however, obtain a geometrical interpre- 
tation of the last result. soe 

Let U = 0 be any quadric through the six arodare then the equation 


V = (latmy+tnz+pt?—kU = 0 


represents a quadric touching U=0 round a conic. The points where 








* This method may be adopted whenever a surface has a parametric representation - 


zit=f, (0) +h (>) : fo (9) +f2($) 2 f3(0) +f3() 2 Ss (8) +S: (9). 
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V =0 meets the cubic are given by 
(10? + m+ ndb+p)?—kf (0) = 0; 
so that, if & is properly chosen, V will touch the twisted cubic twice. If 
therefore we describe a quadric V to touch a given quadric U all round a 
conic and to have double contact with a twisted cubic, then the envelope 
of the plane of the conic is a Weddle surface. 
The tangent plane at (0, ¢) will pass through a consecutive point 
(0+660, ¢+6¢) if 
Ce | ee ay ts o {# +m¢" ane Te é¢ 
ae: V/@) og Vi(@) 
Now, since the equation . 
(la?+ma?+nae+p)—kf(x) = 0 
has two pairs of equal roots, we may write 
(la® ma nap) — kf (@) = \ @—0)* (a— 9) @—a)(e—8) 3 
therefore 


[espe thee t+na+p/? aes (2— 6)? (x— 9)? (ex—a)(a— —B) 


Vf (x) ee 
Differentiate twice with ard to « and put « = 0; then, since 
1+ m?+nd+p 
08 ol wae 


we obtain the relation 


9» P+mP+nb+p £ |= = 509) O-a0s —£) 
VF) Vf) FO) 
with a similar one in ¢; accordingly the differential equation for the 
asymptotic lines becomes 


(0—a)(9—B) ao. _ oo —£) 
7) —— FF) d¢’, 


where a and 6 may be regarded as defined in terms of 6 and » by the 
t that 
etme hf (a) +d (e— 6)? (a—9)* (@— a) (eB) 


is a perfect square. 

The asymptotic lines at a point (0, 4) will coincide only when one of 
the coefficients of d0? and d¢* is zero; this will occur either when 
f (¢) = 0, that is, at the double points, or when, say, 6 =a; this, there- 
fore, may be regarded as the equation of the parabolic curve. 
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The first form of the equation shows that the tangent plane at a point 
on the parabolic curve satisfies the two equations 


ee lp? -+-m¢?- +not+p) _ iN oO (1d® smatst +nptp) _ te 
ip a figyit orld aisle cog? Leahy Gea aaa: 


the developable generated by them therefore contains the rational curve of 
degree 7. 

A particular integral of the differential equation for the asymptotic 
lines is evidently given by 0= ¢: this consists of the twisted cubic and 
the rational curve of degree 7 already found. 


7. Curves on the Surface. 


The principal types of curves on the surface known to us at present 
may be described as follows :— 


(1) Sextic Curves.—These include the Jacobian of three quadrics, 
a curve which may be described geometrically as the locus of the vertex 
of a cone through the six nodes and one other point ; the cones necessarily 
pass through an eighth point, and the curve is symmetrically situated 
with regard to these points. In general the curve does not pass through 
any of the points, but, if the seventh point is on the Weddle surface, 
the eighth point coincides with it and the sextic has an actual double 
point there.* 

These curves are of great importance in one of the birational trans- 
formations between the Weddle surface and the Kummer surface (cf. 
Hudson, pp. 169-172). A beautiful method of obtaining this birational 
transformation was given by Dr. Baker (loc. cit., p. 249): it has the 
advantage of exhibiting the relation between the two surfaces in a clear 
form. 

A point on the Weddle surface is made to correspond by means of 
the transformation 


to a point on the curve of contact of the tangent cone to the variety 
én¢ = €'n'C from an arbitrary point upon it: the section of the cone 
by an arbitrary plane is a Kummer surface. 

Any quadric through the six nodes of W is shown to correspond to 





* See Cayley, Joc. cit. ; also Chasles’ paper in Comptes Rendus. 
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a planar three-fold through the vertex of projection and therefore to 
a plane section of K, a cone through the nodes of W corresponding 
to a tangent plane to K. 

A system of quadrics through the six nodes and one other point 
corresponds to planar three-folds passing through a line, and therefore 
to plane sections of A passing through a fixed point. The sextic curve 
which is the locus of the vertices of cones of the family will therefore 
correspond to the curve of contact of the tangent cone from this point 
to &; the corners of the tetrahedron which is self-conjugate with regard 
to two of the quadrics correspond to the points of contact of the tangent 
planes through a line to K. 

Further properties of these sextic curves are given by Humbert (loc. 
cit.) where their hyperelliptic equations are obtained. 

Another type of sextic curve is cut out by a cubic surface with nodes 
at four of the nodes of W, but they are not of much interest. 


(2) Octavic Curves cut out by Quadrics through the six Nodes.—These 
correspond to plane sections of K. When the quadric contains the 
twisted cubic through the six nodes the octavic breaks up into the 
cubic and a quintic; if, moreover, it is a cone, we obtain the type of 
quintic curve already considered; since this quintic lies on the polar 
cubic of the point 7 (Fig. 1), it appears that the cone whose vertex is 
P and the polar cubic have one line in common. 


(3) Curves of the tenth degree cut out by Weddle Surfaces whose Nodes 
lie on the same Twisted Cubic.—These curves are mentioned in Darboux’s 
paper in connection with a linear system of five independent quadrics. 
If f(z)=0 and ¢(z) = 0 are the equations giving the parameters on 
the twisted cubic of the two sets of nodes, the curve will cut the twisted 
cubic in ten points given by the equation 


F(x) $' (x)—f (x) o(@) = 9, 
and will cut each surface again in a configuration of thirty points similar 
to that considered in § 4. 
If W and W’ are the two surfaces, we may obtain the curve as the 
intersection of any two surfaces of the system 


W+kw' = 0; 


accordingly we shall obtain a series of groups of thirty points upon the 
curve. 

The straight lines on W-+kW' which do not meet the cubic 
will be quadrisecants of the curve, and these can be shown to lie upon 
a ruled surface of degree 10 (Darboux). 
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If the nodes of the second Weddle surface coincide in pairs, it 
degenerates into a plane and a cubic surface having three nodes; the Cp 
then breaks up into a plane section and a sextic curve; the thirty points 
in any one configuration divide into two sets of fifteen, one set lying on 
the sextic and the other upon the plane quartic. We thus obtain con- 
figurations of fifteen points upon the plane quartic lying by threes on 
twenty lines. 

Another degenerate case occurs when W and W’ rage a common 
nodes: they then have six lines in common and touch all along the twisted 
cubic ; the residual intersection is therefore a quartic curve. 

There are also a number of special curves of low degree: for instance, 
Darboux remarks the existence of (1) ten twisted cubics having nine of 
the lines on the surface as chords; (2) twenty-five twisted cubics having 
three of the lines as chords; (8) forty-five quartics meeting eight lines, 
forty-five quartics meeting two lines. 

We may obtain other types of curves upon the surface by using the 
birational transformation in which a point P corresponds to a point P’ 
on the same chord of the cubic, and such that PP’ divides this chord 
harmonically ; it will, however, be found that some of the curves mentioned 
transform into themselves. 


[May 19th, 1905.— The reciprocal of Weddle’s surface being the 
envelope of the plane of a conic which touches six planes, it is natural 
to expect that the properties of the surface will take a simpler form when 
the six planes touch the circle at infinity. The surface may then be 
obtained either as the envelope of the principal planes of a quadric 
inscribed in a quartic developable, or as the locus of the centre of a sphere 
having double contact with this developable. 

If the equation of a rational curve of degree seven with six cusps be 
written in the form 
Ce Pecan Pt ia el ad oer eh Doh 
00 WV F(O)) © OOLW FO) ° 60 LV FO) ° 06 WFO)’ 


and we regard it as having a density p given by the equation 





Lay Gale 





+ hae di! 
Ay 


the Weddle surface will be the locus of the centre of gravity of any 
portion of this curve. | 
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ON THE COMPLETE REDUCTION OF ANY TRANSITIVE PER- 
MUTATION - GROUP; AND ON THE ARITHMETICAL 
NATURE OF THE COEFFICIENTS IN ITS IRREDUCIBLE 
COMPONENTS 


By W. Burwnstve. 


[Received and Read March 9th, 1905.] % 


THE present paper consists of two quite distinct parts, though the 
second is closely connected with the first. If a group of finite order N 
is represented as a regular permutation-group in N symbols, and if this 
permutation-group is completely reduced, each irreducible component 
occurs a number of times equal to the number of symbols on which it 
operates. This result is due to Herr Frobenius. I have recently given 
a direct proof* of it, depending only on two fundamental properties of 
finite groups. The first part of the present paper determines the — 
number of times that any given irreducible component occurs, when 
any representation of a group of finite order as a transitive permutation- 
group is completely reduced. The result, of course, involves the above 
mentioned theorem as a particular case. In the second part of the 
paper the actual reduction of the permutation-group is dealt with: first, 
on the supposition that the domain of rationality is defined by the 
characteristics; secondly, that it is defined by the roots of unity of 
which the characteristics are functions. Conditions are obtained under 
which it is possible to exhibit the completely reduced groups so that 
the coefficients in their transformations shall be (i) rational functions 
of the characteristics, (ii) rational functions of roots of unity. 


Vhs 


Notation.—G is an abstract group of finite order N, with 7 sets of 
conjugate operations. 
ie Ps, ) iy 


are the ry distinct representations of G as an irreducible group of linear 


* Acta Mathematica, Vol. XXVIII. » pp. 3869-387. 
+ 
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substitutions; I, being the so-called identical representation in which 
every operation of G corresponds to the identical substitution. 

The number of operations in the 7-th conjugate set is h;, and the 
characteristic of any operation of the i-th conjugate set in I’; is x’. 

If g is any sub-group of G, the representation of G as a transitive 
group of permutations in which the sub-group which leaves one symbol 
unchanged is g is denoted by G,. In this way, by taking for g any 
one from each of the sets of conjugate sub-groups of G in turn, all 
possible representations of G as a transitive group of permutations 
arise. 

In the representation I, g may or may not be reducible. In any 
case the symbol u/ is used to denote the number of linearly independent 
linear functions of the symbols transformed by I, which remain un- 
changed by every operation of g. Then the theorem to be proved is 
the following :— 

In the completely reduced form of the transitive permutation-group G, 
the irreducible component I’, occurs ae times; v.e., the complete re- 
duction of G, is given by the relation 


Ga = Dug l. 
It may be noticed that when g consists of the identical operation only 


then a from the above definition, is M4 and the result is equivalent to 
the known reduction of G expressed as a regular permutation-group. 


Let yy ake ere 


be the symbols permuted by G,, N/m being the order of g. Any one of 
them can be expressed linearly in terms of the new symbols (these will 
be denoted by Greek letters) in terms of which the complete reduction 
of G, is effected. Let these symbols be 


o, (= @\tmt...+2n)), 
fu fa, Sa, +++ 


115 19> 135 eis eig 


those in each line being transformed irreducibly among themselves by one 
of the irreducible components of G, A linear transformation of the €’s 
(or y's, ...) among themselves does not affect the reduction of G,, but only 
the final form in which the corresponding irreducible component is 
expressed. 


1905.] CompLETe REDUCTION OF ANY TRANSITIVE PERMUTATION-GROUP. 241 


The equation giving x, in terms of the new symbols may therefore be 


written in the form = otGtryt..., 


there being one symbol corresponding to each reduced set. In fact, a, 
takes m linearly independent values under the operations of the group, 
while, if there were no € in the expression for 2,, the right-hand side 
of the above equation would take less than m linearly independent 
values. 

Now the sub-group g, which leaves x, unchanged, must leave €; un- 
changed. Hence I, can only occur in the completely reduced form of 
Cie peaP 

Conversely, if «jy >1, let X, be a linear funttion of the symbols 
transformed by I, which is unaltered by every operation of g. Then, 
under the operations of I’,, X, takes just m values (not necessarily 
distinct and certainly not linearly independent). If these are 


vee NE. ORO 


they are permuted transitively among themselves by every operation 
of I‘... The transitive permutation-group thus arising is identical, except 
as regards the symbols in which it is written, with that of the «’s; 
v.e., if the X’s are taken in a suitable sequence, they undergo for each 
operation of G the same permutation as the 2’s. Suppose now the 
complete reduction of the permutation-group in the X’s formally carried 
out. Since the X’s are linearly equivalent to just x{ independent 


symbols, some of the irreducible sets so formed must be sets of zeroes ; 
but at least one set must occur which does not reduce to a set of 
zeroes. Moreover, since the x’ symbols operated on by I, undergo the 
transformations of an irreducible group, any set which does not reduce 
the zeroes must be y* in number and must undergo an irreducible group 
of linear substitutions equivalent to I’;. 

Hence, if «7 > 1, I; must occur in the completely reduced form of Gy. 
Suppose next that I',, where uf > 1, occurs more than once in the re- 
duced form of G,. (For convenience of notation it is taken as occurring 
three times, but it will be seen that this does not affect the argument.) 
Let the corresponding reduced sets of variables be denoted by 


on aby RuTae 
N15 Qo s+ 85 
Cn Go, eee) 
and suppose them chosen so that each set undergoes the same linear 
transformation for each operation of G. 
suR. 2. vou. 3. No. 897. R 
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In the expression of ,, 
t =otiitytiit..., 
yj cannot be the same as. In fact 


&+m, Eat, Eats, 
undergo the same transformations as 
Ey fa Fa) ves 
and may be taken for one of the irreducible sets. If, then, 7 = 2, 
1S lhe o+(G&ta+64+... 


would take fewer than m independent values under the operations of the 
group, which is impossible. Similarly any such relation as 


Ge = ai + BG, 
where a and # are constants, is impossible for the same reason. 

Hence &, §, €& are linearly independent. Now, by supposition, the 
é’s, 7's, and ¢’s undergo the same transformation for every operation of G. 
Hence, since 7; and ¢;, are unchanged by every operation of g, so also are 
é, and €,. If I), occurs three times in the reduced form of Gy, 6, > 3; 
and generally, if I, occurs a times, ui; >a. Suppose next that, while I’; 
occurs just three times in the reduced form of Gy, ui > 3 if possible. 
There is then at least one other linear function of the &s, linearly inde- 
pendent of &, &, and €,, which is unaltered by the operations of g. 
The only lnear functions of the z’s, besides x,, which are unchanged 
by g, are the sums of the sets of x's, which are transitively permuted 
by g. On the supposition made, one of these sums, say 


Lat tgt...+Xs415 
when expressed in terms of the reduced variables, must contain a linear 
function of the €’s, which is linearly independent of &,, &, and &, so that 


mtist pte = —otbitatt..., 
where & is linearly independent of &;, &, &:. 


Now, if every operation of G which changes x, into 2; also changes 
Lothgt..- +41 
into LaF es 1g pea et 
then y= Ly tag +... +2541, 
X2 = Hq, +g, +... +%,, 


DL a ng ch sa ee, 


il 
ai Pe 
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is permutable with every operation of G.* When expressed in terms of 
the reduced variables, such a substitution can only transform among 
themselves those reduced variables which undergo the operations of 
equivalent irreducible components of G. Hence the above substitution 
involves for the €’s, y’s, and ¢’s the relation 


Eta toe = &tmth. 
On the other hand, the sets 


GC CG 

S1> SOs «+e9 

os Ma, +++ 

G1 Go; OS : S_ 


undergoing the same transformations for each operation of G, the only 
transformations affecting these variables, which are permutable with 
every substitution of G,, must be of the form 


& = OE Fay m+ ashi 
Ni a oy Ei + dog Mi + Mog 6; r (a = ike 2, aE 
Gi = Ag, Fi + Aga mit Age Ci 


Such a substitution replaces €;+7+¢, by a linear function of &, &, &, 
nis Mir Ne Cis G, Fe 3 and this is not of the form &-+)+¢,, where €, is linearly 
independent of &, €, and €,. Hence the supposition that ui > 3, when 

_., occurs just three times in the reduced form of Gj, leads to a contradic- 
tion. An exactly similar process will show that, if [’, occurs a times, then 
pe +a. It having been shown already that, if I, occurs @ times, then 
us <a, the theorem is therefore proved. 


ae 


The determination of the arithmetical nature of the coefficients in an 
irreducible group of linear substitutions of finite order is a question which 
has hitherto received but little attention considering its undoubted import- 
ance. The coefficients may be modified by carrying out linear transforma- 
tions on the variables, and the question arises as to the simplest possible 
arithmetical form of the coefficients when suitable transformations are 
carried out. In the cases of a number of groups of relatively small order, 
it has been shewn by actually constructing the transformations that the 








* Proc. London Math. Soc., Vol. XXXII.,:p. 174. 
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coefficients may be exhibited as cyclotomic functions; 7.e., rational 
functions of roots of unity. The only result of a general nature hitherto 
obtained is due to Herr Maschke.* 

He shews that, if a finite group of linear substitutions has an operation 
whose multipliers are all different, the group can be exhibited in a form 
in which all the coefficients in the transformations are cyclotomic functions. 
The general theory of the reduction of a group of linear substitutions has 
been greatly developed since the date of Herr Maschke’s paper. Using 
the results of the general theory, a method is given below for actually 
effecting the complete reduction of a simply transitive regular permutation- 
group in a form such that the coefficients in the completely reduced groups 
are rational functions of roots of unity. The process is certainly an 
effective one for any particular irreducible component I’, unless there is 
an integer A (> 1), such that each multipler of each operation in IT is 
repeated A, or a multiple of A,times. If thisis the case, the characteristics 


Xw X23 20 Oo) Xr 


for I’, regarded as a set of algebraic integers, have a common divisor A. 
It seems to me in the highest degree improbable that such an irreducible 
eroup can exist, but I have not succeeded in proving its existence im- 
possible. 

When the characteristics are not all rational, it is certain that the 
eroup cannot be exhibited in a form in which the coefficients are all 
rational; but it is possible that they may be rational functions of the 
characteristics. One of my objects here is to establish a condition which 
shall be sufficient to ensure that an irreducible group of linear substitu- 
tions can be expressed so that the coefficients are rational functions of the 
characteristics, and to this I now proceed. It will be seen that the con- 
dition is satisfied for a very considerable class of cases. The quaternion 
group in two variables however shews that there are cases in which such 
a form for the group is not possible. 

I suppose the group G to be given by its multiplication table, or, what 
is the same thing, as a regular permutation-group. 


The numbers EON Lis 
and Xo Nes es x" Cece eee) 
can be calculated directly from the multiplication table, and the repre- 


sentation of the group in any one of the possible forms as a transitive 


* Math, Ann., Vol. u., pp. 492-498. 
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permutation-group can be directly set up. In the representation denoted 
above by Gy, let / 


/ 
Ly = Lays tg = Lays 
be any substitution, and 


BY — Lh, 2 = Lda, nee 


bs ws 


/ 
Hoa — Vers v2 Xoo, seey 


its conjugates. If these operations constitute the 7-th conjugate set, denote 


LDS CN om Alls to by ee Sm 
Daet Cie ee ee OY Xe 


and consider the set of transformations 


ee > 


is = EE. +toxit+... Pt Xi 


Lin — ty Xm taxint oe + br Xm 


Every one of them is permutable with every operation of G,, and when 
the completely reduced variables are used they take the form 
o = (hi thgtat...thrt,) oc, 
Er = (iy xi tip hax’ fob... bee te) Ext 
(Gat OI eye) 
me = (yx) the xe tab... hex) tr) mx} 
(b= 1y.2, 205 x)); 


if the €’s undergo the transformations of I°,, the 7’s those of I), and so on. 
The set of transformations therefore form an Abelian group. Moreover, 
if in the equations (A), which have been actually constructed from the 
multiplication table, x, 18 replaced by Ax; for each 7, and if the ratios of 
the variables are eliminated, an equation (the characteristic equation) of 
the m-th degree results for A, of which 


hy ththetot...thrty 
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is an unrepeated root, while the root 

(hy Xi t. thx’ to+...+h,x! cs) Ix; 
occurs x¥u times. The equation with these ‘roots, being necessarily an 
Abelian equation, can be solved by rational processes in the domain of the 
characteristics; so that this step of the process can also be actually 
carried out. 

If, now, in equations (A), 7; is replaced by 

(hy x® byt hax) tot... hrxt t.) tifxy GH 1, 25....,m), 
where I, and Ty are inverse representations, then, since the invariant 
factors of the characteristic determinant are all linear whatever the ?’s 
may be, x*u* of the equations are satisfied identically as a consequence 
of the remaining ones, which determine m— yj) of the x’s in terms of 
the rest with coefficients which are rational in y{, x, ..., x, the ?s dis- 


appearing in the process. ky | 
g . . 
If pe aes te ee xiMg +1, ean) 


sai 


are these determinations, then each of the linear functions 
St ia oy Aly, O) Sb Oe Ay Xi Ms), 
i=xfuptl : 
and these only, is changed into 
(hy xh ty + hax tot... thixttr) [xy 
times itself by every operation of the set (A). This set of linear functions 
of the original variables, with coefficients which are rational functions of 
Xv Xa 9 Xp 
are therefore transformed linearly among themselves by every substitution 
of G,, and the group of linear transformations so arising is equivalent to 
the term «iI, in the formula for the completely reduced form of Gy. 
Moreover the group of linear transformations can be actually set up, by 
carrying out the permutations of G,, and when it is so set up the 
coefficients are rational functions of the A’s, and therefore rational 
functions of the ys. If u/ is unity, the group of linear substitutions so 
arrived at is equivalent to I’,, an irreducible representation of G. Hence 


THEOREM.—If an irreducible finite group of linear substitutions I’, for 
which the characteristics are 
ADEA) uAT? 
contains any sub-group which has one and only one linear invariant, it is 
always possible to exhibit I’ in a form in which the coefficients of all its 
transformations are rational functions of the y’s. 
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The process described above may be illustrated by the details of the calculation in a particular 
case. ‘To avoid unprofitable length a very simple one is chosen; viz., that of the dihedral group 
of order 10, defined by Sal = 1, Ter 2 gh 
When represented as a permutation-group in five variables, this is 

Sw (aH 3304s), Lr ay (Lofts (X34). 
The four sets of conjugate operations are 
Le AE ek hg LM Lt, Ly Le 
The set of operations (A) is 
wy = (ty + ts) @y + (ty +4) (a + x5) + (ty + t4)(23 + 24), 


wy = (ty +t4) q+ (tg+ ts) (23 + 21) + (t3 + t4) (e445), 


2s = (ty + t 4) Xs + (to + b4) (a, + x4) + (tg + t4) (oq 4 tag 
The equation for A is 


to + C4, t+ty—A, totty, tz + t4, tg +t, 
to + €4. fg tty, tg + Cy, fy+ty, ty+ty—A 


of which the solution is 
(—A+ t, + 2ty + 2tz34 4t4)(—A +0, 4+ Plgt Pts)? (—A+4,+ Pte + Pts)? = 0, 
where P= wit wi) P= ota, @ = 1, 
Corresponding to the unrepeated root the ratios of the variables are 
sd ieee rete Ween 2 oat 


and the unchanged linear function 
Co = U+Xgt+%Xg+Uyt L5. 


Corresponding to the first of the two repeated factors the ratios of the variables are 
tg =—%+P%., ty=—Pr;—Prq, x; = Pr, - 49, 
and the linear functions are 
by == %—%3—Pryt+ Pas, by = 4g + Pxy—Pry—7; ; 
and corresponding to the second repeated factor the linear functions are 
Mm = %,—%3;—Payt+P%5, ng = 9+ Px3—P'x,—12;. 

Finally, carrying out the permutations, the transformations corresponding to S and J’ in 

the completely reduced form are 
Svo=o, §=Phth, G=-h, 1 =P m+n, 2,=—m, 
Two =<o, ti =&+Ph f=-b, m=mtPn, 1, =—72. 

As a further illustration, I call attention to the fact, not hitherto, I believe, noticed, that the 
irreducible simple groups of orders 60 and 168 in three variables can be expressed so that the 
coefficients are rational functions of the characteristics. In each of them a sub-group of order 3 
has a single linear invariant. The fact may be easily verified in the forms :— 


(i) Swvav=y, y  =2, # =x#—(l+P)y+(1+P)z, 
Teorv=n, y =(1+P)r-y, / =2t—-2, 
where P=at+o, »& =1 
are such that Deer lgme te c= lay (57) Sina 1s 
(ii) Sw#v=y, yY=rz, = 27+(1+Q 4+ &, 
Trwe'=%, Y=Qe—-y, 7 =—2-2, 
where Q=wto+o!, wi =1 


are such that Ay heer LOMO eel OL) cee Lt 24, end) 
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AMEE 


To avoid interrupting the argument in dealing with the actual re- 
duction of a regular group of permutations, the following lemma, which is 
necessary to justify a series of steps in the process, is first proved. 

Lemma.—lIf I is a finite group of linear substitutions on a+b symbols 

pbs hy ey Meese 
and if Dp, =a A Rime VAY 2c 9) 
are a set of a linearly independent linear functions of the «’s, which are 
transformed among themselves by every operation of I’, then a set of b 
linear functions ae DB x, (j =1,2,..., 0) 


linearly independent of each other and of the y’s can be constructed, so 
that 
(i) The coefficients 6 are rational functions of the a’s and the co- 
efficients of the transformations of I’, and 


(i) The z’s are transformed among themselves, the coefficients of the 
transformations being rational functions of the a’s and of the 
coefficients of the transformations of I’. 

The only part of the lemma that requires proof is that concerning the 
nature of the various coefficients, the possibility of the reduction, when 
there is no limitation on the coefficients being known.* 

The y’s being linearly independent, there must be a set of a x’s, in 
respect of which the equations defining the y’s can be solved. Suppose 


these are As 
Ly iectaneedetr: 


Then each of these can be expressed in terms of 
Yi ge ee OM eG ty mene eke te 
with coefficients which are rational in the a’s. 
If the group I be expressed in terms of these symbols, then 
(i) The coefficients in the transformations are rational functions of the 
original coefficients and of the a’s; and 


(ii) The y’s are transformed among themselves. 
The transformations will be of the form 
yj — LVCije Y; (0, 7 = 1, 2, ..., a), 


T=0 
La+i = py Ca Cia (2, 7 — 1 2, pee) b). 
ih 





* The most recent proof of this result is in a paper by the author ‘‘ On the Reduction of a 
Group of Homogeneous Linear Substitutions of Finite Order,’’? Acta Mathematica, Vol. xxvim1., 
pp. 369-387. 
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Now replace a+: by z:, where 


= att DAty, G=1, 2, ..., 9). 
The transformations become yj; = Lexy; (¢,7 = 1, 2, ..., a), 


a= 2 Dir Yr & Cijne 2 (0,7 moh be Faeein e) F 
r 
/ a j 
where dink — ding + XA 5 Csrp— D Cir Ai. 
s J 


Now it is known that the 4’s can be chosen so that all the d’’s vanish. 
But the equations which they have to satisfy are linear with coefficients 
which are rational in the a’s and the original coefficients. Hence the A’s 
themselves are rational in the a’s and the original coefficients; and the 
lemma is proved. 

If the process described in II is carried out on G expressed as a 
regular permutation group in N variables, a set of (x{)? linear functions of 
the variables, with coefficients which are rational functions of the char- 
acteristics of the irreducible representation I, are obtained. These 
undergo, corresponding to the permutations of G, a group of linear 
transformations among themselves, the coefficients again being rational 
functions of the characteristics of I;, and this group is equivalent to that 
denoted by x{I, in the reduced form of the regular permutation-group. 
Moreover, the same set of linear functions are transformed among them- 
selves, when the N symbols undergo the permutations of the regular 
permutation-group G’, every one of whose operations is permutable with 
every operation of G; and this group is equivalent to that denoted by 
x/I,. Suppose now that S’ is an operation of G’, and that, in the repre- 
sentation I,, the multipliers of S’ are w, repeated a times, w, repeated 
b times, .... If the permutation S’ is carried out in the original N 
symbols, the (x{) linear functions of them that haye been formed are 
transformed among themselves with coefficients which are rational 
functions of the characteristics. 


Let E, — Y aij & [2,7 — 1, 2, ne) (xf)7] 


be the transformation. Then, replacing €; by ,€; for each 7, ax” sets of 
ratios of the €’s, and thence an equal number of linearly independent 
linear functions of them, are determined, the coefficients in which are 
rational functions of wm, and the characteristics, such that each of these 
linear functions is replaced by o, times itself by the transformation S’. 
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Hence from the (x{)” €’s there can be formed 


ax; linear functions each of which is multiplied by , for the operation S’, 


k 
bx; ey 99 ” 9 ) Mp ” %9 


where a+0-+... = x{; and these functions are linearly independent while 
the coefficients occurring in them are rational functions of roots of unity. 
Now every operation of Gis permutable with S’. Hence, every operation 
of the group x{I;., which represents G so far as these symbols are con- 
cerned, must transform among themselves each of these sets of functions. 
A partial reduction is thus effected from a set of (x{)? symbols to a series 
of sets containing respectively ay;, bx%, ... linearly independent functions 
of the symbols; and the coefficients involved are rational functions of 
roots of unity. 

Take now another operation 7” of G’, and effect a similar partial 
reduction in respect of it. From the (y‘)? symbols, a series of sets con- 
taining respectively ay{, Px}, ... linearly independent functions of them 
will be formed, such that the functions of each set are transformed among 
themselves by xl. Next express the ay) functions of one of these sets 
linearly in terms of the functions of the previous sets that arise in respect 
of S’. This can be done with coefficients which are rational functions of 
- roots of unity. Suppose that in the expression functions belonging to the 
set ai in number occur. There are then these two possibilities: either the 
whole of the ax linearly independent functions occur in the expression of 
the ay} functions of the new set, or only a part of them occur. In the 
latter case, those of the ax functions which occur in the expression of 
the ay’ functions are transformed among themselves by every operation 
of y'T,. Hence, by the lemma, from the ay{ functions two sets of fune- 
tions can be formed such that those of each set are transformed among 
themselves by the operations of x/I',; the coefficients entering in them 
are rational functions of roots of unity, while the two sets together are 
linearly equivalent to the original set of ay} functions. Moreover the 
number in each set must be a multiple of y{; for when the complete 
reduction is carried out, as if certainly can be in an arbitrary domain 
of rationality, the number of functions operated on by each of the 
completely reduced groups is xj. The partially reduced set of ax/ 
functions is thus further reduced to two sets of a,x and ayx¥ (a = a,+4as) 
functions, and the coefficients are still rational in the domain of the roots 
of unity. 

By using each of the new sets of ax{, 6x{, ... functions which arise in 
connection with 7’, and the similar ones which arise in connection with 
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all the other operations of G@’, let the reduction of the sets of ay, by’, ... 
functions be carried as far as possible. We thus arrive at a series of sets 


f k k k ay 
oO Ax), Bx’, Cx) gag so Sy gp gS = 


functions, such that those of each set are transformed among themselves 
by xiT., while no further reduction can be effected in the manner 
described. Moreover the coefficients entering in their expression are 
rational functions of roots of unity. Carry out now on the original 
variables as they appear in the expression of the Ay; functions any 
operation of G’. The set of Ay) functions will be replaced by another 
set of Ay’ functions which are transformed among #hemselves by the 
operations of peaks and which can therefore be expressed linearly in 
terms of the functions of the sets that have been arrived at. 

Suppose that the Ay) equations so expressing them contain functions 
from the set By/ in number. If the set of By} is not exhausted in these 
equations, it can be further reduced. If the set is exhausted and A > B, 
the By; functions can be eliminated from the equations, and the new 
set of functions Ax) in number is reduced, so that the original set from 
which it has been derived can be reduced. Hence, if no further reduction 
is possible, then 4 = B. The same conclusions hold for any other set 
which enters in the expression of the 4x} new functions. 

Hence, when any operation of G’ is carried out on the original variables 
in the expression of the Ax} functions, and the new functions so obtained 
are expressed in terms of those of the reduced sets, functions can only 
enter from these sets which contain the same number Ay? of functions. 
If the sets do not all contain the same number of functions, then, 
when all the operations of G’ are effected on the Ax; functions, fewer 
than (x)? linearly independent functions arise. That this is impossible 
is obvious by considering the completely reduced form of the group. 
Hence* the reduction can be carried further unless 


iN occ 4 5 foment 10 Area 


Now return to the set of ay} functions which have a common multiplier 
for T’, and express them in terms of functions of the reduced sets. Unless 
a = A, from the ay’ equations expressing them the Ay} functions of one 
set can be eliminated. In the process other sets may disappear, but, if 
a> A,some must remain. From the (a—A) x; remaining equations 
eliminate the functions of another set of 4,/ functions. At each stage the 





* From this it follows that, if x* is prime, then I, can certainly be expressed in a form in 
which the coefficients are cyclotomic. 
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number of equations is diminished by A, and therefore, if a is not a 
multiple of A, the sets are further reducible. Hence A can only be 
greater than unity (though even then it is not necessarily so) if each 
a for each 7’ is A ora multiple of A. In other words, in I;, and therefore 
also in I',, every operation must have each of its multipliers repeated a 
multiple of A times. 

Finally, then, the result may be expressd in the following form :— 


THEOREM. 





A finite irreducible group of linear substitutions can always 
be exhibited in a form in which the coefficients are rational functions of 
some root of unity, unless there is a number A(>1) such that every 
multiplier of every substitution of the group is repeated A, or a multiple 
of A, times. 

This exceptional case does not, in fact, occur for any group for which 
the characteristics have hitherto been calculated. 
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THE MACLAURIN SUM-FORMULA 
By EK. W. Barngs. 
[Received and Read, February 9th, 1905.] 
1. The formula 


»3 1G) c+ | p(o)de—3 o@) + 5 te) +... (1) 





was originally obtained in 1732 by Euler,* and independently redis- 
covered before 1742 by Maclaurin.t A full discussion of the question 
of priority appears in Cantor, Geschichte der Mathematik, Bd. ur. (1898), 
p. 663. Then Plana,t in 1820, and Abel,§ in 1823, obtained the formula 
from which it can be developed : 





Sia) = | pde—gom+s | Serpe) 
0 Dt er — J] 

A generalisation of this formula, which it is interesting to compare 
with my own generalisation with which this paper concludes, was given 
by Abel|! in 1825. In 1889 Kronecker { discussed the formula (2) by 
Cauchy’s theory of residues, and another discussion appeared in 1898 in 
a text-book of Petersen.** More recently Lindeloftt has given certain 
applications, and I have myself {{ generalised the analysis and considered 
the question from the point of view of the theory of asymptotic series | 
in 1903. 7 

I now propose to take up the question again, and, without the inter- 
vention of such a theory, to obtain a form for the remainder different 
from that obtained by other investigators, and to give a fresh demonstra- 
tion of the conditions under which my extensions of the formula (1) are 
valid.§ § 





* Euler, Commentarii Acad. Sci. Imp. Petropolitane, T. v1. (1732 and 1733), pp. 68-97. 

¢ Maclaurin, Treatise on Fluxions, p. 672, Edinburgh, 1742. 

t~ Plana, Mem. Accad. Torino, T. xxv. 

§ Abel, Huvres Completes (1881), T.1., pp. 21-25; T.11., p. 77. 

| Abel, idid., T. 1., pp. 34-39. 

§] Kronecker, Crelle, T. cv., pp. 157-159 and pp. 345-354. 

** Petersen, Vorlesungen tiber Functionentheorie, §§ 78-80. 

+t Lindelof, Acta Soc. Sci. Fennice, T. xxx1.; Acta Mathematica, T. xxvu., pp. 305-311. — 

ett Barnes, Quarterly Journal of Mathematics, Vol. xxxv., pp. 175-188. ° 

§§ References to other investigations will be found in Boole, Finite Differences, ‘Third 

Edition, p. 153. 
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2. The discussion of the question is based upon the properties of the 
generalised Riemann ¢ function, which is defined as follows :—Let s, a, 
and w be any complex quantities, and let S,(a|o), or more briefly S,,(a), 
be the n-th Bernoullian function defined by the expansion, valid when 
| 2 | < | Qarc/o, 

LEW anne. Ua (a) 
as aoe 


nr 


ANS 





the accent denoting differentiation with regard to x, coupled with the 
condition S,(0) = 0. 
Let B,(@) be the n-th Bernoullian number of parameter w given by 


B,(@) = 8i,(0|@)/n. 
Construct the function 
l+1 Si, (0 | w) qd qits 


mM 
ei) 
( m=0 m3 ehh AR + s 








where the many-valued functions with s as index have their principal 
values with respect to the axis of —o, t.e., with respect to a line drawn 
from the origin to —w and produced to infinity. Thus a’ = exp[sloga], 
where log a has a cross-cut along the axis of —o, and is real when a is 
real and positive. 

[We assume for convenience that w is not real and negative: in this 
case further definition is necessary. | 

Then, if &(s) > —(/+1), where / is a finite positive integer, the series 


~S_.(a) + 3 [la+no)"—S_, {a+ +10} +8_.,(a-+ne)] 


is absolutely convergent except when 
sO OL ea ie i Oe eee 
and is denoted by ¢(s, a) or by €(s, alo). 
When F(s) > 1, | 


C(s, a) = = (atne)™, 


and, when @ = w = 1, we have Riemann’s ¢ function.* 
When &(a/) is positive, it can be deduced from the previous definition 
that, for all values of s and a, 





G(S) a) = ov | oo (—z)*- "dz, 


the integral being taken along a contour embracing the axis of 1/w, 





* Riemann, Gesammelte Werke, pp. 186-144. 
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starting from +0/., enclosing the origin but no other singularity of 
the subject of integration, and returning on the other side of the axis 
of 1/m to +2«/w. The expression (—z)*~' = exp {(s—1) log(—z)} has 
its principal value with respect to the axis of 1/, which is a cross-cut for 
the logarithm. 

The definition of the function ¢(s, a) is a development of that due 
to Mellin*: it is an application of the well-known theory of Mittag- 
Leffler.t For a proof of the convergency of the series I may refer to 
my “Theory of the Double Gamma Function” { (p. 841), and for the 
properties of ¢(s,a) tomy “Theory of the Gamma Function” § (Part IIL.). 


3. The general result obtained in the present papér is as follows :— 
The Maclaurin sum-formula for a single parameter may, with the greatest 
generality, be written 





m—1 +1 a 


2 p(at+mo) = Ya+ 2 


1 


; at v 
a : [= | Pacha Share hoy Be? 


7 


where Y(a) is a definite function of @ and of the coefficients in the 
expansion of (xz), and where ¢(x) is to be expanded by Laurent’s series 
and the lower limit so chosen in the integral that the corresponding 
term vanishes at this limit. 

When ¢(z) is a (possibly non-uniform) function which has _ no 
singularities outside a circle centre the origin and finite radius outside 
which a, a+, ..., da+mw, and mw all lie, J; 1s a quantity which, when m 
is large, has its modulus at most of order 1/m’*?.|| 

When ¢(x) is an integral function of order less than unity, J; tends 
to zero as J tends to infinity for all values of m, however large, and the 
Maclaurin series is absolutely convergent. In general, when ¢(z) is an 
integral function of order > 1, the Maclaurin sum-formula has no 
meaning unless we apply the theory of asymptotic series to evaluate 
both the series for Y(a) and the series which succeeds it in the 
enunciation. 

The above formula can be generalised for any number of parameters, 
and corresponding propositions hold good. 








* Mellin, Acta Soc. Sci. Fennice, T. xx1v., No. 10 (1899). 

+ Mittag-Leffler, Acta Mathematica, T. 1Vv., pp. 1-79. 

{ Barnes, Phil. Trans. Roy. Soc. (A), Vol. cxcvi., pp. 265-387. 

§ Barnes, Messenger of Mathematics, Vol.,xxtx., pp. 64-128. This paper will be referred to 
for convenience under the initials G./’., and the previous one as D.G.F. 

| [Note added April 5th, 1905.|—-By this statement we mean that | Jim't!-<«|, where e is 
an.arbitrarily small positive quantity, can be made as small as we please by taking m sufficiently 
large. . . 
| As originally defined by Borel, Acta Mathematica, T. xx., p. 360. 
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4.* Turorem L—If s=u+w where wis finite, then e~*-'"!| wE(s, a) | 
tends to zero as |v| tends to infinity, if OX’ <<e< a and 


| arg (a/w)| = r—e. 


We have, if R(s) > —(/+1), 


ee 


ee —S_si{at(n+ 1) w} +S_.1(a+ nw) } ’ 








mM 1l—s 
where S_s1(@) = SI SO) 50s 


em) da leas 


Now [G.F., p.80] S, (= 
@W 





1) = Sialo), 
@ 


Also (a+nw)’, when the many-valued function has its principal value with 
respect to the axis of —w, is equal to (a/w-+n)*w’, where each function has 
its principal value defined as usual with respect to the axis of —1. 














Lee Ui pallets 
oe Ti em =3 ub | £ < —|_ 
and 

he el Saas en) 
@) Cs; a) == 9. m! di™ a—| ae 


Ey IA SO) a 
no (a/wtn)s moo mM! dx” 1—slz=ajo+n+1 


1+1 Q m 1-s 
4 'F SmOlY Pa" a ] | 


m=0 m!} da™ 1—s 








L=alw+n } : 
principal values of the many-valued functions with respect to the axis of 
—1 being taken. 
We can take a finite number JN, such that, if n > N, 
R(a/o)+n> R(a/o)+N = n> 1, 


and, if N be sufficiently large, the modulus of arg (a/w-+-n) = 0, may be 
made as small as we please. Also, if n > N, | a/w+n|> R(a/w+n) > 7. 


| re ky Mr naa 
The expansion @+D~ a (==) Tord+bpsa* 


is valid provided |a|> 1, for all finite values of | s| however large. 
Now it has been seen that,t if |a/w|> 1 and we expand 


{S_s1(¢+)—S8_, 1(z)—2-*} o 





* April 5th, 1905.—This paragraph has been modified since the paper was communicated. 
The reader may compare Mellin, Acta Soc. Sci. Fennice, T. xx1x., No. 4, pp. 47-48. 
+ D.G.F., p, 341. 
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in ascending powers of 1/z, the initial (/-+1) terms vanish, and we have 





OM rae) | 
> ete) aur, 


: gs titr 
T= 


» Vstl+r) "YS _ 8n(0| Mr! 
T(s) P(r +1) noo m! (Ud +r4+1—m)! 


where Piz7(s) = (—)"* 








Seeli(|s etree?) 
Thus Purl << rye 


¢ 
where « is a definite finite positive quantity independent of 7, N, n, and v. 
Now we have | 


N-1 
|w° €(s, a)| < | —S_s1(a) wo — & at [S_s1(a@+o)—S_s (2) —2 pat nw 


i hi P;.,(s)| 
Se ee) 
| seers Giacrairt 
The last series is less than 


> $ 1 S T (\s| +/+7+2) 
n=n [(afo+n)t'*?| 29 Dr+3) DP (| 5) 0” 


= el Ox! U(js| +9 yP 

<6 % Geno? Ts) Gai) 
Suppose now that |v] becomes very large. Choose N so that N: |v]: » 

tends to a ratio of equality. Then (1—1/y)'*'*’ tends to a finite limit. 


d He 1 i | Oxy | i (|s I+) 2 
The series 2 GLmyFOrTe tends to zero. The product xe Bale ”) 
tends to zero when multiplied by e~“~*?'”!. Hence the double series 


tends to zero when multiplied by this expression. 
We have now to consider the first series 


YS 


1 
—S_, (a) o— 2 [S_..(a/o+n+1|1)—S_,1(a/o+n|1)—(a/w+n)~]| . 


The number of terms in the series ultimately bears a ratio of equality 
to |s|. Therefore, if each tends to zero when multiplied by e~*~°?!"!, 
the same will be true of the sum. 

Now, if we put a/w+n = 7,e, we have |0,|< 7—e and |(a/w+n)**’|, 
where 7 is an integer, Lae 


— T, 


exp {—@, 0}. 
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Hence exp { —(7—e’)|v|} /|(a/w-+2)**"| tends to zero as |v| tends to infinity, 
at least like exp {(e’—e)|v|}. This is true for all finite values of 7, And 
the same thing will be true if (a/#+n)**” be multiplied by any algebraical 
polynomial or quotient of such polynomials in s. 


Hence, finally, e~*-°!"!|@*€(s, a)| tends to zero as |v] tends to 
infinity. 


5. Tueorem II.—If k be any complex quantity of finite modulus, of 
larg (a/w)| = 7r—e, where Oe <7, and if |arg(t/w)| = e', where 
0O<e' <e, the integral 


[¢(s, a &*T(s) l(k—s) ds 


vanishes when taken along any part of the great circle at infinity for 
which u rs finite and R(s) >—(l+1), &~-* having its principal value with 
respect to the axis of —o. 


By the asymptotic formula for I'(z), where |z| is large and not in the 
vicinity of the negative half of the real axis, we know that I(s) ['(#—e) 
behaves like 


Qn exp |(s—4) log s—s+(kK—s—4) log (k—s)—k +8] 
= Yr exp | —(w+u ) [log (k—s)—log s]—4 log s+(k—4) log (k—s)—k!} 
the principal values of the logarithms being taken 
= 27 exp[—7z|v|-+ terms of lower order], 


for, when v is positive and large, log (k—s)—log s = — m approximately ; 
and, when v is negative and large, log (k—s)—log s = me approx- 
imately. Ki 

The modulus of the subject of integration behaves approximately like 


| ey | | w€(s, a)| |I(s) (ks), 


where (¢/w)*~* and w* have their principal values with respect to the axis 
of —1. And this expression by Theorem I. behaves at most like 


exp {(e’—e)|v]}. 


Thus the integral along the part of the great circle specified vanishes. 


Cor.—The same integral is finite when taken along any line, drawn 
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in the finite part of the plane parallel to the imaginary axis, which does 
not pass through the finite singularities of the subject of integration. 


6. THrorem III.—The previous integral vanishes when taken along 
that part of the great circle at infinty for which u is large and positive 
(v having any real value), provided 


(1) |arg(a/o)|= 7w—e, where O<e< 7; 

(2) |arg(¢/w)| = e’, where 0X e' <e; 

(3) |t|< |atno|, jp SAU, Ale 2, ...¢0; 

(4) the great circle passes between the points k-+-n. 
For the values of s considered (¢(s, a) = t*/(a+no)*. 


t/w 
alw+n 


REC (5) a) P< (=, exp | R(pn cos $—qn Sin 9) } . 


Let log 





= Putign, and let s = Re; then 


Now, when |s| is large, 


Ay ele oe ud 
Ni og) ae cing (eas CS een | 
behaves like —_—*____ exp {(k—1) logs +1—4K}. 


sin 7 (k—s) 


Hence |¢(s, a) #I'(s) (k—s)|, under the restriction (4), behaves at 
most like = exp | R[pn cos p—q, sin @—7|sin ¢|]!, and this will tend 


to zero like exp{—7R}, where » > 0, provided p, is negative and 
| an| <<a TT. 

If pn be negative, we have the condition (8). If |qn|< 7, we have 
arg (t/w)—arg (a/w-+n) |< 7, and therefore we have the conditions 
(1) and (2). 

We therefore have the theorem stated. 


7. Turorem IV.—If k, a, and t be any complex quantities of finite 
moduli subject to the conditions (1), (2), (8), and (4) of § 6, we have 


k T(s) I'(k—s) 
I'(k) 


ds, 


Ces ate, ae z| E(s, a) et 
Wt JLo 


where t—" has its principal value with respect to the axis of —w, and 
s 2 
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where the contour Ly encloses the points k-++-1, k+2, ... as m the figure, 
but no other singularities of the subject of integration. 





We have, by Taylor’s theorem, 
(katt =k, a+ 5 SOME, @) 


= 6th, d+ 3 SPE Corth o), 





provided |¢| < |a+no| for » = 0, 1, 2,..., 0. But 


r! 








is the residue of the function 


_z 1 (s) V(k—s) 
ails; ayer’ aa Lte See 


at its pole s = r+k, since, if s = r+k-+e, 


es I'(—e) ey 
ope ie (—e—1)(—e—2) ... (—e—7) Hin arlie 


Hence, under the conditions (1), (2), (8), and (4), 


Avene s_z 1 (s) V(k—S) 
C(k, a)—f(k,a+t) = an G(k, ayt-* ai ae ds. 





8. THrorEm V.—Let L, denote a contour, as im the figure, parallel 
to the wmaginary axis, cutting the real axis between s = 1 and s = 2, 
and with a loop to ensure that k is to the left and k+1 to the right of 
the contour ; then, under the conditions (1) and (2) solely, 


C(k, a)—¢(k, a+t) — =| C(s; a) ps—k I'(s) C(&—s) 
| Wl JT 


Td ds. 
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The integral vanishes by Theorem III. when taken round an infinite 
contour to the right of the imaginary axis. The subject of integration 
is one-valued with the prescription assigned to t*.. When we deform 
the contour Ly into the contour L,, we pass over no poles of the subject 
of integration. Hence, by Cauchy’s theorem, the required equality is 
valid under the four conditions of § 6. But each side of the equality is, 
by Theorem II., a uniform analytic continuous function of f even though 
the conditions (3) and (4) no longer hold. We cai ee eliminate 
these conditions and obtain the given theorem. 


9. Turorem VI.—If BR (k) > —(/+1), and |arg (Jw)| < x, 





m—1 - 'S S Si,(a) v 
ee (a+ nw)" rang C(k, Q) mae Nat a | \. 44 et brs dese 
| Lops g 2 P@T&—s) 
ae Fy, \_§ (s, a) (ma) SMA ds, 


where the many-valued functions have their principal values with respect 
to the axis of —w, the lower lumit of the integral is © if R(k)>1 and 
0 af R(k) <1, and where Ly, ts a contour, as in the figure, parallel to the 
umaginary axis, cutting the real axis between s = —l and s = —(l+1), 
and such that the point k is on its positive side. 


We have [G.F’., p. 89] 


m—1 1 LS Jae 
= (Gea ae ¢(k, a) —¢ (k, a+mo). 
Hence, putting t = mw in the previous theorem, we have, if | arg (a/w)|< 7, 
m—1 — 
1 1 I'(s)  (k—s) de. 


n=0 (a+nw)" 27 L [(A) 


By Theorem II. we may apply Cauchy’s theorem and modify the 
contour of the integral till it assumes the position of the line Ly We 
must take account of the poles of the subject of integration which we pass 
over in the deformation. These poles are at the points 


Soe eke (re bee oe — | and aca 
The residue at s =k is —¢(k, a). The residue at s=1 is |[G.F., p. 95| 


(mw)—*t? T(k—1) 
P) I (k) 


The residue at s = —n (n= 0,1, ..., Dis [G.F., p. 97] 
(—)"* Sn4i(@) (mo) " P&+n) _ _ Snii(a) [a cd 


= — | €(s, a) (mw)s—* 








n+1 n! V(k) (n+1)! 
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Hence 
ist eal > + > Seth) & z*] 
Tat CEPR, aa wei) mae a) + So Dee, wate —9 (n+1)! ax” L=Mw 
1 fo LAS) L Aen) 
1 OF j,6° 2 aoe bathe 
If, now, | Wg has a lower limit © if R(k)>1, O if R(k) <1, the 
0,0 


last series may be written* 
141 §’ (a) T dt ‘ dee 
eee Wee 

We thus have the theorem stated. 








k es 
0,0 Ix=mw 


10. The form of the previous theorem obviously requires modification 
when & has any value which makes some of the sets of points 


thst by oe. | 
Tee One cena 
coincide. In these cases we may appeal to the principle of continuity to 


establish the final result. For example, when 4 = 1, the points s=k 
and s = 1 coincide. In this case the residue of the function 


€(s, a) (mw)? T(s) V1 —s) 
at the point s = 1 is the coefficient of 1/e in the expansion of 


a Dlg log Pia)... | [1+e¢ log mo+... |, 


sin e7 € da 
and is therefore — So (a) log mov (a) where ee oy “ 7 108 ENG ARATE 
expression is evidently [G.F’., p. 95] the limit when / = 4 of 


[66 0+8\@ ==], 


c=Mw 


The previous theorem is thus true in general if limiting values be taken 
when infinite terms arise. 


11. THEroREM ee R(k)> pe 1) and |arg (a/w)| < 7, 


m—1 0 ax 
= ae (a+nw)* a =|... uv Ji, 
—1-R(k). 


where, when m ts very large, |Ji| 1s of lower order than m 





= Ck, a+ > 








* When & (&) =1 and & is not real, such lower limit must be chosen as makes the integral 
vanish there. 
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T(s) F(k—s) 
— s— Ke oo7 —k 
We have Jj = |. C(k, a) m aE i ds. 
Hence ies pl lée a) w* I'(s) V(k—s) ds| 
Qa Jr, | 0" 1 (k) 
Tha san 
< oe T OI I, [¢(s, a) wo D(s) V(k—s)|| ds| 
C 
<7 RB: 
where C is a finite quantity. é 
We have thus, provided |arg (a/w)| <7, established the asymptotic ex- 
pansion yi 1 isis Si, (a) dq” girk 
& (atno). ma ites Bing ae n! dx” 1—k L= Mw 


for all finite values of |k| except k =1. We have shown that the ex- 
pansion is truly asymptotic in that, when m is large, the error committed 
by stopping at any term of the series has a modulus less than that of the 
last term retained. This expansion, the use of which was justified by the 
theory of divergent series, was made fundamental in my “ Theory of the 
Gamma Function.” 

In the exceptional case & = 1, we have 


m—1 
S ty 
ane 





Pat & OPS hog 2 


xL=Mw 


AYE THrorEM VIII.—If (a) ts a (possibly non-uniform) function 
which admits outside a circle of fuute radius p the expansion  c,/z"’, 
T=? 


and uf the points a, a+o, ..., a+mw, and mw all he outside this circle, 
we have, when |arg (a/w)|< 7, the Maclaurin sum-formula 


b POEL NG) — am = orb (r, a)+ S = eal oe =| (0) dx | + J, 
n=0 xL=Mw 


where |Ji| ts, when m is large, at most of order Ein 


By Theorem VI. we have 


9 gama oS a+ SSF Piet i 
i) 


1h s—-?T 
bao, €(s, a) (mw) 





T'(s) C(r—s) 
ay 
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Hence 


m—1 1+2 m—1 oa C> 
oy d(atno) = 2 2 
n=0 


2 2 arnt ya nel 


142 eal ts @) dq” oe 2 {3 Cp | m—1 a) Cr 
on = 
as 2 or Sr a) Ws dx” ma Te de L=Mw v n=0 ‘tows (a+nw)’ 











rely 3)" 2T(r—s) ¢, 
a, $46, (may P(9) 3B SES CE ds 


+1 


= CC (r,a)+ 2 Palo ‘Las |.¢ (x) die 


n=U 


oa) ("S 1 


ae us oe C, Ax 
Mita 2 ca TS tr, a}— > ae r= 2) x" Jie 


ive) 








1 alae Scr 
phat ‘TT ole TER 
Me \,é (6, (may D6) © Gnas 
By hypothesis, when r is large, |c,| =p" approximately. Again, if 
|2|<|a+now| (rn = 0, 1, 2, ..., ©), log [\(a+2) admits the expansion 
= ua — log l(a) = b C(r, a) Std [G.F., p. 95]. 
r=0 =0 
Hence |7~'€(r,a)|, when 7 > R, is less than (1+6)/u”, where u is the 
minimum value of |a+no| and «e>0. This minimum value is not zero, 
since |arg (a/w)|< 7. 
By taking &# sufficiently large, we may make e as small as we please. 


Hence |c,€(7, a)| is less than {p(1+e)/u}", and therefore > c,€(r, a) is 
(pws 


convergent if a+nw, n = 0, 1, ..., ©, lies outside the circle of convergence 
of p(z). 
Again, 
> |S He uaa Oy i a) <= > ee S pers i = > Cr € (7, A+-me). 
ratts | \n—o (a+ ne) Pairererie sph. «CPEs pane oe tar 


This series is a finite quantity which, when m is large, is at most of order 
1 eis 
In the next place 


t+1 oe) be 
. Ss nia 2 | = S| on de | 
dx” r=1+3 “ L=Mw 


2) 


= Ss, @) 5 (— yet Ped)... rn) diz | ee 


n=0 wo r=l+3 OR te 
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r(r-1)...Q-n) . Cr 


es is obviously convergent 


v0) 
Now the series >» 
r=1l+3 nN. 


when |x| >, and when m is large is at most of order 1/m’*"**. Hence, 
when |mw|> p this group of series is finite, and when m is very large at 
most of order 1/m'**®. Again, when r = 2, 3, ..., /+2, the integrals 


[T@—s) ¢, 
T(r) (mo)’" 








aoe al, €(s, a) (ma)? 1 (s) 


are each finite, and each, when m is large, is of order less than 1/m’*”. 
Thus we see that, under the conditions enunciated, we have 


m—1 ra) 
E patme) = So6¢,a+ “Ol =I, gcde] lh 
n=0 (ma? n=0 nN. =mw 





where |J;|, when m is large, is at most of order 1/m!*?. 

We have excluded the first term c,/x from the expansion of (2), since, 
when & = 1, it has been seen that a slight modification of the fundamental 
formula is necessary. The general theory remains unimpaired. When 


Cc 
o(2) = = c,/x", |Jz| is at most of order 1/m'*?. 
ith 


Further slight generalisations as to the nature of ¢(x) may be made. 
We may state the general theorem—The Maclaurin sum-formula |§ 8 (A) | 
is, when |arg (a/w)|< 7, valid for any (not necessarily uniform) function 
which has no singularities outside a finite circle outside which a, ato, 

5 atmo, and mw all le. 


13. THeorem [X.—If ¢ (x) ts an integral function of order less than 
unity and |arga/w|< 7, the Maclaurin sum-series is absolutely con- 
vergent, and we have the equality 


are oe Si qd” [# 
>, op (a+nw) oe ae Cy €(—7, a += ae eal $ (2) de| ; 


n= 


where ot) — 2 Cue 
If we put k =—r in Theorem VII., we have 
S;, fo) gt tl 











iS) (aE Noy aa o(r, Dia > i r+1 = ies” 


for, when n = r+2, 7+38, ..., +1, the terms of the series vanish, and, 
when k =—r, 1/Il'(k) = 0, and therefore the integral J; vanishes. 
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If, now, (x) = > c,a", we have 


r= 


m—1 k k r+l1 ee Sn (a) qd” girtl 


= Prk coxt ne) zs = eas AIST & — ae n! dix” r+1 v=mMw 











k k+1 S. (a) d” k Cpr |. 
a 2 Or (—1, a) + 7 n!} dz” r=n—1 r+1 C= Ne 


wherein, when 2 = O in the second series, 7 ranges from 0 to k, 





a k k+1 Si,(a) Gee x 
= = Cr €(—7, a+ a nh | \ pr (x) du | SLY 


c=mMw 


Now [G.F., p.97] €(—7, a) =—Srii(@/7+)). 


Again, S;.:(a@)/(r+1)! is the coefficient of (—z)’t' in the expansion 
BEF 
ree 
convergence equal to 27/|o|. 

Hence, when * is large, |c,¢€(—7, a)| behaves like |c,| 7! {|w|/27}’- 


of in ascending powers of z, and this expansion has a radius of 





Therefore, when & tends to infinity, 23 c,¢(—7, a) is convergent if | ¢, | 


behaves, when 7 is large, like tpt} 1 ‘ where « >0; that is to say, 
if the order of (zx) is less than unity. 


When ¢(z) 1s of order greater than unity, = ¢y€(—r, @) is divergent : 


it is only convergent in particular cases when ’ (e) is of order unity. 
In the next place, when /& tends to infinity, the second series in the 


equality (1) becomes 
a) Se (a) E \ | ] 
ee n! Ge” 0 Oe ez L= iw 


nN 








This series is absolutely convergent if ¢(x) is of order less than unity. 


(n—1) 
For its general term is Bake p"Y(mw). Now ee) is the coefficient 








(n—1)! 
of a"~“' in the expansion an p(a+mw) in powers of a, and therefore 
p”-Y (ma) : f 1 fl 
=D behaves, when v is large, like Te=n Dip where e > 0. 
S20) ee : | | w | w |)” 
H Sn{@) m-1) ies achat 
ence |— ~~” (mo) | behaves like ioe ree “it , and therefore 








the series is absolutely convergent. 
We thus have the theorem stated. 
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14. We have now established the results stated in § 8 for the case of 
a single parameter. We see that it is hopeless to expect, when ¢(z) is 
an integral function of order > 1, to apply the Maclaurin sum-formula, 


io.2) 
for in such cases > c,¢(—r, a) becomes divergent. I have, however, 
T=( 


shewn in my previous paper on this subject that in such cases the theory 
of divergent series will often enable us to interpret such a formula. 
This mode of interpretation is, however, foreign to the range of ideas 
of the present investigation. 


15. I will now indicate briefly the generalisatioz of the previous 
theory to the case of any number of parameters.” 

Let ,S,(a@|e,, ..., @,), or briefly ,S,(a), be the n-th r-ple Bernoullian 
function defined by the expression [M.G.F., § 3] 
sche Paine, o __\n—-1 , nm 
(Ga a (a) 4 5 ()"  Sil@e 


s=] a n=1 n! 


(—)'26," 


II (l—e- °°") 


k=1 


> 


coupled with the condition ,S;,(0) = 0. The expansion is valid when | z | 
is less than the least of the quantities | 27:/,| (A = 1, 2, ..., 7). 


Take ee fone (0) qm gras ) 
Di43(@), = 92 lo=5 pean 


m=0 m! da™ 
As in my previous theory [M.G.F., §$ 12 and 17], it is necessary to 
introduce a symbolic notation to simplify the cumbrous expressions to 


which the algebra otherwise gives rise. 
Let F, be a symbolic operator which is such that 





fis [o ee b (M0, +... Mw) — E pln t...b* +... + Mren) 


+2 Epler). + (=! E plo), 


=1 
In the first summation the star denotes that one of the w’s is to be 
omitted: in the second summation every two different pairs of w’s must 
be successively omitted, and so on. 
We assume that in the Argand diagram the points o,, ..., w, all lie on 
the same side of some straight line P through the origin. Let 1/Z denote 
a line perpendicular to P drawn from the origin into the region in which the 


* This theory is based on my researches in the domain of multiple gamma, Bernoullian, and 
Riemann ¢ functions. An account will be found in ‘‘The Theory of the Multiple Gamma 
Function,’’ Cambridge Phil. Trans., Vol. x1x., pp. 374-425. This paper will be referred to as 
M.G.F. 
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ws lie, and let L be the line conjugate to this line with respect to the 
real axis. 


Further, let (a+Q)~* = exp[—s log (a+Q)], where 
Q = nw, +... +2 o,, 


the logarithm being rendered one-valued by a cross-cut along the axis 
of —1/L (i.e., the negative direction of the axis of 1/Z) and log (a+Q) 
being such that it is real when a+. is a positive quantity. 

Then, if. &(s) >—(/+1), where / is a positive integer, the 7-ple 
Riemann ¢ function €,(s, a@|@,, ..., ,), or more briefly ¢,(s, a), is defined 
by the equality [M.G.F., § 20] 


CRT 
iL 


—_— __ < = { = (ee r ane Loin att 
TH ch rg ea eet a eG bl eaters 


a riiss¥ Seles 1(@). 
When R(s) >~7, we obtain 
io 0) io 2) 1 


CAS SPP D Ph ee ra secretes ry ae Vy AG ELK, 
Sr (s, a) 7 =0 ne=0 (AF Ny -F «Mp Wy) 


Let Z denote a contour, embracing the axis L, similar to the contour 
defined in § 2. Further, let (—z)*-! = exp{(s—1) log(—z)} where the 
logarithm is rendered one-valued by a cross-cut along the axis L, and 
where log (—z) is such that it is real when z is real and negative. Then. 
provided a lies on the same side of the line P as the o’s, or, as we shall 
say, provided a is positive with respect to the w’s, we have 


SC ee nae i | e—%(—2)s dz 
SONNE Geeta 


Ds 
K=1 


where the contour LZ encloses no poles of the subject of integration except 
the origin. 


16. We have | M.G.F., p. 401], if & be any complex quantity, 


mM, —1 
Ck, O—6.(k, a+-m,o,) = = Sralk, A+N, | Wo, ..+5 Wr). 
Hence 


my—1 My,—1 1 


Zo 2, Gamo mat hy OA HV EG, a+ 2) Jem nas 
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or, since [M.G.F., § 22] Fr[l]eame = (—)7}, 


m,—1 m,—1 (—1)" 


y ... LY 
mad ner +n oy+... 2, 0,)" 


Again, it has been shewn [M.G.F., § 56] that, if R(s) > —(/+1) and 
s = u+u, the quantity 


= ee [G,(k, a+2x)—¢,(k, Gy renee 


| f(s, aa? | ent”, 


where 2° has its principal value with respect to the axis of —1/L, tends 
exponentially to zero as |s| tends to infinity, provided 


x 


atQ 


and 7, <1, |v,| < 7. 

We now define the contours Ly, -L,, and L, to be the same as those 
introduced in the diagram in § 7, except that ,£, cuts the real axis 
between 7 and (r-++1). 

In the same way as formerly, we may now prove that 


1 s—k I (s) iar) 
a \ Cas a) x I'(k) 





4 
ghd Q = no, +... +n,-o,, 


ds 


taken along the contours Ly, ,l,, and L, is finite provided 7, < 1 and 
lWn| <7, and that the integrals along the last two contours are finite 
provided |vW,|< 7 for all values of 7, ..., ,, whatever be the value 
OL Tp. 

Further, the integral along the contour Ly is equal to that along the 
contour ,L,. 

Now the integral along the contour Ly 


= the sum of the residues of the subject of integration at s+1, k+2, ... 








lee C(p+k) (—)?7* 
aes BS ¢-(p-bk, a) ae T (k) TV (p+) 
ee Te OF 
=— z p! aa? C(k, a) 
oP ig eau Vee 
| since apt Ged) = TAIT ¢.(p-+k, a) | 


= € (k, a), (k, atm). 


Hence, under the sole set of conditions | ~,| < 7, we have 


lla “el (s) tk—s) 5. 
Pina ces\ 20 (eae Fe |, Gt ae TOT ERD as, 
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my—1 m,—1 1 
Hence > ... Y ———————_.”}. 
n,=0 n,=0 (an, @+ ciate +n, w,)* 


= (—)" Jie iG (k, at) — Cy (k, Deiat 


— aay | ¢,(s, a) F, [as thee L(s) Ui (k—s) 
rly 


Dw Tate) ee 


k; being any complex quantity, and the many-valued functions having their 
principal values with respect to the axis of —1/L. 


17. We may now show that, provided a le on the same side of P as 
the w’s, 


m,—1 m,—1 1 


O_O 
nm, =0 n=O (a+n,o,+...+2,,)* 


l+r SM a di L x dx" 
n=0 n! da Lv” Ie=mw 


(a ati Ds) Tl k—s) 
aS (k, a)+ 9 i. Gass a) ae [x love mom wae 





ds, 


Tl 


x x 
where the integration im | es | is r times repeated, and such lower limits 


are taken that successwe integrals vanish at them. 


For, by Cauchy’s theorem, 


T'(s) L (k—s) 
aa aa ds 





(—)'"? as—k 
: Cal Saad) Lgl alr ems 





—\r=1 
ea | +the sum of the residues of 
Lz 


27 
r —k I'(s) Lb (k—s) 
my r ek pric B= 1G) seen 157-7 
(—)" G(s, a) F, [a>] Ta 
atthe poles s==4 and S'i-7, 7 ep ral, Oe et ot. 


The equality is limited by the condition 


vie ( M10, +... Mw, | pas 
AN, o,+...+ 2; wy a 





which must hold for all positive integral values of the »’s, and when any 
but not all of the m’s are zero. The inequality is equivalent to saying 
that a must not be such that 


atny w+... +20, = — O(m,0,+...+m,o@,), 


where @ is a real positive quantity. It is satisfied provided a lie on the 
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same side of the line P as the w’s. In particular we may modify the 
formula so as to take a = 0. 

Now the residue of the function to be considered at s = r—n, where 
nm =0, 1, 2, ....r—1, is [M.G-F., § 31] 
LT (k—r-+n) 

I (k) 


_ S@ jal bal ee At <| 
n! i dia” ak x= Moe 


the integration being 7 times repeated and the lower limit each time 
being so chosen that the corresponding integral vanishes at it. The 
residue at s = —n, where n = 0,1, ..., J, is [M.G.F% § 31] 
rSn41(@) ~k- Leh) sete ii 
OL NESS, Ji k—n ee ee eee 
pie ce 0 eer aaa Gta) 
g® 
Snar(@) yp fae" \ i a) M.G.F., § 6 
= Geer ia tae A ak r=Mw L ae om | 
' The residue at s = k is 
as CeCe; a) EH, [1] =m — ¢.(k, a). 
We thus obtain the theorem stated. 


It is evident that exceptional cases which must be treated by the 
calculus of limits arise when k = 1, 2,...,r. [Cf. M.G.F., §§ 24 and 28. | 


r—n r—n+1) r—n—k 
(=e) +S me (a) F(x de 





18. Substituting p,m for m, ..., p.m for m,, where the p’s are finite 
positive integers, we now have the important asymptotic equality 


pym—1 p,.m—I 
Ss 


Y ... LY (CAtn wo, +... +2, 0,)" 


N=0 n,=0 


= ¢,(k, a)+ ie 


n=0 





a #) a q” | +r ] 
ee Es (1— oe ayey .(r—k) ek tee 


where | J,| is, when m is very large, at most of order less than ER * 
nN y v 


The modulus of the last term of the series is of order m~’~*, and hence 
| J:| is of order less than this last term. The expansion is therefore truly 
asymptotic. It is the expansion obtained previously [M.G.F., § 18], 
where its use was justified by the theory of divergent series. 


19. Suppose now that @ is positive with respect to the w’s, and that 


¢ (x) admits outside a circle of finite radius p the expansion > ane then, 


k=7 


if the points a+ all lie outside this circle, we have, when m is large, 
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the equality 


pim—1 pym—1 
Se we ha FO) 
ny =0 N,=0 





n=0 


a es +7 oy nm fe x . 


where | J;| is at most of order m=!" 


The first x terms of the series for ¢(z) have been omitted because of 
the modification of the fundamental formula thereby introduced. The 


general theory remains unimpaired: when ¢(z) = X c/x*, Jy is at most. 
of order m1, ie | 

The proof proceeds as for the case of a single parameter, and the 
general theory stated for a single parameter holds good. 


20. If @ is positive with respect to the w’s and (x) is an integral 
function of order less than unity, which admits the expansion 


> c;,2", we have the absolute equality 
nes 


pym—1 p,m—1 


tech $(a+Q) 


Ly =0 








co g@ 
= 5 ag(— k a+ > ee 8, 


le \ (x) as] 


. is | 
In other cases the series > c.¢,(—k, a) is, in general, divergent. 
k=0 
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THE ASYMPTOTIC EXPANSION OF INTEGRAL FUNCTIONS OF 
FINITE NON-ZERO ORDER 


By i. W. Barnes. 


[Received and Read February 9th, 1905.] 
A 


1. In three memoirs* which have been recently published I have 
investigated the asymptotic expansions of the logarithms of integral 
functions of finite order, and suggested that such investigations may be 
regarded as preliminary to a classification of integral functions. The 
expansions were obtained for functions of simple and multiple} linear 
sequence, and it was shewn that expansions for similar functions with 
certain types of repeated sequence could be deduced: such deductions 
were made in certain cases. 

The investigation was based entirely on the theory of divergent series : 
in the first memoir I attempted to develop the theory of Borel for this 
purpose. Throughout the investigation no attempt was made to determine 
remainders for the asymptotic expansions. The fundamental procedure 
consisted in applying the asymptotic expansions of the Maclaurin sum- 
formula to a transformation by logarithmic expansion of the funetion 
investigated. The terms of the double series which arose in this way 
were rearranged, and were then summed by an application of Fourier’s 
series. In order to make the application, it was assumed that | z|, when 
| z| is large, was of a limited type of number, and a further assumption 
was made that this limitation could not affect the validity of the result ; 
that, in fact, the form of the asymptotic expansion did not depend on the 
arithmetic nature of |z|. This assumption is valid in the case of func- 


tions of finite (non-zero) order. 
It seems, however, advisable to undertake the investigation from 


another point of view. The theory of divergent series is but little known: 


* “ A Memoir on Integral Functions,”’ Phil. Trans. Roy. Soe. (A), Vol. 199, pp. 411-600 ; 
‘¢ The Classification of Integral Functions,’’ Camb. Phil. Trans., Vol. x1x., pp. 322-355; ‘* The 
Asymptotic Expansion of Integral Functions of Multiple Linear Sequence,’’ Camb. Phil. Trans., 
Vol. x1x., pp. 426-439. Zale 

+ For the definition of these terms see § 2 of the present memoir. 


SER. 2. vou. 3. wo. 899. T 
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parts of the theory are still obscure: it is desirable to place an important 
series of expansions on a basis which will appeal to mathematicians 
accustomed to the older methods of analysis. More than this, at the time 
when the former memoirs were written, I had not developed the theory of 
Maclaurin expansions, and it was impossible always to assign definitely 
the range of validity of the results. After the investigation of the previous 
memoir this can now be done. 

The procedure employed in the present paper is that which I have 
previously used* to obtain the asymptotic expansions of the simple and 
multiple gamma functions. It is an application of Cauchy’s theory of 
residues suggested by a noteworthy investigation of Mellin,t and after- 
wards applied by him to the case of the simple gamma function in a 
memoir! which has priority to my own, but of the existence of which I 
was ignorant when my results were being obtained. Mellin has sub- 
sequently considered§ some of the problems of the present paper: the 
reader may with advantage compare his investigations with my own. 


2. It is convenient to repeat at the outset certain definitions which I 
have introduced in connection with the classification of integral functions. 

A simple integral function is one which may be expressed as a single 
Weierstrassian product whose n-th zero a, depends solely upon » and 
definite constants, and which is such that the law of dependence of a, 
upon 2 is the same for all but a finite number of zeros. The function is 
called a non-repeated function if the n-th primary factor of Weierstrass’s 
product does not correspond to a zero of order depending upon n. If 
there is such dependence, it is called a repeated simple integral function. 
The zero is said to be algebraically repeated if the number which ex- 
presses the repetition is a polynomial in n. 

Functions of multiple linear sequence are functions whose general 
zero 1s of the type f(a+n,0,+...+2,,), a and the w’s being constants 
and the 7’s being the integers which define the particular zero. 

The order of a simple non-repeated integral function whose n-th zero 


is divergent, and & : 


is dy is the number p such that 2 poe pe 
An | n | An | 


nm | 





* Messenger of Mathematics, Vol. xx1x., Part 4; Phil. Trans. Roy. Soc. (A), Vol. 196, Part 5; 
Camb. Phil. Trans., Vol. x1x., §§ 55-57. 

t Acta Soc. Sci. Fennicea, T. xx., No. 12. 

{ Jbia., T. xxtv., No. 10. 

§ Lbid., T. xx1x., No. 4. 
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convergent, however small the real positive quantity « may be. If 
a, = n’, the order is 1/p. 

The order of the 7-ple non-repeated function whose general zero is 
J(atQ), where Q = n,0,+...-++7,@,, 18 similarly a number p such that 


1 ] 1 , y 1 : 
ne fetal 3 divergent and eal FIGASON convergent. 
When f(z) = x", the order is 7/k. 


3. In the present paper I consider only integral functions of finite 
non-zero order. We consider first simple non-repeated functions. The 
three standard functions of this type are 


_r f 
ipa ee a Ca =a 


where p>1; 


sr aii 
1p (@) = ere =f [2 mF al [2 1 Tall 
where p <1 and he ly Op: 


tt, (z) = tr | site sale *P [2 er 


where 1/p is an integer > 1. 

The first function is of order 1/p less than unity. The second is of 
non-integral order 1/p greater than unity. And the third is of integral 
order 1/p equal to or greater than unity. These functions are the proto- 
types of general simple non-repeated integral functions of finite non-zero 
order. 

I proceed in the first place to obtain asymptotic expansions of their 
logarithms and to establish the conditions under which such expansions 
are valid. 


4. Turorem I.—If p be real and positive, and if 2 has its principal 
value with respect to the quantity —o?, the integral 


1 pees Q) az) 


Ort S sin 7s 


vanishes when taken along any part of the great circle at infinity for 
which BR (s) is finite, provided 


(1) | | arg (a/o)? | = r—e, where O<e<ar 
(2) | arg (z/w*) | = e’, where 0Xéb<e. 
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It will also vanish along that part of the same circle for which R(s) ts 
positive and very large, provided in addition 


(8) | z/a+nwy? |< 1° (n=0, 1, ..., ©), 
(4) the circle pass between the points n, n+1,..., n being a large post- 
tive integer. 


The integral may be written 


it [ties Q) 7 (4) 4 
seer OO — S, 
271 s sin 7s \w? 
and the proof of the theorem follows the lines of Theorems I., IL, 
and III. of the previous paper. 

By saying that 2 has its principal value with respect to the quantity 
—w? we mean that 


z = exp {slogz} = exp {slog|z|+ s arg 2}, 
where arg z lies in value between p arg w +7, so that 
—7 < arg (¢/w°) <7. 


We do not necessarily mean that z* has its principal value with respect to 
the axis to the point which represents —o® in the Argand diagram. 


5. Let Ly be a contour embracing the positive half of the real axis 
and cutting it between s = 1/p and s = 1, and let L, be a contour parallel 
to the imaginary axis and cutting the real axis in the same point as the 
contour Ly. Further, let L, be a contour parallel to L, cutting the real 
axis between s = —J/ and s=—(/+1). These contours may be com- 
pared with those drawn in § 7 of the previous paper. 


Tueorem II.—Provided the conditions (1) and (2) of § 4 hold, 


log ,P, (2) = pa | ¢ (ps, a) uta 


Ort s sin 7s 


By Cauchy’s theorem, provided all four conditions of § 4 hold good, 
Ir, = I; 


where J denotes the integral under consideration. 
The residue of Iz, at s = k is (—)¥k7! €(pk, a) 2". 


o k o 
H ae Se ines oy We Ae 
et 1, ta kk n=0 (a+no)* 
Lilgi, oo (—z)* 
ae rez a k (a+nw)?*’ 





(since p > 1) 


8 
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the inversion of the double series being legitimate under the condition (8). 


Thus —TIyr, = —I,= log” ul ae a aa 3 


or —I;, = log ,P, (2), 


provided the conditions (1), (2), (8), and (4) are satisfied. 

But the condition (4) obviously cannot affect this equality ; neither, 
since each expression is one-valued, continuous, and analytic for all values 
of |z|, can the condition (8). 

We thus have the theorem stated. 


6. Tuzorem II].—Provided the Gi (1) and (2) of § 4 hold good, 


oped den ae ea Vics +¢(0, a) logz+pé' (0, a) 


@ sin rat 


Hs: — 1 


1b 








where ¢' (0, a) denotes E C(s, a) | and is equal to [G.F., p. 102] 
s=0 





Tu) = tog { L@| 


lo 
oot) (w) aa on 


wm the notation of the simple gamma function of parameter w. 
By Cauchy’s theorem coupled with Theorem I., we see that 


amd ls. rae TE lye 


together with the sum of the residues of the subject of integration at 
Dip Op 3b el 
The residue of the subject of integration at s =— 7 is 


(— —)"- i ¢( pn, a) 


nz” 


The residue at s = O is the absolute term in the ane of 
1 €(0)-+ pe ¢’ (O)+.. .| {i +e log z+... 
aa 


and is therefore ¢ (0, a) logz+p¢'(0, a), the logarithm having its principal 
value with respect to the quantity —o® (vide § 4). 
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The residue at s = 1/p is the coefficient of 1/e in the expansion of 


oe —yia)...! [G.F., p. 95.] 


sin ane w sin 7/p 


Combining these results with Theorem II., we have the proposition stated. 


7. We have now proved that when 
(1) |arg(a/o)| = 7—e, where 0O<e<or 


(2) | arg (z/o*) | = &’, where 0’ <e, 
we have 
log ,P,(2) = €(, a) log z+p€' (0, a) + ——- + le — 


w §in or el 





¢(—pn, a) 


Qt S sin 7s 


= | C(ps,@) _m2"_ a. 
Lz 


and we have to investigate how far the conditions limit the asymptotic 
expansion to which this equality gives rise. 
For this purpose we need the following :— 


THroreM IV.—Under the conditions (1) and (2) coupled with 
| (at+kw)?/z | <aalt 


1 | oe T LOrs (=)"(a-t ko)" 


Dm L, S(a+kw)* sin ws pans na” 


we have 


As in § 5, we prove that, under the conditions (1) and (2), 


a ) 
Ihe log {1+ aaa 


Hence, as in § 6, under these same conditions, 
L __\n-1 nN 
i Shek S Ye Be + loge—p log (a+ ke) 
Waa 


— log jit eee } ak z (= ye 1 eee” 2 


Therefore, provided we have the original condition | (a+kw)?/z| <1, 
i = > (==) (ar hey” 


Reel nz” 


which is the theorem required. 
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Now we know that ¢(s, a+w)—€(s, a) = — a“, 
Ss 
so that C(s, atkw) = €(s, a)— = % (ane) ~*. 
Therefore, under the conditions (1) and (2), 
l gh 
Se [p 
o = oO d » ——— 
log ,P, (2) C(0, a) log z+p (0, a)+ = pn, a)+ a eae 
{ ro be ae 1 
vals \ i$ (ps, atkw)+ 2 (atmos) re ae 
W770 8 sin7s | 


And therefore, provided in addition | (@+mw)?/z| <1, m= 0,1,...,k—1, 
we have 








1/ 
ee corals eet 0,4) > = Ai epee es 
ret w sin 7/p 
a 3 (—)"~* ot (a+mo)P” = C(ps, at+ko) 72° ds 
een = TE ies ze Qe Jr. s sin7w7s 


In this formula the condition (1) may be modified; for, in order that 
the integral last written may be convergent, it is merely necessary that 
| arg {(a+ke)/w)?}| = a—e, where 0 << ¢ <7, and that then 


| arg (¢/@*) | = e’, 


where 0 <e’ <e. But we may, by taking / large but finite, make 
arg Bio as small as we please, and then | arg (z/w?)| may have any 
value < 7.* 

The series > ae S ere 

n=1+1 n n= 2 

but finite number of remainders i): / terms of convergent logarithmic 
expansions (provided |z| be very large), and will therefore be of order 
less than the order | z|-’. 

sgain Ef Closet) wet 

271 165. 


s sin 7s 


will then be the sum of a large 


ds is, when |z| is large, of order 


i/|zftt © <t < J). 


If, then, z 1s not in the vrmmediate vicinity of the zeros of ,P,(z), and 
if ais not such as to make any zero —(a+nw)? vanish, we have, when 
‘ is large, the asymptotic expansion 


g P,(z) = ¢(0, a) log z+p¢'(0, a) + 


where |J,| is of order less than |z|~*. 


l __\n—1 
+ © 7 &(—pn, a) +4, 


@ sin a: es 


* There is the obvious restriction that @+nw must not vanish for positive integral values of 1. 
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This result is a slight generalisation of that obtained by me previously 
by the theory of divergent series [I.F'., § 52]. In the present instance 
we have determined the remainder in the asymptotic expansion of the 
standard function of simple non-repeated sequence of order less than 
unity. The result accords with my general theorem that the asymptotic 
expansion is valid for all large values of |z| which are not in the 
immediate vicinity of zeros of the function [J.F., § 44]. 


8. It should be carefully noticed that the previous formula has only 
been proved under the restriction that pis real. In this case the zeros 
—(a+no)? ultimately lie along a single line tending to infinity. But, when 
p is complex, the zeros in general cover the whole plane near infinity, 
for they ultimately behave like 


(rw)? = exp jp logn+p logo}, 


and therefore each sucessive zero has a different argument. We expect, 
for this reason, that no asymptotic expansion will exist; and, in fact, 
it is easy to shew that the foregoing proof breaks down. 


9. Few modifications are necessary to establish the asymptotic ex- 
pansions for 


og 0409) = Yow TE | {1+ cao) (2 setae | 


where p+1>I1/p>p. 

We take the contours LZ, and L, to cut the real axis between s = 1/p 
and s = p-+1. Then, provided the conditions (1), (2), (3), and (4) of § 4 
hold good, 
|S ¢(ps, a) a) ae ae ee > sae ae E(ps, a) 

Io 


Qa s sin 7S cael 


moa S (—z)* io) 1 


2 sa a a a oe 
sad WAS 0 (@+7w)? 





1 Os ay 
=>, a LN 

PoE ap PS RE (6 has wet (7) 
= log ,Q,(#). 


Hence, by the former argument, under the conditions (1) and (2) alone, 


—Iz, = log 1Q, (2) ; 
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and therefore, by Cauchy’s theorem, 


a 1 





1/ 1 
log 1Q,(z) = ¢(0) log z+p¢'(0, a wenn >! en ¢(—pn, a) 


asin} Oil ise 4904 


? 


1 C(ps, a) 72° 
Ort |, 8 sin 7s 
where the accent in the summation denotes that the term corresponding 
to » = 0 is to be omitted. 

From this formula we deduce, exactly as in § 7 and under the same 
conditions, the asymptotic expansion of log ,Q, (2). 


10. Consider next the function 


FESS aa fe eh ps J | 
eG E earn ( =1 s(a-tnw)?) | 
where 1/p is an integer > 1. 
In the case of this function we take the contours Ly and L, to cut 
the real axis between 1/p and 1/p+1. 
We have, under the conditions (1) and (2) of § 4, 


log it, (2) — —x| ¢ (ps, @) ES ds, 
Ty 


2r S sin 7s 


and thence, by considering the residues at the poles of the subject of 
integration between L, and Ls, we deduce 


log , f(z) = pf’ (0, a +¢(0, a) log z+p(—)Vet gle ve (a) 





to (—yeaies(a) |= logz—1} + > se REY 3 (2) 


n=—Ifpt1 4 


on a | C(ps, @)) sae 
Dare \r s sin 7s 
This is the result of making 1/p = p+e and then putting « = 0 in the 
formula for log ,Q, (2). 
For the two terms in that formula which become infinite are 


agete (=)? 2? ep, 
Baits CoE eae p ¢(1—pe, a) 
(ea 
Pp 





mee) wT @ ) 1 (1) ) 
= (Ite loge+...} 1+ 25 +...) + reed (Q)+...5 


= ee log z— ee + aa, yW™ (a). [G.F., p. 95.] 


4 iii 
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Since S(a) = 1/m [G.F., p. 80], this agrees with the former result. 
The calculus of limits can always be employed in this way in the more 
complicated formule to which we now proceed, when infinite terms arise 
for particular values of the constants involved. 


11. We now proceed to consider a very general type of simple non- 
repeated integral function of finite (non-zero) order, and its asymptotic 
expansion. 

Let $(x) bea (not necessarily one-valued) function of x which vs such 
that neither (x) nor its reciprocal has any singularities outside a curcle of 
finite radius k and centre the origin, outside which* a,a+eo,...,a+na, ... 
all lie. Further, let ae p(x) = 1 and let p be a positive quantity. 
Then the function which, when R(s) > 1/p, ts represented by 

n=0 LP (a-+nw) (a+ no)? | 
the many-valued functions having their principal values with respect to 
the axis of —w, is a function of s which has no singularities in the finite 
part of the plane except at the points 
s = —(m—1)/p, ii) ale eee 
Outside the cirele of finite radius k we have the expansion 


pa) = 1+ 24..44H..., 
40 XL 


and, by the conditions attached to ¢(x), we have within the same region, 
by Abel’s investigation of the binomial series, + 


[2? 6(2)]-* = ol AS44004). 


By the Cauchy-Hadamard theorem, when m is large, | f,(s)| = k” to a 
first approximation. 
We see now that, when R(s) > 1/p, 
Se ae ee 
no Lp (a+nw) (a+r)? |? 
where /,(s) = 1, provided the series on the right-hand side is convergent. 
But, when m is large, ¢(os-+m) behaves like 
ek ae 
(m—1)! da” 


= > Fn (8) C(ps-+m, a), 


C(m) = log Ta) ; 





* In the sequel (§ 17) this need ne be true when » is large, if @+”w never vanish and be 
not a singularity of » (x) or its reciprocal. 
+ Abel, Guvres Completes (1881), T. 1., pp. 219-238. 
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and, as we see by the Taylor’s expansion of log I',(a+42), the modulus of 
this quantity behaves like 1/u”, where u is the minimum value of 
la-+-nw|. (n= 0, 1, 2,...., ©). 


The series > Fu(s) €(ps-+m) is therefore convergent with = (=) : 
m= m lh 


that is to say, if u>k. 
Thus, if @+w for all positive integral (including zero) values of » les 
outside the circle of radius *k, the function 


Z(s, a) = > fuls) €(ps-m, a) 


is convergent and represents the continuation of the function which, when 


R(s) > 1/p, is represented by > 


1 
———__————, The sole poles of the 
m=0 Lap (2) Pee 4 


function are at the points 


pstm = —1 or s = —(m—1)/p. 


12. Turorem.—IJf |arg (a/w)?| = r—e where O<e <a, and if 
s=utw, then |Z(s)o*|e“"—-!"!, where Oe’ <e, tends exponentially 
to zero as |v| tends to infinity, w being finite. 


We have NO = > Fr (s) €(ps +r). 


Also f(s) is an algebraic polynomial of degree 7 in s. Hence the (r-+1)-th 
term of Z(s) behaves like (1, s)"€(es-+7); and therefore, when |v| tends to 
infinity, w being finite, this term tends two infinity like 
[eo | e912, 
Hence, as the series for 7(s) remains convergent, however large | s| may — 
be, if wu be finite we see that 
| wf (s) wh | far ae 
where 0 < e’ <e, tends exponentially to zero as |v| tends to infinity. 


CoroLuARY.—F rom the formula 


eee ie 1 
is) = > Tp apna) apna 


we see that, if «> 1/p, the same expression tends, under the assigned 
conditions, exponentially to zero, when |s| tends to infinity. 


13. THEorEM.—The integral | 7" _ds, in which # has its 
27 s sin 7s 


principal value with respect to the quantity —o, is finite when taken along 
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any parallel to the imaginary axis in the fimte part of the plane which 
does not pass through finite poles of the subject of integration, provided 


(1) larg (a/o)?| = r—e where O<e<z, 
(2) | arg (z/w)? | = e’ where O<eb<e. 
The subject of integration may be written 


$ sin 7s 





and this, under the assigned conditions, tends exponentially to zero as | 0| 
tends to infinity, w being finite. 


Corouuary J.—The same integral vanishes when taken along any part 
of the great circle at infinity for which w is finite. 


Corotuary I].—The same integral vanishes when taken along the 
great circle for which w is infinite and positive, provided that, in addition 
to conditions (1) and (2), we have 


(3) (n = 0, 1, 2, ..., ©), 








ictal 
(a+nw)? 


(4) The circle pass between the zeros of sin zs. 


14. We now can obtain the asymptotic expansion of the logarithm of 
the very general simple non-repeated integral function of finite (non-zero) 
order, a 8 Hei ery g (Be ] 

(2) yi n=0 sie oe tea s(x? p(x) | r=a+nw 
where p+1>1/p>>p. 

For, by the method previously employed, we evidently have, under the 
conditions (1) and (2) of § 18, 





i! Ls) we 
SESE rer Qa iF a sin 7s ge 
where the integral is taken along a contour L, parallel to the imaginary 
axis and cutting the real axis between the points 1/p and p+1. Hence, 
if L, be the contour defined in § 5, cutting the real axis in —(/+1)+.e, 
where this point is nota pole of the subject of integration, and e is small 
and positive, we have, under the same conditions, 


1 IAS) ere, 
log aren Reel 
og aa) Dre |. s sins 





? 


together with the residues of the subject of integration at its poles s = 0, 
s = —(r—1L)/p, r = 0, 1, ..., m, where (m—1)/p < 1+1 < m/p. 


’ 
bk 
’ 


-* 
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Now the residue at s = 0 is the absolute term in the expansion of 


L/e {1+elogz+...} {Z(0)+eZ'(0)+...} = Z(0) log z+2'(0). 
And the residue at s = —(r—1)/p is* 
mp aie 


x residue of Y f(s) €(ps-+7) 
r=0 


Diy eg g Ure ( r— ) 
w(1—r) aed 2 (- —) p 
P 


Therefore, under the conditions (1) and (2), 


le @ =i 
SHWE er | (rae 
Pi 





log £y (2) = Z(0) log z+ 2'(0) + S) Sm aes 


(ave nz 
1 ae Toke) eZisiare 
=) fr ( p Qa le s sinws ae 


the double accent denoting that 7 = 1 is to be excluded from the summation. 


ag @—Vie 


+ iu 7 
r= w(1—r) sin 7 ( 





15. Suppose now that |z| is very large. As in § 7, the conditions (1) 
and (2) can be replaced by the conditions 


(1) That a+nw does not vanish for any positive integral value of 7, 
(2) That | arg (z/@*)|< 7. 


The modulus of the integral along the contour L, may be proved to be 
at most of order | z|~’-1*°. 
rifle f. (- =a ") 
The series = . 
; 


™=9 (1—r) sin + i 
p 





be 





is absolutely convergent if 





a 


sufficiently large and differs from 2 by a quantity which is at most of 
r=0 


Ordert: |aes 


1—r a 1 igen dx es ne. p (r—1)/p 
Bor fe (*S*) = a | cages = ami | raced, 


the integral being taken round a circle, centre the origin and radius 
k'>k. If M be the maximum value of [2° ¢(x)]' on this circle, the 
integral behaves when 7 is large like CM"~*, where C 1s finite. Therefore 
the series is convergent if M <|z'?|. 








* [Note added April 5, 1905.]—We assume, of course, that (l—r)/p is not an integer. In 
such cases limiting forms arise. 
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We see, then, that, under our new conditions (1) and (2), 
ler a= 710) lope Zee by (ent _ Bako 
; 1—n 
gmp mt 
Tg ENS 


ts wv 
nN 


"=9 (1—n) sin 3 (—) 
p 





+ Ji; 


where J;, when |z| is large, is at most of order | z|~’. 


16. We may give a slightly more elegant form to this formula, as 
follows. 

Suppose that y= 2x’d(z%) = vil+4 $34...) 
when |a| > k. 

As arg z goes from 0 to 27, arg y goes from 0 to 27p. 

By reversion of series we obtain an expansion valid for large values 
of |y| 


Pe a et hha 


¥* 


wherein also, as arg y goes from 0 to 27p, arg z goes from 0 to 27. 





Now we have fy, (—*) Hay jeg ah Saltmeeilare ts 
p 27 


(the integral being taken round a circle, centre the origin and radius > k, 
from argz = 0 to argz = 27) 


— = \ La? p (a) | VP dax 


AD, = *) 


97 ee aa } dy, 





as -=| (n— aE S 


wherein the integral is taken along a contour which is a circular are from 
arg y = 0 to argy = 27 p. 

Now, if the integral be taken along a circular are from argy = 0 to 
arg y = 27p, 


2irp 
\ Mpa ilame: dy —_— y— kip \ 


2 
Bae: ie) epi He \" ae yaly 
0 0 


= 0 if Kk 0, and = 2271p if k= 0: 
Hence 





tn (— a =— Z Q7ri p dn ea) = —(n—1) dy. 
p 
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This relation is purely algebraical, and can be otherwise obtained by actual 
calculation of the quantities f,(s/p) and by establishing the set of 
relations between these quantities and the d’s furnished by the reversion 
process. 

We now see that we have the asymptotic expansion 


OUT} 1 n—1 3 d,, gue 
PaO Oe ee) ee We 7 (in) > ar ee a ela 


n 


Dee ME = ; l—n 
ae "= 6 sin 7 ( gnle 
p 








The quantities Z(—n) which intervene may be called the Maclaurin 
constants. 


é Z(—n) = © f=) Erp) 
and, since [a°p(x) |" = a?” 5 Sr = 
r=0 


when «= a+pw (p = 0,1, ..., m—1), we see that we have the Mac- 
laurin sum-formula 


m—1 ‘ | me ey ee S;, (a) ihe 
2 [at+po)? o(a+pe) |" = Z(—n)+ om mae lone 





| xP" ch (a) |” di: r| 


P= Mo 


Again, we have 


Z(0) = S fel (0) €(7) = (0) =— Sh, 
ite (0 ee), trae Oman) (0 )2— I 


Also 20) = pLO+ E FE, 


and therefore —Z’(0) is the Maclaurin constant corresponding to the 
appleation of the Maclaurin sum-formula to the function 


m—1 


Delos ae die) yon ones 
n=0 


17. The integral function F(z) which has been considered is not the 
most general simple non-repeated function of finite non-zero order. A 
more general function would be* 


ri ue) = 
wv {1+ a? h(a)! tide 2 =4] sx? h(a) |° a) i ear anne 


where (xz) admits together with its reciprocal, outside a circle outside 





* Verbal alterations have been made in this paragraph [ April 5th, 1905]. 
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which a+nw (n=1, 2, ..., ©) all lie, an absolutely convergent expansion 
of the form 
Le Sa ape 


where 0 < ¢, <e,... and the e’s tend to infinity or are finite in number. 
The asymptotic expansion of the logarithm of this function can be 
developed in the same way. The function F(z) which has been considered 
is obtained by putting e =r (ry = 1, 2,...,0). By a slight modification 
of the previous theory we may see that, provided 1/p is not an integer, 
provided a+nw and ¢(a+nw) and its reciprocal vanish for no positive 
integral value of n, and provided | arg (z/w*) |< 7, we have, when | z| is 
large, the asymptotic expansion 
log Ff, (2) ; 

, ; rr co ae a az dq, 
= —§i(a) logz+Z'(0)+ x ~——— Z(—n)+ 2d” 


Lee EMILE « rs : 1—n 
n ?p n=0 w gin 7 ( ) gre 
P 


where p < 1/p < »+1, and where | Ja is at most of order ime 

When 1/p is an integer p, we may obtain the corresponding expansion 
by the calculus of limits, just as the expansion for ,R,(z) was deduced 
from ,@),(2). 

No limitation 1s mvolved in the assumption that ut o(x) = 1; for 


+ Ji, ‘ 





we may always ensure that this shall be the case by making the 
substitution ¢ = ¢,¢.in F(z). 

The result which has been obtained is, in the main, in accordance 
with that obtained previously for integral functions of finite non-zero 
order by the theory of asymptotic series [J.F., §§ 58-59]. We have, 
however, given greater precision to the conditions under which the 
-expansion is valid than was possible before the enumeration of the 
conditions under which it is legitimate to apply the Maclaurin sum- 
formula. | 

The generality of the form of the function ¢(x) which we have taken 
is very great. We may note among special cases that ¢(x) may be 

(1) a rational integral function of 1/2 which does not vanish when 
120 Ra save, 

(2) a similar rational integral function of negative fractional 
powers of zx; 

(3) of the form R(1/z)e**™, where G(z) is an integral function 
OL a ; 

(4) of the the form R(1/z)u(1/x), where u(x) is a meromorphic 
function with no poles or zeros within a circle of finite radius 
surrounding the origin. 
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We may state the final result as follows :— 

The logarithm of the specified general type of integral function of 
finite non-zero order with a single sequence of non-repeated zeros admits, 
when |z| is large, an asymptotic expansion valid everywhere but in the 
neighbourhood of the zeros of the function ; and all the coefficients 
of this expansion can be built up from the simple Riemann ¢ function 
C(s, a W). 

If the function is of order 1/p where p+1 > 1/p > p, the dominant 
term of the asymptotic expansion is of the order of magnitude of z'/?, and, 
if 1/p is an integer p, is of the order of magnitude of 2” log z. 


18. I will now briefly indicate the extension of the previous theory 
to non-repeated functions of multiple linear sequence. We base the 
investigation on the properties of the multiple Riemann ¢ function 
¢,(8, @|@,, ..., @,), defined in § 15 of the previous paper, the theory of 
which has been developed in the author’s memoir on the multiple gamma 
function. 

Let ¢(x) be the function of « defined in § 11 which is such that 
neither ¢(z) nor its reciprocal has any singularities outside a circle 
of finite radius & and centre the origin, outside which (a+Q), where 
Q = no,+...+7,o,, lies when 7, ..., % have any positive integral 
values (zero included). We assume that the w’s all lie on the same side 
of some straight line P through the origin. Further, let act, Olt) a Ls 


Then the function which, when R(s) > 7/p, is represented by 
debe. nt NARA 
n=0 LP(@+Q) (a+O) PP’ 
where the many-valued functions have their principal values with respect 


tothe axis of —1/Z defined in § 15 of the previous paper, is represented 


for all values of s by oo 
Z,(s) = & fnls) ¢.(pst+m, a), 


where (¢,(s, 2) is the r-ple Riemann ¢ function, and where 
lo@yr= 3 2e. 
m=0 & 


The sole singularities of the function, gua function of s, in the finite 
part of the plane are at the points 
( Eas Oe ee 


\ ¢ 


ps-E— ¢; where ‘ 


| 
a 
8 


or s = (q—2)/p, 


BBR. 2. vou. 3. wo. 900. U 
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For [M.G.F., § 81] the sole singularities of ¢,.(s, a) are at the points 
6 Ng: 


19. We now assume, for otherwise the points (a+)? will cover the 
whole region of the plane near infinity, that all the points 9 lie within 
an angle 0(< 27) whose vertex is the origin. This necessitates that, 
when p > 2, the points w le within an angle 0/p(<27/p). In this 
latter case we take the fundamental line P (see § 15 of the previous paper) 
to be the external bisector of this angle. 

We shall obtain the system of points (° within the angle @ by 
rotating each point Q until its argument is p times its former value. 
Let 1/Z, be the line which is obtained from 1/Z in this way. Then, 
if @ be the argument of the line 1/Z, that of the quantity 1/L, is p¢. 


Let 2 have its principal value with respect to the quantity —1/L,. (1) 
By this we mean that pd—7 < argz < p¢d+7. 


Further, assume that z does not he within the region of the points 
—()P ; (2) 
so that therefore . 

|argz—pod| = 7, where 0<7n< Bo oy aes oe 
7—40 (op > 2). 
In the expression for ¢,(s, a) terms of the type (a+) occur, which 


have their principal values with respect to —1/L. By taking a to be 
positive with respect to the w’s (3), we ensure that arg (a+Q) differs from 


is 2), 
by a quantity < aa (p and therefore that 
aes Ts eer 
4 (p < 2) 
re Q)e — et her 0 al (3p7 Pp ’ 
| arg (a+Q)’—p¢d| = e, where aaree: (o 5 2). 
We may therefore put under the conditions (1), (2), and (8) 
a So -— + pWn)s 
(a+ Q)P5 ("ne ) ’ 
and we shall have 0<|W.| < etn < zo. 
If, now, we have the further condition r, <1 (4), we have the 
proposition that ZAs)ee7* |”! 


where K(s) >—(l+1) and s=u+w, tends exponentially to zero as 
| s| tends ‘to infinity. This may be proved by the same methods as those 


already employed. 
Suppose now that p+1> 7/p >p. Let Lg a rl, be contours, 
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similar to those employed in § 5, cutting the real axis between 7/p and 
(p+1). Then, by the proposition just stated, the integral 


1 (ae awe 


$s  sin7s 








Qt 
is finite when taken along the contours ,lg, ,lj,, and Ly, and the two 
former integrals are equal to one another. 


20. Let f(z) denote the integral function of multiple linear sequence 
and order r/p 


7 ) iS (2): 
aes Ny. we ace ane a? b(x)) : Behe 18 1a? (x) }° wae 


p being such that p+1>7/p > p. 
Then, as previously, we see that, provided 7, <1 and |W,| < 7, 


log F(z) =-3|, Zr(s) mz 


2m J. s sins 





But both sides of the equality are one-valued continuous analytic functions 
for all values of r,. Therefore we may dispense with the condition (4) 
of § 19. 

Now apply Cauchy’s theorem and change the contour of integration 
from ,L, to L,. We get 


x | 4,(8) We 


YT 





F(z) = — (ose >) Sali Z,(—n) 
NZ. 


I, 8 81N 7S wap 

plus the sum of the residues of the subject of integration at the points 
Spas Op 
s=(q—d/p Opie Me Daag io! acces 4D Ba e/a 

where (m+1—q)/p > J+1 > (m—4Q)/p. 


Now the residue of a ¢(ps+t) at s=(q—d/p is 





gabe (are (a) 


[M.G.F., § 81]. 
Ghee (a) veo 
p 


Hence the sum of the residues of the subject of integration at the points 
s = (q¢—12)/p is the sum of such terms of the infinite series 
£ (=)8" 1 Sy (a) ©, f (ey fa- Op 


— = ! feet, 

q=1 (q 18) t=0 im (q—?) sin 7 (1) 
a 

u 2 
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as are not of order less than 1/|z|'*! when |z| is large. The double 
accent in the summation denotes that the term for which ¢= q is to 
be omitted. 

The series just written is absolutely convergent for sufficiently large 
values of | z|, since 


a a ath \ ee — nl | q-l p (t—q)/p dit 
ji ( p Qr [ p(x) eo dx Ont tL [x p(x) ’ 
the integral being taken round a circle of radius k’ > k. Hence, when 
t is large, 





p.(— —*)| we EY Aa UL 


where M is the maximum fai of x? d(x) on the circle in question. 
The series is therefore convergent if |z| > M. 

Again, the residue of the subject of integration at s = 0 is the absolute 
term in the expansion 


See | 
 ef1 TE + | 


31 sa 


{E.O+peEO+... 1 {AO+fO+..-}, 


and is therefore 


= {A )[G- log 2+ pF (O)+AO 6 O} = 0) log e+ pS-O+ = fi(0) ¢(0 





= ¢,(0) logz+Z,(0). 
We note [M.G.F., §§ 22 and 23] that ¢,(0) = (—); 8) (a) and that 
oye eG) 
G0) = [56.06 @) |_,= log. 


where I',(a) is the r-ple gamma function and p,(w) is the r-ple Stirling 
modular form. 
We have then 


log F-() = 3 2 2,(—m + ZO +G(0, a) log z 
n=—p vz 
* . (2) aS (a) Sn f ey gale 
oi oes =a (q—2) sin x (2) 
_ 1 ( 2, (s)- re! 
Ome ee $ sin 7s ascredts 


where Jj, when | Z| is large, is of order less than |z|“'. 


21. In this equality the many-valued functions 2, 24~%, and log z 
have their principal values with respect to the quantity —1/L,; that is to 
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say, in each case the argument of z lies between pP+7. Further, we 
have assumed that z does not lie within the region within which the 
points —Q? lie. And, finally, we have assumed that @ is positive with 
respect to the w’s, that is to say, that a lies within the region within 
which the w’s lie. 

Exactly as in § 7, we may remove the last restriction. And we obtain 
the theorem :— 


If |z| ts large and not within that part of the region at infinity 
within which the points —(a+Q) he, and of a ts of finite modulus, and 
not such as to make a+Q vanish identically for any positive integral 
values of Ny, ..., Ny (zero included), then 





r(—n) + Z; (0) +¢,(0, a) log z 





log F.(2) = x 
og F(z) = aes 


r (—)tt or, SY (a) 0 q—t 2a-D/p 
1 Diese Tem aide (=) 1 OE a RLY 
ol G (q—?) sin 7 (i ) 
p 
where | J;| is of order less than |z|~'. In this expression 





fale — exp jae ee “|, 
p 


and log z is such that its argument les between pd + 7. 


22. We may give a more elegant form to the series just written. 
Let y = 2 d(z) = w (14242 +4...), 


where, as arg x goes from 0 to 27, arg y goes from 0 to 27p, and suppose 
that, by reversion of series, we obtain 


p= yh tee t+... aa 


and eA ar ae ; I 


whererg:—1 laos 
Then, as erate (§ 16), we have 


(X) = ao \y- Oe L ; diy de a a +...} 


taken along a circular arc from arg y = 0 to arg y = 2p. 


= 2/5) a4 
Thus fil p Qarig p ght y 
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taken round a circle enclosing the origin, 


ws I ste 


Hence the previous formula may be written 





16g FC) aS ee) eC (a) los eer) 


n=—/p ne” 





F S Cl (a) zl sn (hut didi, 
Lona fe =0 pt sin a (¢—) 
P 

If we make / infinite, we obtain the asymptotic expansion of log F’,(2), 
which is valid when |z| is very large and not within the domain of the 
large zeros of F(z). If these zeros cover the whole plane at infinity, no 
asymptotic expansion exists. The formula now obtained is a development 
of the formula previously adumbrated [Integral Functions of Multiple 
Linear Sequence, $$ 11 and 15]. The asymptotic expansions of the general 
integral functions* of multiple linear sequence, non-repeated zeros, and 
finite non-zero order follow in the same way. 

In obtaining the previous formula we have assumed that 1/p is not an 
integer, and that (g—?)/p is not an integer for the values 


mR RON ya Nee M SENOS IN v5) Sey) GPa aaD 


When such exceptional cases arise we can always obtain a definite formula 
by the use of the calculus of limits. ° 


23. As particular cases of the general result just obtained we may 
write down the asymptotic expansions of the three standard functions of 
finite non-zero order and multiple linear sequence :— 


_ 7 yf ! . 

phe An ai Foy) >”, 
uA i), 

rQp @) am Dees n, se oO | (+= =) iene =o sare i 


where p is an integer such that p+1>~7/p>~p. 


ee) 


RQ) (i+ =) exp S a 
st ot i oaal a l 24 Sa n=a+O 





where 7/p is an integer p. 


* Such as correspond to those mentioned in §17 [April 5, 1905). 
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We have 
l Pp a\e=Lis 197 He 
Omer aie) te a ¢r(—pn, a) +p log Cha "Si (a) log z 
n=1 1a) 
r (—)2t" 7 ,S*” (a) gale 
tas 5p Sa END Dep 
q=1 q: Tq 


Alina 
agreeing with [.F.M.L.S., § 5. & 
We have a similar expansion for log ,@,(z), except that the first series 
is summed from » = —p to l (zero excluded). 
To obtain the asymptotic expansion for log ,f,(z) we apply the calculus 
of limits to the formula for log,Q,(z). The work has been carried out 
[T.F.M.L.S., §§16 and 17]. The result is that, if p be not a multiple of r, 


rs se fy I’.(a) __\r S) ie perl 
log ,R, (2) ; Saran )" Si (a) log z+ ia mee: iu a 


Noa pier + Fay ro | 
1 2 ie M+ a gmplr STO 4 3, 
nupT 


m=1 








iM 


St. 
1 kp) 


ni sin——_— 


If p = kr, where k is an integer, we have 





ee Ske BLOM ee Hi so iGees Med (ae 
log Ry (2) = 5 log +(—)'Si(a) loge+ E —&(-= a) 


pr (o) s=-p 82° 


(—)etDmtr git) 


POT (a) 4k log z— S| +d, 


T ( 2s: \ee 1)m ghin 


y+ > 


m=1 m! k re a m! k 


the star indicating that the terms which correspond to s=0, —A&, 
— 2k, .... —rk are to be omitted in the summation. 
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GENERATIONAL RELATIONS FOR THE ABSTRACT GROUP 
SIMPLY ISOMORPHIC WITH THE GROUP LF'[2, p"] 


By W. H. Bussey. 
Communicated by Prof. L. EK. Dickson. 


[Received December 10th, 1904.—Read January 12th, 1905. ] 


INTRODUCTION. 


1. The object of this paper is the proof of the following six theorems 
concerning sets of generational relations for the abstract group G, simply 
isomorphic with the group DL [2, p”] of all linear fractional transforma- 
tions, on one variable, having determinant unity and coefficients belonging 
to the GF'(p”). 


Tureorem I.*—The abstract group Gip(p—1, sumply vsomorphic with the 
group LF |2,p|,p >2, may be generated by two operators T and S, 
subject to the generational relations 


(A) Stal) onli — a) wie (O00) ae eS al oe a= 


THEoreM [1.—The abstract group Gynpn_y, simply isomorphic with 


the group LF|2, p”|, p > 2, n>1, may be generated by (p"+1) opera- 
tors T' and Sy, » running through the marks of the GE (p"), subject to the 
generational relations 

(So — 5) oo ee oon y ers). 

2) P=, (8, TF =], 

(8) (S,TS_,T)? =I (7 any mark + 0), 

(4) [Aja, a7], [1/e, 207], [2, a]; [1yz; a] (a2 0); 
where vs a primitive root of the GF (p"), and a is any mark subject to 
a restriction implied in the notation |r, u]. 


(B) 








* For the special cases in which p” < 47, this theorem has been proved by Prof. Dickson, 
Proc. London Math. Soc., Vol. xxxv., pp. 292-305; Bull. Amer. Math. Soc., Vol. 1x., p. 297. 


ee 
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Note.—The symbol [A, «| is used to denote the relation* 
Sa OR TS a-v/Qu—1) Bt TS (u—1)1u—-1) T= if 


where A, « are marks such that Au 1. 


THeoremM III.t—For the special cases in which p" = 49, 81, 121 rela- 
trons (1), (2), (8) form a set of generational relations for Gy» (ny, Pp > 2. 


4 


THEroreM IV.{—The abstract group Gonin_y, simply isomorphic with 
the group LF|2, 2"|, may be generated by three operators a, b, c, subject 
to the generational relations 

(Nm ee 0) ee he bi bas 


C 
se (66) @& =I, (a*=I, (cb =I, 


where € = 1, 2, 8, ..., (2"—2), and n, € are determined by the relations 
ao =1+¢, n=E—E mod 2”"—1), 2 being a primitive root of the GF (2"). 


Turorem V.—The abstract group Gongn_y, simply tsomorphic with 
the group LF'|2, 2"], may be generated by two operators a and d subject 
to the generational relations 


(D) pe ee 1 ST GREG OI Ah Ve 
where € = 1, 2, 8, ..., (2"—2), and € ts determined by the relation 
& = 1+, ¢ being a primitive root of the GF (2"). 


THEeoreM VI.§—ZIn the special cases in which n = 2, 3, 4, 5, 6, the 
abstract group Gorgen_y, simply isomorphic with the group LF [2, 2”, 








* Relations (1), 7? =J,[A, u], A, w any marks such that Aus41, constitute a set of 
generational relations for G. This is a special case of a more general theorem valid for any field 
due to Moore. See Proc. London Math. Soc., Vol. xxxv., p. 298, and Dickson’s Linear Groups, 


p. 300. 
Note that, when A = 0 or 1, [A, uw] reduces to (5, 7)3 = J, and, when A =—1, [A, yu] 


reduces to (3). 

t For the special cases in which p” = 9, 25, 27, 125, 243, Prof. Dickson has proved that 
(1), (2), (3) constitute a set of generational relations for G, pp? 2> 2, loc. cit. The proofs 
for the cases in which yp" = 125, 243 have not been published. 

+ This theorem is due to de Seguier, Journal de Mathématiques, Tome viit., p. 253. 

§ The set of generational relations (EK) is due to Prof. Dickson. He has proved Theorem VI. 
for n = 2, 3,4. See Proc. London Math. Soc., Vol. xxxv., p. 306 and p. 443; Bull. Amer. Math. 


Soc., Vol. 1x., pp. 194-204. 
For » = 2, the set (E) reduces to 4° = J, B?= TI, (AB) = T. 
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may be generated by two operators A and B subject to the generational 
relations 


(EK) At tl), (Bei sie)? — [ie Ae te 
where r = 1, 2, 8, ..., 2", and the value of s 1s determined by the relation 


C(O P+) = O(W+1D4+1, € being defined by the relation @ = PE+1, 
i being a primitive root of the GF (2"). 


Tue Group G smvpty Isomorpuic with LF'[2, p”], p > 2. 


2. Lemma.—The abstract growp Gay gen, sumply tsomorphic with the 
group LE|[2, p"|, p > 2, may be generated by (p"+2) operators R, T, and 
Sy, AX running through the marks of GF (p"), subject to relations (1) and 


(7) Ree'-) = DB 


(8) Se = eS, (A any mark, « = 0 or any integer), 
(9) CEA al (s = 0 or any integer), 
(10) TS,T = R°S_,TS_iy (y any mark # 0, ? =—y), 


i being a prumitive root of the GF (p"). 


Proof. —The group LF[2, p”|, p > 2, may be generated by the 
p"+1 transformations 


SEES =, Sytne = 2A (A any mark), 


while the sub-group K of the transformations 
net ancoZ 8 
Dane 2 = qn! 
may be generated by the transformations 


Si, = 8a: 2’ Sea, oe SOs 


~ being a primitive root of the GF(p”). 

These generators of K satisfy relations (1), (7), and (8). Since the 
group LF [2, p"|, p> 2, when represented as a permutation group on 
(p"+1) letters, is doubly transitive while the sub-group K, being then a 
permutation group on p” letters, is simply transitive, it follows from the 
work of Jordan* that it is possible to determine y, 6, 7, ¢,and mw such that 





* Traité des Substitutions, p. 32. 
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the following relations are true :— 
(11) TS, glee eee to, 6 any marks == 0), 
(12) CPR ae (> = O or any integer). 


The concrete expressions for 7'S,,,7' and S,,5 7'S,, ¢ are respectively 


,—l fe —l 
ae Fe 3 eee v6 .z+6€—ny 
—Bz+ta’ ny.z+n7"6 
A comparison of these expressions shows that a determination of y, 6, 9, ¢ 
is y——/f, 6=a, »= 1, (—— a 78.’ The’ concrete ‘expression for 


Tip bine — te 72 sal eretores | ie) =e aiidea determination of je is 
«&=0. With these values of y, 6, 7, ¢ wu, relations (12) and (11) become, 
respectively, (9) and 


(13) Sag las Salas, Laan Wilas 6 any marks #0). 


A comparison of the concrete expressions for S,,g and R*Si, ag shows 
that S., = R*Si,.8 if be determined by the relation «=a. Therefore 
(13) may be written in the form 


(14) TRS), ap as Be Sy, —aB T'S, —a-1g-1, 


where A, « are determined by the relations 2* = a, w* = —£. 
In view of (9), relation (14) may be written 


ita T'S), ap ff = ES), —apB T'S), —a~!g-1, 


or, if we write a6 = y, and use the notation S;,, = S,, in the form (10). 
This completes the first part of the proof, namely, that the generators 
T, R, S, of the group LF|[2, »”], p> 2, satisfy relations (1), (7), (8), (9), (10). 
From this fact it follows that the abstract group G’ defined by relations 
(1), (7), (8), (9), (10) is either the group Gy on(,2_, or a larger group. That 
it cannot be a larger group is seen as follows :—LTivery element g’ of the 
eroup G’ is a product whose constituents are 7’, R, S,. Every such 
product that does not involve 7 may be reduced by means of (1), (7), (8) to 
the form R’S,, where A is a mark of the GF'(p"), and o = 1, 2, 3, ..., or 
4(p"—1). The maximum number of distinct products of this type is 
$p"(p"—1). Every product that does involve 7 may be written in the 
porn g’ = R8,, TRS, TR®S,, TRS), T 
a product containing » 7”s. If A, = 0, then S,,=J/ and TR? T= h™®, 
by (9). In this case g’ reduces to 


g! = R%S8,, R-@R*S,, TRS), T..., 
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which, by (1), (7), (8), may be reduced to 

AP oN TEE SGI REO IE 
a product containing (n—2) T’s. If A, #0, we have 

UN SE emcee Fema ad Uo 4 
by (9). Also, byi(LO);e iS) se wee el Saran 
Therefore g' becomes 

ipa eC ig Flavor, OS sired anton tlat ely fb ax 
which, by means of (1), (7), (8), may be reduced to 
G EARS Lowe Ae lie 


a product containing (n—1) T’s. 

The process indicated reduces the number of 7’s in the expression for 
g’ by one or two at each step. A finite number of steps will reduce the 
expression for g’ to a product containing one J or no 7”s. In the latter 
case g’ may be reduced to the form 7S), as above. In the former case 
g' = R°8, TR’ Sy. In view of (9) this becomes g’ = R78, R-° TS, which 
may be reduced by means of (1), (7), (8) to the type form g’ = #8), TS,. 

The maximum number of distinct products of this type is $p°"(p"—1). 
The maximum order of the group G’ is 

2D (Pee ee ee a Peel), 

which is precisely the order of the group G,,n(,_, Therefore the two 


2 


groups are identical, and relations (1), (7), (8), (9), (10) constitute a set of 
generational relations for the group G,,n(,2_,). 


3. Proof of Theorem II. 


Relations (1) and (2) are those of relations (1), (7), (8), (9), (10) which 
do not involve R. JT? =TJ comes from (9) when ¢ = 0, and (8,7) = J 
comes from (10) when y = +1. When y = —z, relation (10) becomes 
(15) jah A Bieh od bees piel Ere vied 
The rest of relations (10) )vizeeie TS Si US ny ea) ore 
follow from (1), (2), (4), and (15). To prove this it will be sufficient to 
show that the relation 
(16) Ss TSiy iDrek cCSee TS_i TS_; — Si IE p os Corn 
(where y = —??, p=0 or 1) follows from (1), (2), and (4). By means of 
(1) and (2) relation (16) may be written 

Lalisgess TSijiy T’) Digae T Si (T'S; Ses I) Doin = vf. 





1905.| ABSTRACT GROUP SIMPLY ISOMORPHIC WITH THE GRouP LI'[2, p”|. 301 


But, by (4), TS; TS_,T = Scy-ry41y TS—y-1 TSG—1yhey+0, 
and T Sey T Sry T = Sain TS—1s TSiry yt 
Therefore (16) becomes 
Sa-ipty TS 1p: TSixy—iy—1 Siy si PSs S(—y—1yiy +) PS —iy—1 TSG—1yay 41) S—1y = L, 
or, by (1) and (2), 
TS_14TSz, TSa_-ni+ey TS—y—-1 TS(-1-#yjasiy = I, 





which is the inverse of | = L+i'y , one of relations (4). 
tee Lt 

To complete the proof of the theorem it will be sufficient to show that 
relations (7), (8), and (9), expressed in terms of 7’ and S, by means of (10), 
follow from (1), (2), (8), and (4). 

The substitution in (7) of the value of R3(?"-» given by (10) results in 
(S, 7)? = J, one of relations (2). 

The substitution in (9) of the value of R® given by (10) results in 
(S_j¢T'S_,-cT'S_,.)° = I, which follows from (1) and (8). 

Relations (8) are seen to be equivalent to the relations 

(17) S 2 = He Rees (18) SK = i ey lite 


the range for *& being 1, 2, 3, ..., $(p"—8). 

The substitution in (17) of the value of R* given by (10) results in the 
relations {—1/7", 2*] which follow from (4). The same substitution in 
(18) results in 


(19) SOR US ATS USTISP RS OTS yl ale eg = 30") 


When ta #1, relation (19) follows from (1), (2), and [2, a], [1/a, ¢a?], 
as may be seen by substituting in (19) the value of 7'S;7'S,7' given by 
[7, a]. When ta = 1, relation (19) follows from (1), (2), and [z, —1/¢], 
[1/2, 4(@@+1)], as may be seen by substituting in (19) the value of 
TS;TS_i4T given by [t, —1/7]. This substitution is made after replacing 
a by 1/2 in (19). 

This completes the elimination of A from the set of generational 
relations (1), (7), (8), (9), (10), the result being the set of relations (B). 


4. Lemma.—The abstract group Gip(p—1, sumply tsomorphic with the 
group LE|2, p"|, may be generated by two operators T and S subject to 
the generational relations (A) and (20) [1/2, v7], « being a primitive root 
of p. 

Proof.—For the group LF'[2,p], p > 2, only two generators, 7’ and 
S, are necessary, and in relations (1), (7), (8), (9), (10) we may write S* in 
place of. S,. Some simplifications result from the fact that the marks 
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of the GI(p) are all integers. Relations (17) and (18), which were seen 
to be equivalent to (8), now become 


(21) s™ = R-SRE SS = R-kSiRE, 


Relations (21) all follow from S» = R7'SR, as may be proved easily by 
induction. Relations (9) all follow from T? = J and (7R)? = I, and the 
set of relations (1), (7), (8), (9), (10) becomes the following :— 


(22) Ramil ES Se URW Rae IES 

(23) Reve) = T; 

(24) ib aE TU yc 

(25) (HB) aL 

(26) Re ESS 7 St where ay — — tp 0, 
When p = 1, (26) gives R in terms of S and 7, viz., 

(27) Umma IB Se MIL 


When p = 2k, an even number, (26) becomes 
[ip Bae I TES Ti 
This follows from (22), (24), (25), and (27), for 
TS AV Sah GhSa y= Ale 6S ah OT BS lin ub pe SaL id Abye oe) 
TRS TRY POR An SR” 


Sw Tig US me ae 1S ae) by (25), 
— ays by (22), 
SSR by (25), 
ae zl by (22). 
When p = 2k+1, an odd number, (26) becomes 
Veiga emen tL CAL Spent, 


This follows from (22), (24), (25), and (27), for 


2k +1 ~(2k+1 2k+1 


TS LS ALS ES SRR Sn hak) (Reeser 
by (24), 
= (fhe VSR TRS hall hain ona 
= RTS-'T(RS-*R-) TS-*R*, by (25), 
= R'(TS-'TS-“TS§- BF, by (24), 
many, Ngee ted ata by (27), 


— R**1 
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To complete the proof of the theorem it will be sufficient to show that 
relations (23), (24), and (25), expressed in terms of S and 7’ by means 
of (26), follow from relations (A) and (20). 

The substitution in (23) of the value of R?~” given by (26) results 
in the relation (ST)? = J. The substitution in (24) of the value of R given 
by (26) results ina relation which reduces to (20) by means of relations (A). 
The same substitution in (25) results in the relation (S~'TS-“7TS-? = 
which follows from relations (A). 

This completes the elimination of A& from the set of generational 
relations (22), (23), (24), (25), (26), the result being the set of generational 
relations (A) and (20). 


5. Proof of Theorem I. 


The proof of Theorem I. consists in showing that (20) is a consequence 
of relations (A). (20) may be written in the form 


CEN Ls Oa ee oe ee — f. 


Replace the expression in parentheses by its inverse, as may be done 
by (A), and invert. The relation becomes 


(28) TOUT Sa San ais li siaetal 
Conversely, (20) follows from (A) and (28). Consider the relation 
(29) T.S'-PT GUE-k+ YT G-G-k-DG—k+ DT GUG—k+Y TI gi-k — 7 


where / is an odd integer. It may be written 

TS'- kT GUG-k+D (DP g—G-k4 DG-F-YP G—2G—k+ NE-k-D) GUG-k-D op gi-k — 7 
Replace the expression in parentheses by its inverse, as may be done by 
(A), and it becomes 
Pgritk+2 (gu—Bk—2p|gUA—k=1)7) Ot ea PT UCT Saha Sain aan aan a — f, 
Replace the expression in each pair of paren ses by its inverse, as may 
be done by (A), and then invert. The relation becomes 


(80) TSi-k TP GuG—k + YT G-G-K—-)G-K +) PGuG-K +) gi-k — T 


where k’ = k-+2. 

Relation (30) is a consequence of (A) and (29), and, conversely, (29) is 
a consequence of (A) and (80). But, for &* = 1, (29) becomes (28). 
Therefore, for any value of k, & being an odd integer, relation (29) is 
a consequence of (A) and (28), and, conversely, (28) 1s a consequence of 


(A) and (29). But, for k =7-or k =7i-+1, according as 2 is an odd or 
‘even integer, relation (29) reduces to (6°2)* eel eretore(28). 18 


a consequence of the relations (A). 
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6. Theorem III.—Outline of Proof. 


By making use of the method used by Prof. Dickson* for other special 
cases, the writer has made the computations which prove that, for the 
special cases in which p" = 49, 81, 121, relations (4) are a consequence of 
relations (1), (2), (8). The method-was proved to fail for p” = 169. For 
this computation it was found convenient to have the marks of the 
GF'(p") arranged in two tables. In each table every mark is expressed as 
a power of a primitive root 7, and as a polynomial in 2 of degree k < n—1. 
The coefficients in this polynomial are integers reduced modulo p. The 
mark at*+67i""'+ yi" *+...+di+e is denoted by the symbol (a8y... de). 
This symbol is the usual symbol for a positive integer in the notation of 
the number system whose base is p. In the first table the marks are 
arranged according to ascending powers of 7. In the second table the 
marks are arranged so that the symbols (a6y ... de) represent the positive 
integers in their natural order. These two tables make it possible to 
perform with ease the operations of addition, subtraction, multiplication, 
and division within the field GF'(p"). For p"< 169, these tables have 
been computed by the writer and have been deposited in the mathe- 
matical library of the University of Chicago. 


THe Group G simpty Isomorpuic wita LF'[2, 2”). 


7. Proof of Theorem IV. 


Relations (5) and (6) are found to be satisfied when a, b, c are 
identified with the transformations z’ = iz, 2’ = z+1, 2’ =1/z of the 
group LF [2, 2"]. Therefore the abstract group G’ defined by (5) and (6) 
must be either the group G.»n_,) or a larger group. That it cannot be a 
larger group is seen as follows. 

Let H’ be the sub-group of G’ that is defined by (5). Every element 
g' of the group G’ can be reduced by means of (5) and (6) to one of the 
two type forms hj, h,ch,, where h, and h, are elements of the group H’. 
Every element h’ of H' can be reduced by means of (5) to one of the two 
type forms a*, aba". Therefore every element g’ of G’ can be reduced by 
means of (5) and (6) to one of the six type forms 


a*, aba", aca’. afca'bay, a ba‘ca’, a barca bax 


The last four of these can be further reduced by means of (5) and (6), so 


* Proc. London Math. Soc., Vol. xxxv., pp. 292-305, 
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that the six type forms are 


a8 coated pameancoae, a bca’; aXbcatha’. 


The maximum numbers of distinct elements of the six types are 
respectively (2"—1), (2"—1)?, (2”—1), (2”—1)?, (2”—1)?, (2"—1)*. There- 
fore the maximum number of distinct elements g’ is 

2 (2"—1) +8 (2"—1°+(2"—1)? = 2"""—2), 


which is precisely the order of the group Gn 2_)). 


8. The relations ba'b = aba’ are highly redundant. If they be de- 
noted symbolically by (€, 7, ¢), it appears that the relations (—é, —¢, —»), 
ee Oe Gee os hy 7,5), (= ¢, —S, 4), and (2°£,'2%), 2°C) follow 
from (€, 7, ¢), and the two relations a? ~! = J, 62 = I. In the special case 
in which x = 3, de Seguier has reduced the system (C) to the system (D) 
of Theorem V. The attempt to do this in general has resulted in 
Theorem V. 


9. Proof of Theorem V. 


The proof consists in expressing relations (5) and (6) in terms of 
d= cb, and in simplifying the set of relations thus obtained. Since 
(ca)? = I, and consequently ca‘c = a~$, the relation (—¢, —é, —7n) may 
be written ba~*b = ca‘cba~", whence 
(31) be t0 dood 
(32) ¢ = da?d—asda-". 

The relation 0? = J, expressed in terms of a and d, is, since €—7 = ¢ 
(mod 2”—1), 

(33) ada) 
The relation (ca)? = I may be replaced by the relation (ca")? = J, since 


the latter includes the former and follows from it. Expressed in terms of 
a and d, this relation is 


(34) idan sae) ae 
The relation c? = J, expressed in terms of a and d, is 
GadGurdaads dy) td 
or [(a~fdaé-$) d-ta-$da-*da®-$ (a~*da*~*) P = I, 


which is equivalent to (d~!a~‘da~‘da*~*)? = I. 


SER. 2. vou. 3. NO. 901. Di 
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If da~*da~$ be replaced by its inverse, as may be done by (84), this 
becomes 
(35) (da'd 4a‘)? = 4: 
which is equivalent to (33). 


The relation bafb = a"ba‘, expressed in terms of a and d, is 
(36) (d—a$da’) aéd-a’ (da~*d-!a~*)da~™ = I. 


Replace each of the expressions in parentheses by its inverse, as may be 
done by (88), transform by a‘, and (386) becomes 


d (da~$da-*) (a#d-'a?sd-!) d~'a™ 
(ode dm ide de) ae, 
= ded ida. On Om dee Oo 
= datd-(a~$da-*d) a'datd 
= d(atdatd~) adardatd 
—'d jantdena, 3a ane 
=a ‘anfdaidad (since ¢+7—€ = 0) 
See 


The relation (cb)? = J, expressed in terms of d, is d? = J. Relations 
(5) and (6) have now been expressed in terms of a and d, and the resulting 
set of relations has been proved to follow from (5) and (6). 


10. In proving Theorem VI. for » = 2, 8, 4, Prof. Dickson’s point 
of departure was Prof. Moore’s set of relations for Gynn_,) (see note to 
Theorem II. in the Introduction). He defined T and S, in terms of A and 
B by means of certain relations which express J and S, in terms of 4 
and 6 when 7’, S,, A, B are identified with certain concrete transforma- 
tions of the group LF([2, 2”). He then proved that 7 and S,, thus 
defined, satisfy Moore’s relations in view of relations (EK). 

The same method of proof was applied successfully by the writer to 
the case in which n= 5, but the computation was so excessive as to 
render it unadvisable to try it for higher cases. The proof for the case 
n = 5 was much simplified by using the same method with relations (C) 
as the point of departure. Finally, a simpler proof was made for the 
cases in which n = 2, 3, 4, 5, 6, by applying the same method to the set 
of relations (D). 3 
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11. To obtain relations with which to define a and d of the set (D) in 
terms of A and B, the generators A, B, d, a were identified with the 
transformations S;7', S,,;, T'S,, 2’ =7%z, where JT’ and S, denote the trans- 
formations 2’ = 1/z and z’ = z+. Among these concrete transformations 
exist the relations 


iy | eo AIRS a= Son-1_y PS on) DS yn-1_y f hi, 


For any particular value of », T and S, can be expressed in terms of 
A and B, as is indicated by Prof. Dickson,* and therefore a can be 
expressed in terms of 4 and B. ‘This expression can be reduced by 
means of relations (/), which are satisfied by the concrete transformations 
A and B. 

The result obtained in the special cases in which n = 2, 3, 4, 5, 6 is 


(41) a = ABA" 'B = (BA) BA” +2(BA)7. 


n-1 


125 (Proof of Vheorem Vie for ni, 3: 


The GF [2°] is defined by the primitive irreducible congruence 
® =2i+1 (mod 2). The pairs of values (r,s) of (EK) are (1, 2), (2, 1), 
(8, 5), (4, 6), (5, 8), (6, 4), (7, 8), (8, 7). The set (D) reduces to 


Poel i add) en edd ad ad a 
Define d= A~!B and a= (BA) BA*(BA)" and substitute in (38). The 
relation a’ = I becomes 
BAPD ANB A DA MAZBA’ (BABA VAs 

—E BATRA ACB A By AABA® (AP BAB) Al 

= HA DACDA (BA DAVABA* BDA 

pie BAA Am pA (BABA BA 

— BA‘ (BABA) ABA”? (41BA~) ABA? 

pA (Aj ob ae By ABA.~"(BA°BA) A 

—EBA Db AntAm pao) A. (As bAs BA 

BA (BA BAY BABA 

=A (Ase be Db) DA BA 

= (BAP = I, 


which is one of relations (E). 








* Proc. London Math. Soc., Vol. xxxv., pp. 306 and 443. 
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The relation d? = I becomes (4718)? = I, which is the inverse of one 
of relations (E). 

The relation (d~'ada)* = I becomes (A°B)? = I, which follows from 
ins alan mii ele 

The relation (d-'a?da®)? = I becomes 


[A (A*BA®B) A?(BA®BA*) AB|? 
= [A (BA®BA®) A?(A°BA®B) AB]? 
= [ABA®BA®BA? (BAB) |? 
= TABABABALBAS*}* 
= ABA®(BA®BA’) BA“ BA*BA 
— A BAS AeBALD BAL BAB AS 
== MRA BARRA CBA aie ale 

which follows from relations (5). 
The relation (d~!ad71a?)* = I becomes 

[A° (BAB) A®°BA®BA*B]? 
= [A*BA*(BA®BA‘ AB]? 
= [A*BA*(A°BA*B) ABP 
= [A‘*(BAB) A?(BAB)/ 
=A AS BA a) ae 4 DA a) 
=) AS BAG) Amer 
= 1H BAP ef 

which follows from B? = I. 
This completes the proof of Theorem VI. for n = 38. 


18. Proof of Theorem VI. for n = 4. 
The GF(2*) is defined by the primitive irreducible congruence 
z+ =%i+1 (mod 2). The pairs of values (7, s) of (BE) are (1, 2), (2, 1), (8, 7), 
(4, 12), (5, 13), (6, 9), (7, 3), (8, 11), (9, 6), (10, 14), (11, 8), (12, 4), (18, 5), 
(14,10), (15, 16), (16, 15). 


The set of relations (D) reduces to 
oT a Cie a al ee ed 
(39) 
(dn 0 0) ee ie ee) ee 


Define d = AB, a = (BA) BA" (BA)-1, and substitute in (39). Ex- 
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pressions for various powers of BA™ reduced by means of (BK) are as 
follows :— 


(BA) —_— WeGA HAA (hae) — AD Ae Acai ag ye —_ A*, 
The relation a’° = I becomes A** = J, which follows from (E). 
The relation (d~!ada)? = I becomes (A'B)? = I, which follows from 
at — ang Bh 
The relation (d-!a‘da’)? = I becomes 
[4-"B(BA)* 4B (BA)! ABP = T, 
which reduces, by means of (E), to (BA°BA®)? = TJ. 
The relation (d~'a? da’)? = I becomes 
[4-1 B (BA? 4B (BA ABP = T, 
which reduces, by means of (EK), to (BA'BA®? = J. 
The relation (d~!a!° da’)? = I becomes 
Mae PAD) 2 Ase (b As) Ast p eC —_ ih. 
which reduces, by means of (E), to (BA®°BA®)? = I. 
The relation (d~'ad-'a‘)? = I becomes 
[A8SBA°BAY BAY BASBP = T, 
which reduces, by means of (E), to A = J. 
The relation (d~'a°d-!a")? = I becomes 
[A BA®BAMBA® BAY BAY BAB BABA BP = I, 
which reduces, by means of (E), to (BA°BA™)? = I. 
This completes the proof of Theorem VI. for n = 4. 


14. Proof of Theorem VI. for n = 5. 


The GF[2°?] is defined by the primitive irreducible congruence 
= ?+7+i+1 (mod 2). The pairs of values (7, s) of (E) are (1, 2), 
Lyon Ove (yO meen (. 11): (8,130) 2, Th) S106 a) (11 7), 
(12. 20), (18,,21),: (14, 49);, (15;. 6), G16, 28), 17, 5), (18, 27), (19 24), 
(20, 12), (21, 18), (22, 26), (28, 29), (24, 19), (25, 3), (26, 22), (27, 18), 
(28, 16), (29, 23), (380, 8), (31, 32), (82, 31). 

The set of relations (D) reduces to 


* af rd el ee Uo) — Lf, sei ele, o. To: 


(40) | | 
(aden treme 
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Define d= A-!B, a =(BA)BA®(BA)—!, and substitute in (40), 
The relation a» = I becomes (BA")** = I. Before proceeding further it 
will be necessary to simplify the expressions for various powers of (BA1%) 
by means of (EK). 


(BA x te aA. ae A’ BA (BAY BA) A* BABA 
—IpA BAY 4 BAY BAe DAt BAY) Ag ba 
= BA*(4'BA) A2BAVAMAY BA? (A BA)A™ 
— PA BAP BABA oA. 
(BA™)” = (BA™*)* (BA (BA*) 
= (BA)? (BA*BA")(4¥BA™B) ABABA” (BAYBA*) 
XCAN BAB AR BAL 
= BAMBA(A= BA BYAV BA BAN BAZbAAbaAL 
— BAY(RAB)A BA BAY BARA BAB)A® 
= BA" (BA®BA®) A*(BA®BA*(A®BA®B) AM 
es Aes eee 
(BA™)* = (BA™)"(BA™)" (BA™) 
BA BABA» (5A PBA MDA 
—JRae dt BAL BAT (ALBAL DARA, 
—( BA DAUBAR BACB AWB ia 
= BA*BAMBAS (BASBADAL BAS 
ep ah Age se)3) eee 
—="BA? BAU BAA BAMBAe) ae 
=) BAP BAUIBA° BAM AT BA 
am Sls) 
The relation (BA')** = IJ becomes (BABA)? = I, which is one of 
relations (K). 
The relation (d~'ada)* = I becomes (A®*B?)? = I, which follows from 


and iy 
The relation (d—a? da®)* = I becomes 


[A"BA*BA?BASBAMBY = I 
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or A" BABA? BA®(BA"BA*)AVBA®BA?(BA®BA™ A®B 
= 4) BA BA (AA baa od. (BAY BA") AMBAYBA™B 
=e BARA RADBAC BAB) AM BA“BA* BARB 
= ANBA®BA“BA*BA" (BA"BA®) ABA™BA™B 
=A BABA BAY (BABA (BAB) AM BARB 
— A BAP BACRAL BAKA, BABY AB 
= A" BAVBA (BAM DAYA BAR 
= AVBAAY BAB) AY BAP BAB 
SIO DAA ae be AB AY RAYE 
—iAe AA DA yAe BAY RAB 
moe elma (Aa Dei rads ie 18 
which follows from relations (5). 
The relation (d~'!a® da*)? = I becomes 
EAR Ag) GAse (BAZ) CAST B yee) Db 
CoA (BAL DAR AMR AL (DAYBA)A BAM (BAY BAYA BAY BAPRP 
= |A*BA“MBA?BA’(BA* BAYA (BA? BA*) AP BAY BAB) 
— (A BAY (DAU BA) AX BAN BAB) AMBAL BAY BAYBE 
eh AA Ae A DACD A pA BA BAB | 
=A BAY (BAS EAA RAED) ALDAY BA Bi 
(42 (BAY BAA BAS DAL DASE 
= 42 BDAY BABA. pA Be 
= A* BAY BA™ (BAYBA') A (A¥BA™B) AY BA™ (BAY BA‘) AMB 
wie DAS pA oAe pAb) ACA BAY BYASBAB 
epee As (oA AS ADA BAB 
= As BAY RAUB AL pb At iA) Aa BAB 
Ade be bide a ee eae 
= A*™BA*BA» (BAB) ASBAYBAB 
— A (pAe BAS \h Aebeee BAL 
A BAM( DAB) A BA. beun) 
EMA RAL Bete le 


which follows from relations (K). 
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The relation (d-!a da")? = I becomes 
[4B (BA)? 4B (BA®)® AB]? = 1 
or (4B | BA®BA"BA (ASBA®B) AMBA 2]? 
= (AB (BA®BA®BA"BA"B A)? 
= [A*(BABA®) A®BA°BAMBAYBA"BABAP 
= [A®BA"(BA®BA*) AMBA™BA™BA™BA™BAP 
= [A®BA*B A" (BAB A®) A (4®BA™B) AMBAMBAP 
= [A*BA*B(A" BABA) A™BA™BABAP 
= [4°BA"BA"BA(BA"BA®) ABAYBAP 
= [4®BA*BA"BA‘BA®(BA°BA) ABA 
= [A®BA*BA"BA‘BA"BA (A™BA™B) AP 
= [A*BA" (4"BA"B)A‘BABASBAMP * 
“= [4°(BA"BA) A°BAMBABASBANP 
= [4"B A” (BA°BA") A-(A®BAB) A2BA™P 
= [A®BASBA”BA‘BA*BA™P = I, 
which follows from relations (E). 
The relation (d~'ad-!a”’)? = I becomes © 
[AMBA(BA)2 ABP = 
or ~ [4"(BAB) ABA" BA (A°BA™B) A“BAP | 
= [A™BA*BA™(BA"BA) ASBAP 
= [A"BA*BA"BA-1(A" BAB) AP 
= [A™BA™BA®BA™BAMP 
= (A™BA*) (BA? BA®)*(4¥BA%) = [0 
which follows from relations (E). ORR) 
The relation (d~!a?d-1a’)? = I becomes Avie | | ore 


[AB (BA®$BA (BAS ABP =I. 
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or [A"BA¥®BA"(BA®BA") 4™BAB A” (BABA) A*B]? 
= [A"BA®BA™BA® (BAB A®) A5BA®(BAMBA AMBP 
= [A"BA®BA® (BABA) A-)(4°BA™B) AMBA®BA™BP 
= [ABA 8B A" (BAMBA(A”BA‘B) AMBAMBP 
= [A"BA®BA°BA (AMBA®B) AB]? 
= [A"BA®(BAB) A™BA®B]? 
= AMBA"BA™BA®(BA"BA) A? BA”BASB 
= AMBA"(BA”BA*®) ABA™BA”®BA™BA2B 
= AMBA*B AY (BASBA") ABA? BA”™BASB 
= AMBA*BA"BA®(BA®BA™) ABA®B 
= AMBA*BA"B AS (BABA) AUB 
= ABA" (BA"BA®) A BAMBAUB 
= ABABA (ASBA®B) AUB 
= [ABA BP = I, 


which follows from relations (EH). This completes the proof of 
Theorem VI. for n = 5. 


15. Proof of Theorem VI. for n = 6. 


The GF(2°) is defined by the primitive irreducible congruence 
# =i+1 (mod 2). The pairs of values (r, s) of (BE) are (1, 2), (2, 1), 
(3, 50), (4, 17), (5, 30), (6, 10), (7, 43), (8, 46), (9, 16), (10, 6), (11, 25), 
Ae aL loe 2) (lt 20) e (lb. 62), (16, 9), (17. 4), U8, 42), (L905), 
(20, 14), (21, 12), (22, 58), (23, 47), (24, 82), (25, 11), (26, 38), (27, 39), 
(28, 18), (29, 34), (380, 5), (81, 36), (82, 24), (83, 41), (84, 29), (85, 60), 
(36, 31), (87, 52), (88, 26), (89, 27), (40, 54), (41, 38), (42, 18), (48, 7), 
(44, 53), (45, 51), (46, 8), (47, 23), (48, 61), (49, 56), (50, 8), (51, 45), 
(52, 37), (53, 44), (54, 40), (55, 59), (56, 49), (57, 19), (58, 22), (59, 55), 
(60, 35), (61, 48), (62, 15), (68, 64), (64, 63). 


The set of relations (D) reduces to 
ja®? =I, @=1, (dd adaYW=I, €=1, 6, 7, 9, 21, 26, 42, 45, 


(41) 
| (dat da? = I, the pairs (é & being (1,6), (7, 26), (9, 45), (21, 42). 
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Define d = A-!B, a = (BA) BA*™(BA)', and substitute in (41). The 
expressions for various. powers of (BA*’) reduced by means of (E) are 
(BA*)? = A®BA BAS, (BA") = A™BA?BA®BA™BA*BAS, 
(BAe) — AV BARRA RAL Asa ae A BA4ARAVRA {BA 
(BAe) — A®@BA = BAVBA’ Baek Cay bale — AB®BA™ BAS BAP BA2BA* 
(Ae) — A= BAP BA BAY BAS (A ae — AAA see es 
The relation a = I becomes 
(BAAUBA BBA tA (BA) l=), 
which follows from relations (E). 
The relation (d~!ada)? = I becomes 
(ASB aaa 
which follows from A® = TJ and B? = TI. 
The relation (d-!a°da*)? = I becomes 
[4B (A®BA®BA®BA®BASB)2P = T, 
which reduces, by means of (E), to (BA"BA*™")? = TI, 
The relation (d~!a' da’)? = I becomes 
[43(BA™BA®BABA? ABP = I, 
which reduces, by means of (E), to (BA” BA)? = J. 
The relation (d-1a°da*)? = I becomes Melis 
[Ar Bd* BABA BAP BAY BAB Pe i 
which reduces, by means of (E), to (BA? BA”)? = I. 
The relation (d~ta” da™)? = I becomes 
[A-1B (AR BARBARA RB Ae Bae — 16 
which reduces, by means of (E), to (BA* BA”)? = TI. 
The relation (d~1a* da*)? = I becomes 
[A B(A®BA®BAMBA® BAB) P — 1% 
which reduces, by means of (5), to (BA*BA")? = TI. 
The relation (d~!a" da)? = I becomes 
[4-1B (4®BA™BA"BAYBA™BA™B)P = I, 
which reduces, by means of (EK), to (BA”BA®)? = I. 
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The relation (d~'a** da*)? = I becomes 
[4B (A®BA® BA? BA BARBY]? = T, 
which reduces, by means of (E), to (BA®BA”)? = T. 
The relation (d~!ad~'a*)? = I becomes 
pa eae eae A BAY BARB ltl. 7. 
which ~educes, by means of (FE), to (BA“BA®)? = T. 
The relation (d~!a’d-!a*)? = I becomes 
[4°B AB A™BA"BASBA™B ASB AUB A®BABP = I, 
which reduces, by means of (EK), to (BA“ BA”)? = TI, 
The relation (d~!a?d~'a*)? = I becomes 
[A BA*BA*BA* BA”? BA*BA*BA fon teehee DAS ASB 2]. 
which reduces, by means of (FE), to (BA"BA*)? = I. 
The relation (d~'a da")? = I becomes 
Mia BAT BAABAVBABAMBAG BA BASBAV BAP BARB PSY, 
which reduces, by means of (E), to (BA”BA™)? = I. This completes the 
proof of Theorem VI. for » = 6. 
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ON THE REDUCIBILITY OF COVARIANTS OF BINARY 
QUANTICS OF INFINITE ORDER 


Part II. 


By P. W. Woop. 


[Received January 22nd, 1905.—Read February 9th, 1905. | 


Introduction (§§ 1, 2). 


1. The first part of this paper contained a preliminary investigation 
of the reducibility of covariants of unit degree in the coefficients of each of 
any number of binary quantics of infinite order, a reducible covariant 
being defined as a covariant which can be expressed as a sum of products 
of covariants of lower total degrees. It was there shown that the 
necessary and sufficient condition, that the covariant 


x 
(Cj Qa) (g Gs)? 2 (5 Opa)? 


of total degree (d-+1) is reducible, is that the expression ghee! 


should be annihilated by the successive application of the (2°—1) operators 


O21) Oat (2) i O22 (6) 





AD), 7), ..., * being any e« of the suffixes 1, 2, 8, ..., 6 such that 


W) < 7) <...< 7. In general, therefore, the determination of the 
reducibility of any covariant of degree (+1) requires the evaluation of 
the product of operators 





B= w fee tae 


(28-1) (dz,.) O22) O26) 
for the covariant (A Aq)" (Aig Ag)”. .. (3 Ma 41)? 


is clearly reducible if, and only if, Ps contains no term 


(i) Ge) () 


such that vy = 4; Ng => Ma) sey Ns => Mé- 
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It is important for our purpose to determine what terms in the product 
P; have zero coefficients. 


2. Two general classes of reducible covariants were determined in the 
first part of this paper; it was, in fact, there proved that the covariant 


: A 
(Ay Ay)" (Ay Ag)"? ... (As A541)? 
is reducible if 


(1) The covariant 
(by Ba)" (Dy Ds)* 2. (Bede) 


is reducible ; 7, 7, ..., 7 being any e of the suffixes 1, 2, 8, ..., 6 
such that 1% < 7 <...< 7 (included among such covariants are 
those for which, for any value of «, the sum of «x of the indices 
Ay, Ag, ---» As 18 less than 2*—1) ; 


(2) The sum of «x of the indices Aj, As, ..., As 18 equal to 2*—1, 
and the sum of the indices is odd in any of the groups into which 
the 6 indices are divided by the removal of those « indices whose 
Buide igen 


The present paper does not seek for any other general classes of 
reducible covariants, but gives a complete investigation of the reducibility 
of covariants 


1.) (1G) (ag Gg)? (Ay ,)"* (a, a,)*, of degree 5 ; 


(i1.) ((a, Ay)* (Ag Ga)*? (Ag 4)*? (Ay As)", as ) : Jacobians of degree 6.* 


Covariants of Degree 5 (§§ 3-5). 


3. Putting z,= & (s = 1, 2, 38, 4), we have 


pena a he aah Ai 
Zz ae “ se 02,2) * ae T( sa 


SS 21 2923.24 (%1— 2a) (2, — 2s) (21 — 24) (Za— 2) (2, — 24) (23 — 24) (21 — 2+ 2s) 
X (24 — 2+ 24) (21 — 3+ 24) (Zg— 2g + 24) (41 — Za + 23 — 24). 


The expanded form of this product of 15 linear factors follows immediately. 








* See Note ad jin. 
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Hapansion of 
By ha 2324 (2 — 2q) (Z— 4) (2 — 24) (Zg— 25) (2 — 24) (2g — 24) (21 — 291 2) 
X (4, — 2+ 24) (21 — 2g +24) (Zo — 23+ 24) (21 — Za + 23 — 2a) 


of order 15 wm the Variables 2,, 25, 25, 24. 













































































1|2/3)4|5]6|7|8[1/2/3|4]5|6)7/s 1(2]3|4/5]6|7]s]1/2/3|4|5|6[7/s 
8 8 | | 7 | | i 15 [8 
eee Jie i 
6 | 2/2 6/6 6 
5 |_| ls] Je 18] |18 5 
4}ij4 4) 4 8|6|14 24/18)28|14 4 
gfe} | | 19]24/20)24] 2 3 
af1i2lal1 | 6 |18\1020;2/4| ]2 
ry Ra Re ist ¢ BS to Mae Tt 
isfi)1 ja 1/2/12 1 {s| 
Jia) 4 : To] l4i4ial4l 7] 
efs) 419 6l2lie 2/6} | 16 
5]10 8 24 8 14 4iioiaiaiiol4 Is 
4] 8 10 39/24/2916 ils} asl {siti 


co 
i 
on) 
— 
wm | 
1S u) 
BD 


16/24) 4 | 








bo | 
cafl 
= 
— 
bo 











2/3}4/5|6)7| 841) 2/3) 4 














on 
@ | 
=—J 
ies) 
























































The coefficient of the term RS Gt ie (Ay Ag +As-+A, = 15) is given 
thus :—In the rectangle which has the large figure A, in the right- 
hand top corner, take the number lying in the column which has the 
figure A, at its ends in the horizontal borders, and also lying in the row 
which has the figure A; at its ends in the vertical borders: this number 
is the required coefticient. Negative signs are placed above the coefficients 
which they affect. 

E.g., the coefficients of 2/2252, and 72,2522) are 28 and 0 respectively. 
It is obvious that no index can be greater than 8. 
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| Note.—The following tests for the accuracy of the expansion are 
easily applied :— 


(1) Since P, changes its sign, but is otherwise unaltered, when z, 
is changed with z, and z with z, simultaneously, the coefficients of 
AL pAg WA Aq yA3 ~Ag A in 5 = 7 
ght ghe g's 7s and z\+z) 2% i! are equal and of opposite sign. 


(2) Since P, vanishes identically when we put z, = 2, the sum of 
the coefficients in any column of any one of the eight rectangles is 
Zero. 


(8) Since P, = 0, if we put z = %, the sum of the coefficients 
in any row of one of the eight rectangles is zero. 


(4) Since P, = 0, if we put z= 2s, the sum of the coefficients in 
any diagonal from left to right downwards in any rectangle is zero. 


(5) Since P, = 0, if we put z, = %, the sum of the eight co- 
efficients lying in similar positions, one in each of the eight rectangles, 
is zero. | 


4. In the preceding expansion it is easily verified that the only terms 
zp 22 having zero coefficients, and therefore the only reducible co- 
variants (1 @»)*! (do s)"? (Ag Ay)’ (a a5)" of weight 15, are those for which 

(1) The sum of « indices is less than 2*—1 (« = 1, 2, 3); 
So leandi A, is odd: 
(2) (1.) | ; 
Nie aa nOUN elssOddr 
Gi) Ay+Ag = 3, and A, is odd ; 
ite 
Ay +A, = 3, and Ag is odd ; 


(3) Ay, Ag, Ag, Ay are given by the scheme— 
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(4) Ay, Ag, Ags, Aq are given by the scheme— 

















5. Of these covariants of weight 15 those in the sets (1) are included 
in the first general class of §2; so also are those of the set (3), for the 
covariant (dd) (d_Qs)°(aga,)" of degree 4 is known to be reducible. The 
covariants in the set (2) are included in the second general class of § 2. 

Hence the only new reducible covariants (a, a)" (ae ds)" (dz Ay) (4 5)” 
of weight 15 are those 14 whose indices have the values given by the 
scheme (4) in § 4. 

It is easily seen that the only reducible covariants of degree 5 and of 
weight greater than 15 are included in the first general class of § 2. 


Jacobians of Degree 6 (§§ 6-9). 


6. We shall next discuss completely the reducibility of a special class 
of Jacobians of degree 6, namely, those of the form 


( (ay Ay) (Ag Ag)? (Ag 44) (ig As)“*, Ag). 
Jacobians of the other two classes, namely, 
((ay Qe)" (da. dg)* (Aga,), (az a¢)"*), 
and (41 dq)" (Agag)*, (ig 5) (dg g)**), 


may be treated similarly, but the difficulty of evaluating the continued 
products of the corresponding operators is no less than in the case here 
considered. * 








* See Note ad fin. 
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It is easily seen that the Jacobian 
((ay @q)™! (Ag Ag)? (Ag Ay) (Ay 5)™*, Ag) 
is reducible if, and only if, eMayYay a} 
{z.[P,/zs]-,-0', that is, by z;P;; hence the Jacobian 


( (ay a)" (Aa Mg)? (ig Ay) (Ay. 45)", Ag) 


‘x, is annihilated by P;, that is, by 


is reducible if, and only if, P; contains no term 4" 2,?25° 2" such that 
ApS My, AS M9) Ng D> Ma, Ay D> My, 


It is necessary, therefore, to expand the expression P; of order 30 in 
21, 29) 23, 24, and this expansion is given on the following pages. 


Hxpansion of 
1212943 24 (21 — 29) (21 — 2g) (21 — 24) (2 — 29) (2g — 24) (2g — 24) (1 — 2a + 2s) 
X (24 2+ 24) (21 — 2g +24) (41 — Za +23 — 24) }*, 
of order 30 im the variables 2, 2a, 25) Zax” 


7. The method of tabulating the result is similar to that used for the 
expansion of P,; the coefficient 2} 2}? 248 zit (Ay bAg+Ag-+Ay = 80) is given 
thus :—In the table headed by the number X, take the number lying in 
the column which has the number A, at its ends in the horizontal borders 
and also lying in the row which has the number Aj at its ends in the 
vertical borders. The number thus determined is the required coefficient. 
Negative signs are placed above the coefficients which they affect. 

E.g., the coefficients of zz) 282i and zi z8z3zi are 21048 and —23184 
respectively. 

It is obvious that no index can be greater than 16 or less than 2. 

| Note.—As before (§ 8), various tests for the accuracy of the expansion 
may be applied :— 

(1) The coefficients of the terms 2 2)?z3z and zitz}3z¥zh are 
equal. 

(2) The sum of the coefficients in any row or column of each 
table is zero. 

(3) The sum of the coefficients in any diagonal from left to right 
downwards in each table is zero. 

(4) The sum of the fifteen coefficients lying both in the column A, 
and the row Ag of each of the fifteen tables is zero. | 





* For valuable assistance in the calculation and verification of this expansion I am con- 
siderably indebted to my brother, Mr. H. Worsley Wood, 


SER. 2. vou. 3. NO. 902. A's 
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aid ight abd 5th 7 BOP od fot 119 194 730 a S86 
16 16 
15 | | 1H 
14 || | 14 
13 || 13 
HTH} 6 | 12| 6 12 | 
11 || 36 | 36 | 36 | 36 11 | : 
10 | 102| 14 |972/178| 6 10 
9 | 180/110/770| 190] 590/ 300 9 
8 | 216 | 292 |1296) 536 |2032| 28 | 680 8 
7 || 180 | 400 |140011868]2804|199211584) 524 7 
6 | 102/350 | 944 |2636/18404020111041634| 6 6 
5 | 36 | 202/ 3380/2144] 188 |4028) 320 [2289 214 | 196 5 
4 | 6 | 72 990 | 688 |2304/1264/1758| 672 | 392) 70 4 
3 12 | 36 | 198 | 490| 576 | 992| 586 | 678 | 196 | 140 3 
2 6 98 248 226 70 2 
| ae ahl| [aid] (ahah toil Fat 7/8 | 9/10/11 [ 19] 13 | 14 | 15 | 16 ye 











































12 | | 36 | 72 | 36 12 
11 | (216 | 216 | 216 | 216 11 
10 | | 612| 84 |1968| 340] 400 10 
9 | 1080 660 2800 680|1720, 20 9 
s | 129641759l377alsa16\345611288| 804 8 
7 | 1080/24003304/6112/372014672|1496] 960 7 
6 612 2100'1660|7080)1576/7376| 72 |2524| 328 6 
y 216 |1212| 160 |52901105616696|192012772 920 84 5 
4 36 | 432 | 364 [2300 1944/3632/2488/1812 1120 168] 56 4 
3 | | 72 | 216 | 460 [1120] 908 |1584| 604/792) 84 | 112 3 
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6 
Pat ies ary ety Str oe pany o> 0 14 f3 [18 id Fis P16 
16 | 2 | 6 10 | 6 16 
15 || 16 | 32 | 48 | 80 | 32] 48 15 
14 || 60 | 64 |328/240/312| 72 |148 14 
13 |/140| 28 |1064] 224 |1344 420| 196 13 
12 || 226 | 146 |2199] 668 |3760] 700 |1519| 454 | 6 12 
11 || 264 | 412 |317612964|6904| 4192 |4508] 1968 | 516 | 328 11 
10 || 226 | 604 133281594218200/11352/6544| 7590 | 928 [16591 442 10 
9 || 140 | 586 [248817680/5812/17988/3372|14988]163013792I1538) 252 9 
8 | 60 |392 |1964'6696/140011863613216|1760416544/4960128401 560| 44 8 
7 || 16 |176 | 392 |4028/1576|13064|7524|13836'9352'4199/3804| 448 | 24 | 16 7 
6 || 2 | 48 | 56 1624/1840] 6112 |6959] 7500 \8820/258413760) 280 |328| 641 6 || 6 
6 432 | 896 | 1868 |3772| 2710 |5110/1156|2724| 294 | 480/112! 10 || 5 
4 80 | 248| 392 [1296] 660 |2144| 340 1416] 112 | 328] 96 4 
3 10 | 48 | 56 |308| 110 |612| 68 |490| 28 |144/ 32] 6 || 3 
2 6 44 102 98 36 9 || 2 
Pie ail a) at Se ieee hig tae) So) ag a ya Waa a SB ae od 
5 
oe ea) a ee et bt Ss Po! 0 aa! ao fas ha 145 146 
46 Gu ieee teen need 16 
15 | 48 | 96 | 32 |128| 16] 32 15 
14 180 | 192 | 480 | 440/320] 160 | 108 14 | 
13 420) 84 |1624| 280 |1680 476 | 196 13 
12 678 | 438 |3104|1332/3804| 1512 |1158) 642 | 196 12 
11 792 |1236/3984|4412/5368| 4960 |1880|1700| 296 | 84 11 | 
10 678 |1812/351617662|5028| 9696 |1630/4332| 356 | 254) 28 10 | 
9 420 |1758|1920|9030|2120]13560| 840 |7590/1880|1250) 420| 52 9 | 
8 180 |1176| 320 |7376|1820|1332014920|8592|4508|15121260, 224 | 24 8 | 
7 48 | 528 | 392 |402013720] 8560 |732016204|5768] 700 |1680| 432] 48 | 4 || 7 
6 6 | 144 | 336 |13442804| 3216 |5930/2550/4748| 12 |1944/440| 16 | 2 || 6 
5 18 | 112| 232 |1120| 536 [2800 356 |2600] 192 | 840 | 240] 32 | 14 || 5 
4 14 | 16 | 240 770| 84 |916|130|420| 80 | 48 | 18 | 4 
3 2 | 32 140| 14 |216| 26 }140| 20] 32] 6 || 3 
2 4 20 36 28 8 D 
TWelslalsi|el7|s |9j{20lilialis|14\i5\i6] 
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2{s[4|s5j6|7|s8]9|10/ 1 
1) 4) (eG. eaeed 16 
8 | 24/16/16 | 24| 8 15 
og | 52 | 44 |186| 44 | 52 | 28 | 14 
56 | 98 |252|924| 9941952! 98 | 56. 13 
70 | 84 | 442|108 | 792| 108 | 442| 84 | 70 12 
56 | 196 | 328 | 752 | 828 | 828 | 752/328 196| 56 11 
28 |196| 6 |960| 50 |1560| 50 |960| 6 |196| 28 10 
8 | 108/196 | 524 | 804 [10161016] 804 | 524/196 /108| 8 9 
1 | 32 |148| 56 |680| 20 |1070| 20 | 680| 56 |148| 32 | 1 || 8 
4 | 48 | 72 |224|300/400| 400 | 300) 224) 72 | 48| 4 || 7 
6 | 32 | 12 |140| 6 |216| 6 |140/ 12 | 32] 6 || 6 
4 | 8 | 20/28] 36| 36/28/20] 8 | 4 || 5 
1 A 6 4 1 || 4 
3 
































8. In the preceding expansion it is easily verified that the only terms 
zpeyatzi* having zero coefficients, and therefore the only reducible 


Jacobians ((a,a,)™ (Ga Ag) *? (Ag As)? (A, As)"; as) of weight 31, are those for 
which— 


(1) The sum of « indices is less than 2*t!—2, (x = 1, 2, 8); 


Ag = 2, “amd ‘A, 18 odd ; 
(2) (i) 


Kei —eoead. A, 1s odd 


A, +A; = 6, and A, is odd ; 
(ii.), 4 Ag--Ag = 6, and A, is odd ; 
ees, = 6, and A, 1s odd; 
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8) Ay, Ago Ag, Ay ate given by the scheme :— 




















9. Of these Jacobians of weight 31, those in the set (1) are included 
in the first general class of § 2; so also are those in the set (3), for we 
have seen (§ 4) that each of the covariants 


(Qy Ay)° (do ds) (as OY (4 As), (a, Ay)* (do As) . (a3 GJ (U4 Qs), 


of degree 5 is reducible; the covariants of the set (2) are included in 
the second general class of § 2. 
Hence the only new reducible Jacobians 


( (Ay Gy) (Ay Ag)? (ig Ay)”* (ig 5)"*, Ag 


of weight 31 are those 16 whose indices have the values given by the 
scheme (4) in § 8. ; 

It is easily seen that the only reducible Jacobians of this nature and 
of weight greater than 31 are included in the first general class of § 2. 
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*Note added to the preceding paper March 24th, 1905. 


10. For the sake of brevity let us put 


i 


a ed — Mh Oy 


and APR Pores al (2,0 —2,0)-F 1 (=) zy), 


(2-1) 
a Ps ’ 
in the notation of the preceding paper. 
The reducibility of all covariants of degree 5 and of Jacobians 
((q Ga)" (Gg g)"? (Ag Ay)” (Ay as), as) 


of degree 6 has already been completely determined, and the present note 
is devoted to a discussion of the remaining Jacobians of degree 6, namely, 
those of the two classes 


( (ay qolt (ds 4)" (M Cs) (ds a,)**), or (Cy, Cas 


and — ( (ay a0)" (QQ), (a4 d5)™4 (a5) ), or (C3, Cy). 


| 11. Jacobians (Cy, C,). 
The necessary and sufficient condition that the Jacobian 
( (a, ie)", (a3 a)" (Uy a)" (as ag)**) ) 


is reducible is (§ 1) that the expression 2} 22x,’ a* a’ should be annihilated 
by (215 Zos-23) 24) 25), that is, that the expression a\a;°2x\'a;° should be 
annihilated by 

E (2, 295 235 24» Zs) 


Z | , = p(é1; 43, &4, 2s) o(—4, 435 45 Zs). 
2 2a 


Now the expansion ¢ (4, %, 23, 24) has been already calculated (§ 3) for the 
discussion of covariants of degree 5, so that the expansion now required 
may be obtained from it with less labour than the complete expansion of 
d (2, Za) 23 24, 25). The actual expansion is not given here, as we are 
primarily concerned only with the zero coefficients of the expansion. 


I find that the only terms 2{'z}° itz in the expansion of 


p (24, 23, 245 25) o(—2,, 235 &4) 25) 


* The following results were originally communicated in a paper ‘‘ On Reducible Jacobians 
of Degree 6”’ (read April 13th, 1905). 
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with zero coefficients are those for which— 


I. The sum of « of the indices A, Ag, Ay, A; 18 less than 


(2*+7?— 2), (x — i 2 3) 5 
II. (i) 2, is odd, 


Gi) Ap= 2, and Agis.oad, 
(i11-) Aqsa, Ay aden tod, 


TIT. A,, As, Ay, As are given by the scheme :— 








Now the Jacobian ((a Ay) ® (Ay As)* (Ag A4)*, ds) of degree 5 is known to be 
reducible (§ 4); it follows therefore that the only reducible Jacobians 
((a, Qe)”, (dz a4) (4 i) (ds ag)” ) 


of degree 6 and weight 31, not included in the two general classes of § 2, 
are those two for which 


No ee eee, 
NL Se NG en, A 


It is easily verified that the only reducible Jacobians of this nature of 
degree 6 and of weight greater than 31 are included in the first general 
class of § 2. 


12. Jacobians (Cy, C;,). 


The necessary and sufficient condition that the Jacobian 
((a Ay)” (dy as), (4 Cs) Me (Qs a)**) 
is reducible is (§ 1) that the expression ay av’? 2,2,' 2° should be annihilated 


by $(21, Za) 23 24 25), that is, that the expression 2;'x,?2,'x,' should be 
annihilated by 


(2, A939 <3) < Zn) Ls 
[Ae a less = p (z,, 99 “49 a ? (21; og AAs —?;,), 
Sze 





: 


+ aces, lll cassie ue i i ie 
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Ag Aq .A5 * . . . e 

I find that the only terms z}'z,"2;‘2;° in this expansion with zero coefficients 

are those for which— 


I, The sum of « of the indices Aj, Ag, Ay, A; 18 less than 


(2*t?—Q), (kK — 1 2, 3) ; 
iy GAL See 


Ol.) Ay — Aj =o ade A. 18 odd. 


It follows therefore that all reducibie Jacobians 
( (ay 2) (4na9), (gts) (A549) ) 


of degree 6 and weight 31 are included in the two general classes of § 2, 
and it is easily verified that all such Jacobians of weight greater than 31 
are included in the first general class of § 2. 


18. The two preceding expansions are susceptible of various tests for 
their accuracy (cf. §§ 3, 7): e.g., each expansion vanishes if we equate any 
two of the variables 2, 22, 23, 24; the first expansion (§ 11) is unaltered by 
the interchange of z,; and z;; the second expansion ($12) is unaltered 
by the interchange of z, and 2, or of z, and z;, and is altered only in sign 
if we interchange z, and z;, z and z, simultaneously. Moreover many 
tests may be obtained by comparing the three expansions of §$§ 7, 11, 12 
with one another. 

These tests have all been applied, and I venture to guarantee the 
accuracy of both expansions. 
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ALTERNATIVE EXPRESSIONS FOR PERPETUANT TYPE FORMS 


By P. W. Woop. 


[Received March 3rd, 1905—Read March 9th, 1905.] « 


In dealing with covariants linear in the coefficients of each of the 
where 1, %>, ---, % are all infinite, it 


Ns 


6 binary quantics ay}, a,%, ..., a,°, 
is known* that the type forms may be taken either as 
dg. 
(Ay Aq)" (ig Ag)... (As—1 Ms)? 
iia He a A x 
or as (5 On) 2 Oy Onl tee Oy a) aes 


where A, >> 25-2, r, > 2-3, ..., 8-1 >> 1, and the sequence of the letters 
is fixed beforehand. ‘The question} arises as to whether there are other 
expressions equally adapted to the representation. of type forms. ‘The 
present paper deals with this problem and gives a very general class of 
such expressions. 


Ly 


THEOREM.— Given any Xr distinct partial differential operators 
O,, Og, -»+; O, om the variables 2, Xo, ...,%3 with constant coefficrents, 
then any quantic Cr of order w in these variables 1s expressible wm the 


orm ae : A 
J Cy eI aes fae. 


where 
(1.) fy, May «-+) Me are certain positive integers such that thew sum 
1S UNG 


(i1.) 24, Cay nee NC MLS UON CL (UCIT ay UNCON S Oy wna mm eee 
with the following properties :—If the operators O are divided into 
K 1 ASCTS 197) Haske ee DO Ea REILCIE Mn ys Co a) LEC Wee CLO PCOTUOCL) oman 
operators O such that each of these pu, operators annihilates each 


* Grace, Proc. London Math. Soc., Vol. xxxv. 

t The existence of alternative expressions which may be taken as type forms has been 
pointed out by Prof. Elliott in a paper ‘‘On an Integration Theorem as to Rational Integral 
Functions, with the Bearing on the Theory of Forms’’ (Quarterly Journal, 1904, p. 124). The 
general principles of Prof. Elliott’s paper and the present one are similar, but the results of the 
latter were obtained quite independently of the former. 
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Of 24) Za «++) Zrp—1, but no one of these mu, operators annihilates z, 
(thus z, may be taken as any linear function annihilated by none 
of the u, operators of the set S,); 


(iii.) p®-* ts some quantic of order (w—Xr) m the variables 
V X15 Lo eoeg Xs3 


(iv.) The aggregate of terms R is annihilated by the successive 
application of the > operators O,, Og, ..., Or. 


Consider the partial differential equation 
COED) AO Veg Oe (1) 


of which the solution is some quantic P; ; it has exactly 


va: | i (Carypuearza _ 

( 6—1 6 Ue a) de 

linearly independent quantic solutions Ey, Eg, «--5 tu (827). 
We proceed to show that the expression 


wl pM2 ng w—-A 
ay &o 200 © DD, 


is not a solution of the equation (1) unless p*~* is identically zero. 
In the first place, it is easily proved that, if 


0 (PQ) =|.) (PQ) = 0, 


where P and Q are quantics, then O(P) = 0, and O(Q) = 0. 
Now consider the effect of operating on zt 25”... 2 p*-* with one of the 


operators of the set S,. Since this ee annihilates each of 
#1; Zo) =; &n-1, Dut does not annihilate z,, the result is of the form 


My phe M,—1 ,.w—A —r 


ay) 25"... 2" py, where p?* is not identically zero unless p;~* is 


identically zero. pe opiicanitth of another operator of the set S, gives 


w-—A w—Xr 


Za pons is not identically zero unless p‘ 


Wee ey fog t ee (Pees SNE Tae is 
identically zero, that is, unless 20) = 0.8 : so the application of the u, 


operators of the set S, gives us 2*z4?... Ze Soe \, where iB ~“ 3 0, unless 


pe-*=0. If-we proceed in the same way, by applying aiectaar tel the 
operators of the ats Sx—-1, Sx—2) -+-, Sq, S;, we obtain as our final result” 
some quantic p?~*, which is not Moniicall’y zero unless p?-* = 0. 

The terms of the expression z{*2t?... z*«p°-* are linearly independent 
among themselves, and we have chosen our expressions R,, Ry, ..., Rar so 
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that they are linearly independent among themselves. Hence there can 
be no linear relation of the form 


r=M 
ght gh? te pot = R= Onn, (2) 


unless p®~* is identically zero, and the terms 2F are all absent; but any 


quantic of order w in 6 variables is expressible in terms of (i i 
linearly independent forms of the same order, and therefore any quantic 
Cr is expressible in the form 


a 


5 pe “te es 


——— My Ce 
Ci ea 


for the right-hand side contains 


wptrA+o— i) (ate 2) 
ie cay De a 
forms, which we have proved to be linearly independent.* 
If we denote by Pr the most general quantic SO el by O, 


T=M 


(r= 1, 2, ..., A), we can replace our terms 2 By Dy. = Pt, ; but these 


last terms are not linearly independent ; ites “will, j in i be 
6—2 w+do—1 w—A+d—1 
A gna Melina bagi) crk 
6—2 é6—1 T 6—1 
linear relations connecting them. 

In the application to perpetuants, which we make immediately, it 
will appear that the determination of the relations connecting solutions 
of the equation (O,0,...O,) P? = 0 is substantially the same problem as 
the determination of the syzygies connecting products of perpetuants.t 


2. Application to Binary Perpetuants. 


Consider any quantic @ in the variables 2, 2, .. 
annihilated by the operator 


.. Zs Which is 


fonrupet 0 
0= e— 1 
O21) Oa, t-. sires ) OL,” 
where 7, +, ..., 7 are any e of the suffixes 1, 2, 8,..., 6 such that 





* Tt can be easily proved that this expression for C? is unique, when we have determined the 
expression 2/?2}7...2’* and the M linearly independent quantic solutions 2), R:,..., Ry of 
the equation (0,02... O.) Pr = 0. 


+ Cf. Young and Wood, ‘‘ On Perpetuant Syzygies,’’ Proc. London Math. Soc., Ser. 2, Vol. 2. 
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1M) < 70) < 7O =<... <7, In this quantic Q make the substitutions 


seg we Maes) UI ESC AN med DE ar 
Us, As+1. 

where Il = aj, do_,...@541, and a, Mg, ..., M41 are the symbols of (6+1) 
binary quantics of infinite order in the variables 2, z,: finally, multiply 
by the proper (infinite) number of factors a,,, do, ..., @,, @3+41,, 80 that, for 
the values 1, 2, ..., d+1 of 7, the number of symbols a, is equal to the 
(infinite) order of the binary quantic to which a, refers. Then, by virtue 
of Y being annihilated by O, it is known* that the resulting expression is 
equal to a linear function of terms each of which is a product of covariants 
of lower total degrees (cf. § 7). 

The operator O is completely determined by the suffixes 7, 7, ..., 7 
involved: the number of such operators is therefore (2°—1). Moreover, + 
if in any quantic which is annihilated by the successive application of these 
(2°—1) operators we make the preceding substitutions, the resulting 
expression is a covariant of total degree (+1), which is a sum of pro- 
ducts of covariants of lower total degrees. 


3. 


In the theorem of § 1 let us take as our operators O,, Og, ..., On 
the (2°—1) operators defined in §2. We divide these (2°—1) operators 
into 6 sets in such a way that the set S, contains those hae ef 9 
operators, each involving the variable zx, and some, all, or none of the 
variables 2,41, 242, .-., Xs. It is’ clear that with this arrangement we 
can take xz, = z, for the values 1, 2,...,6 of 7»: for no operator of 
the set S, annihilates z,, and each operator of this set annihilates each 
Of 21, %,...,Zp-;. The theorem of § 1 may therefore be enunciated 
in the less general form :— 


Any quantic Cz of order w in the variables 2, 2, ..., Zs 18 
expressible in the form 


r=29-1 
— ge—2 2 +(2%—] w 
ae Mike 2s pe acl: = ie 


r= 


* Wood, ‘‘ On the Irreducibility of Perpetuant Types,’’ Proc. London Math. Soc., Ser. 2, 
Voll, p. 481. 

+ Wood, ‘‘On the Reducibility of Covariants,’’ Proc. London Math. Soe., Ser. 2, Vol. 2, 
p- 304. . Fitredh sor 
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where p? is any quantic annihilated by the typical operator 


O 0 __\e—1 @ 
es Sy 





If we substitute for the variables x, we obtain immediately Grace’s 
Perpetuant Type Theorem: it should be noticed that this method of 
establishing the result ensures its exactness in the sense that no linear 
function of the type forms is expressible in terms of product forms. This 
principle holds good for all the theorms of this paper which are deduced 
from the theorem of § 1. 


4, 


We shall next extend our definition of reducibility and prove, by 
means of the theorem of § 1, an extension of Grace’s Perpetuant Type 
Theorem.* 

Let the symbol [a,,a@,, ... a,,] denote any covariant involving the 
,,: and let the symbol [a,,a,, ... @,,]' 
denote any covariant containing all the symbolical letters a, dg, ..., A341 
except Gr, Gr, ..., Ar, We shall define as reducible any transvectant 


symbolical letters d,,, d,,, ..., @ 


A 
(lO ges Cpt pm ye tee nal 
if AX < Mryr...7, and we may suppose that a, always appears in 
Lapia, en) ani 


The number of such quantities wis 2°—1: we take 71,}<%4<... <7; 
and denote by o, the sum of all the u’s whose first suffix is 7 (e.g., 
541 = Mit, Ts = Mstms,s+1). The extension to be established is 


Any perpetuant linear in the coefficients of each of the binary 
quantics a;', a’, ..., cay of infinite order is expressible in terms 
of 

(i.) symbolical products 


(Ay Qo) (Ag dy)? ... (As A341)*, 
where Ny BO nseiNg > Og, 0s.) As > T5415 


(ii.) covariants defined above as reducible. 





* Young and Wood, ‘‘On Perpetuant Syzygies,’’ Proc. London Math. Soc., Ser. 2, Vol. 2, p. 224. 


1905.] ALTERNATIVE EXPRESSIONS FOR PERPETUANT TYPE FORMS. 339 


The theorem of § 1 is still true if we suppose that the operator O, 
occurs vy, times (7 = 1, 2,...,A): in this case we may replace our terms 
r=M’ r= : 

x R, by the terms 2 ee eae, where jie is the most 
r=1 r=1 * : 
general quantic annihilated by O,, and «x 
not annihilated by O,. 

Writing suffixes in the place of symbols, we have defined the trans- 


vectant 
Po tlre rales. |, (PIT, ..., AO, POT, 2. OA 


est a6 . 
“is the most general quantic 


, 
"x 


as reducible if Aa MeQ41, .., 72), r8)41, ..., 74), 09 
<w, say. 


It is easily shewn* that all terms such as 


@w—1 »w—(@w—1) 
Ky Px ) 


where p? ‘*-” is annihilated by O= os — fete, 
yield on substitution only forms which, by virtue of the above definition, 
are reducible: and the same is true for all such terms similarly derived 
from the remaining operators O. 

Now let the operators of the theorem of § 1 be the (2°—1) operators 


used already, and let the operator 





Oe Cha ge dae iy tag yr 
OL, ,(1) O22) O23} O2 ple) 
occur M047, 2), 341, ..., r,.,, times, while each of the other operators 


occurs a corresponding number of times. Divide the operators into 
0 sets in such a way that, for 7 = 1, 2, ..., 6, the set S, contains all 
those operators each of which involves z,, and some, all, or none of 
Lr+i, Cr42, -.-, £8: the number of operators in the set S, is clearly o,41: 
as before, with this arrangement, we can take xz, = z,, for r = 1, 2,..., 6. 
Hence the theorem of § 1 leads to the 


THEOREM.—Any quantic C® of order w in the variables x,, Xo, ..., Xs 


is expressible in the form 
r=d+1 


—- 3 3 
OF Sah ah .capp a + 


r=2"—1 
W 
Pr 


il 


MS 


T: 


* Wood, ‘‘ On the Reducibility of Covariants,’’ loc. cit., p. 356. 
Z 2, 
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where py ts any quantic annihilated by applying the operator 


Chania @ eet é 
bc a ee ) at 


exactly Mpars1, 2, rl) 44, ..., o@,,, umes. 


Doser 


On substitution for the variables 2, we obtain the required extension 
of Grace’s Perpetuant Type Theorem. As before, the method of establish- 
ing the result ensures its exactness. 


5. Alternative Expressions for Type Forms. 


The problem of determining such expressions may be attacked in 
two ways. 

(.) We may first find the linear forms z and then seek for the 
corresponding grouping of the operators into sets. 

(ii.) We may group the operators into sets and then seek for 
the linear forms z defined by certain facts of annihilation or non- 
annihilation by the operators of the various sets. 

The first method is employed in this paper, and we shall shew 
unmediately that the linear forms 7 may be taken to be the variables 
Lis Lays Ve WD any .ordera -Forjsdetog, yo, is, Ye ober the! variables 
24, Lg, ..-» L In any order and, for the values 1, 2, ...,6 of 7, let the 
set S, contain the 2°" operators, each of which involves the variable 
yr and some, all, or none of the variables 7,41, Yr+2, -.-, Ys: It is clear 
that we may put y, = 2, (7 = 1, 2, ..., 6) and satisfy all the necessary 
conditions. | 

Before seeking for more general classes of expressions adapted to 
the representation of type forms, it is necessary to consider the relations 
between our (2'—1) operators and linear functions of the variables each 
consisting of the sum of consecutive variables, that is, linear functions 
such as 


Cn enatesiie 1 ee Sarna 


6. 
It is easily proved that, for all values of x and 6, the linear expression 
SPIO Vag RELPSTG e Ptag wett r 


is annihilated by each of (2°-!—1) of the operators, and is not annihilated 
by any one of the remaining 2°~' operators. 
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Any operator annihilating this expression must, in fact, contain an 
even number or none of the variables 2,4), 2,49, ..., re. The number 
of ways of choosing an even number or none of these @ variables is 2°’; 
the number of ways of choosing some, all, or none of the (6—@) variables 
Iq, Boy 6+) Vr—1, Lyto+i, «++, He i8 2°-°: and therefore, rejecting. the case 
where no variables at all are chosen from either set, we see that the 
required number of operators is 


A ot IA plat Reem A — IN eater g 


Obviously no other operator of our set can annihilate the expression, 
and therefore there are exactly (2°-'—1) of our operators each of which 
annihilates the expression. 


fle 


Lemma I.—If we are given 6 linearly independent linear expressions 
G1, Go) -++> Amy (F1, Ba, ---» Bs—m, each consisting of a sum of consecutive 
variables, then, if m have any of the values 0, 1, 2, ..., d—1, there is 
a unique operator among our (2°—1) operators, which annihilates each 
Oleg tose, Ow ad oui bates; 00 Ole OL 97) Oo: +3 Psy: 


For, consider a typical operator 


che ee +...-(—)71 é 


OX ay OX. OB pc) 








0= 


of our set: it is known* that any linear expression annihilated by it is 


a linear function of 
Yrs Yor veo Ys-i, 


where { pect tee testa eu), (0 —— 1,2, 3, 1, €— 1), 


apo Path, xe <a 7 
; | (2 fae me 7), Sea Ralls Bi iecacit 2 
Ue gs lik yoo 7), | 


Also any linear expression can be expressed in terms of 4, Yo, .--, Ys—1 
and L (1 

Now take any 6 linearly independent linear expressions 7, 7», ..., 7a, 
each consisting of a sum of consecutive variables, and express them in 
terms of 4, Yo, ---, Ys-1 and #1, each coefficient being positive or 
negative unity or zero. Suppose each of 7, 7, ..., 7 Involves 2,1), 
while each of wyii, Tu+2) ---, 7s IMvolves only Yy, Yo, ---, Ys—1- Then 
O annihilates each of 7,41, Tyis, -.-, 7s and annihilates no one of 





* Wood, ‘‘ On the Irreducibility of Perpetuant Types,”’ Joc. cit., p. 481. 
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W1, To) +++) Ty, and, since 7, 7, ..., 73 are linearly independent, u must 


have one of the values 1, 2, ..., 6. 

Conversely, if we are given aj, dg, ..., Gm, 91, Bs, ..., Bs—m, we can find 
linear expressions Yi, Y2,---, Ys-1 of similar nature, and so find the 
corresponding variables xa, x2, ..., v@, Which uniquely determine an 


@ 


Ox-5 


operator 





—— ee ah yee 


Ox-) 0x-9) 


of the required nature. 


8. Lemma II.—If we are given (m-+n) linearly independent linear 
OXPLOSS10NS 4aj."0g, One Cia, 2 Oa eacd, eCcOnSsIshinowoleamenin aor 
consecutive variables 21, 2, ..., %s, then [for the values 0, 1, 2, ....d—1 
of m, and 1, 2, ...,d of m; (m+n) <6] there are exactly 2°-”—” operators 
among our set of 2°—1, such that each of them annihilates each of 
4) Gg, .--) Gm and annihilates no one of {,, Ss, ..., Bn. 


First consider the case of two variables: the only lnear expressions 
possible are 1 or 2 of 2, 29, 4, +2, while the operators are 0/0z,, 0/02., 
0/0x,—0/O0x,. The lemma is easily verified in this case: thus ) 


(i.) 0/02,—0/Oz, annihilates x,+2., but neither x, nor 2». 
(ii.) 0/dx, annihilates z,, but neither x, nor 7,+42». 
(iii.) 6/dx, annihilates z,, but neither x, nor 7,+2». 


Now, assuming the lemma true for 6 variables, let us consider the case 
of (6-+1) variables: suppose the linear forms in (6+1) variables are 
Ay, Ag, ..-) Am, By, Bo, ..., Bn; we have to find the number of operators 
annihilating every A and no B. [If (m+n) =6+1, the lemma is the 
same as the preceding one; if (m-+-n) <0, we suppose that 


A, oe Ay+2s41; (7 ver th 2, cr) 0), 
B, = Br+@sy1, (7 


| 
on 
bo 
Ss. 
oi 


and that no one of Ag+i, Ao+e, ---» Am Bgi1, Bore, --., By involves a1; ; 
6 and ¢ may have any values from zero to m or 7 respectively. 

Now "44, Ao, +.., 49, Agtiy Abeonere,| 4m, B18, 2) By,2Ba 71) Bo vayten Dn 
are (m-+7) linearly independent sums of consecutive variables x,, 2, ..., 2s, 
and so, by hypothesis, there are 2°“*” operators involving only 
Ly, Lg, ..-, £3, each annihilating each of Aj, As, ...; Ae, Aovi, Aora, ...> Am 
and no one of Bi, Bs, ..., By, Bgii, Bors, ..., Bn, and therefore there are 
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9°—™+™ operators involving only 2, 2, ..., #3, each annihilating each of 
ee een, ONC NO ONG Ol ee eens ln. 

Again there are 2°~-“"*” operators 9 involving only 2,, 2», ..., 2s, such 
that every O annihilates each of Aoii, Aes, ..., Am, Bi, Bo, ..., By and 
annihilates no one of A}, Ao, ..., As, Byiz, Bora, ..., Bnj if to each of 
these operators O we add a term + 0/0x3,; so as to give another operator 
of our set of (2°*'—1) operators, then the resulting operator (0 + 0/0z5.,) 
enjoys the property that it annihilates each of A,, Ay, ..., 4m and no one 
of B,, By, ..., Bn. In this way we obtain 2°-+” operators involving 2541, 
and these are necessarily distinct from those already obtained. Hence 
altogether we find 2°*1~™*” operators of the required nature. 

The lemma, being true for two variables, is therefore true universally. 


9. In the theorems of § 1 let us take «x = 6, and 2, 4, ..., 2 as any 
6 linearly independent sums of consecutive variables. From the preceding 
lemmas it follows that :— : 


(1) There is a unique operator annihilating each of 2, 29, ..., 23-1 
Yen 
but nwt zs. 


(2) Thabe are two operators annihilating each of 2), %, ..., Z—2 
but not 2s_1, and these operators must be different from the operator 
of (1). 


(3) There are four operators annihilating each of 2), 2, ..., 25-3 
but not zs_2, and these operators must be different from the operators 
of (1) and (2); 


and so on. 


Finally there are 2°~ operators annihilating z, but not z, (these are 
certainly not included among the operators of previous sets all of which 
annihilate z.), and there remain 2°~' operators not annihilating z,; for we 
have seen that there are exactly (2°-'—1) operators annihilating z, (§ 6), 
and these are all included in the previous sets. 

Hence, with these choices for 7, 2, ..., Zs, 16 18 possible to group the 
operators so as to satisfy all the necessary conditions of the theorem 
of § 1. 


10. On substituting for the variables x, we obtain the following result, 
which includes Grace’s Perpetuant Type Theorem as a special case :— 


Any perpetuant linear in the coefficients of each of the binary 


: n 1; : ; : : : : 
quantics a!, a22, ..., ds, of infinite orders is linearly expressible in 


e 
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terms of 
(i.) Symbolical products of the form 
| (b, by) (bg by)” ... (B53 Dosa) #3, 
where): Al Se Qa a FS. Age eu) Seandeb wibeeteino ee 
are any of the letters a, a, ..., as chosen so that, for all values 


of x, it is impossible to find « symbolical determinants involving 
x or fewer of the symbols a, do, ..., Ms. 


(ii.) Products of perpetuants of lower total degrees. 


The extension of the theorem of § 4 may be effected in a similar 
manner, provided we modify suitably. our definitions of reducibility as 
determined by certain transvectants. 
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THEOREMS ON THE LOGARITHMIC POTENTIAL 


By T. J. VA. Bromwicu. 


[Read March 9th, 1905.—Received March 16th, 1905. ] 


Tue following investigation contains, in § 2, conditions, necessary and 
sufficient, for the existence of the second derivates of the logarithmic 
potential produced by a surface distribution at points within the area 
which carries the surface density. The surface density is assumed to be 
generally continuous, the discontinuities occurring along regular curves, 
but no assumption is made as to the existence of first derivates of the 
density. As a preliminary, an investigation is given, in § 1, of the first 
derivates of the potential ; this contains no essential novelty, although it 
does not appear in most of the ordinary text-books. 

The corresponding problem for the first derivates of the logarithmic 
potential of a line distribution, at a point on the curve carrying the 
density, is discussed in § 4, and these are compared, in § 5, with the 
limiting values of the derivates at a point which is made to approach 
the curve along a path (not touching the curve). For the work in these 
paragraphs we need a lemma of the integral calculus, given in § 3. 

The mode of investigation used in §§ 2, 4, 5 is suggested by the papers 
of Petrini* on the corresponding problems of the Newtonian potential, 
but many changes in details have been made. Although, as may be 
anticipated, there is considerable similarity between Petrini’s results and 
those given below, yet there are some unexpected points of difference. 

In § 6 the results are compared with those of previous writers, and in 
§ 7 an indication is given as to certain simplifications possible when the 
density is continuous.t 


1. The First Derwates of the Logarithmic Potential of a Surface 
Distribution. 
If V is the logarithmic potential at (x, y) of a surface distribution p 
over a plane area S, we have} 


V = —2y {fp log rdé dn, 


* Ofversigt af K. Vet. Akad. Férh. Stockholm, Ba. tv11., 1900, pp. 225 and 867. 

Tt §§6 and 7 have been added to the paper as originally written.— April 30th, 1905. 

{ The constants are chosen so that p may represent the volume density of the equivalent 
cylindrical distribution, attracting according to the Newtonian law, y being the gravitation 
constant. 
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where 7”? = (c—£)?+(y—n)”, and the integral is to be extended over the 
whole of the area S. Thus, if V’ is the potential at (x+h, y), 


V' = —2y {f p log 7’ dé dn, 


where r”? = (x+h—£&)?+ (y—n). 
Then, if (x, y) is external to the area S, there is no difficulty in seeing 


that the equation 
lim (V'—V)/h = 2y ff [p (€—2x)/1?| dE dn 


h=0 

is correct ; in fact, (log 7’—log7)/h converges to the value (ex—&)/7? as h 
tends to zero, and the convergence is easily seen to be uniform for all 
points (€, 7) of the area S. 

But the truth of the equation is not quite so readily established in 
case (x, y) falls within the area S; for then the convergence of the above 
expression to its limit is no longer uniform throughout the area. 

To deal with this case we proceed on the lines of the proof given by 
Bouquet for the corresponding three-dimensional case.* Plainly, if the 
theorem can be established for a small circular area, with its centre at 
(x, y), it will be true in general; for the preceding result can be applied 
to the portion of the area which falls outside the circle. — 


Uist = vige a 
Now rt ae Qy \\e | = log 7] dé dn, 
and denote by X the integral 
ay \\ p = dé dn, 


both being extended over the circular area. It is easily seen that the 
integral X is convergent (and, indeed, absolutely convergent) by expressing 
the integral in polar coordinates 7, 0. Now, since |7’/—r|<|h|, it 
follows that + 








y" 


<4|h\(=+5). 
WF Ye We 


y 
y! 








—2 








log = 





Hence PP) <y|\16l (4+) dé dy. 

Now ff (|p|/7) d€dn < 27aM, if ais the radius of the circle and M is 
the upper limit of |p| (supposed jinite) within the circle. Also 
ff Up|/2") d€ dy is less than ff (M/r’)d€dyn extended over a circle of radius 





* See, for instance, Picard’s Traité d’ Analyse (t.1., p. 161); the earliest place in which the 
proof occurs seems to be the first edition of Briot’s Théorie Mécanique de la Chaleur (p. 194). 

+ For, if » = log gq, then g—1/q = 2 sinh», or |g—1/q| > 2|p]|, the numbers being supposed 
real. 
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a+ |h| with centre at (c+h, y); and this gives 
Sf pl/7’)d&dn << 2r(at|h|)M<4raM, if |h|<a; 

so that |(V'—V) h| < 62ryaM. 

Next consider the integral X ; we have 

|X] < 2y JJ Vel/r) dé dn 

or | X|< 4ryaM. 

By combining these two results we find 

|h1(V’—V) —X| < 107yaM. 


If, therefore, e is any assigned small positive number, let a be chosen 
so that a < yhe/ryM; and this can be done, because M, or at least a 
number ace than M, can be fixed beforehand. 

Then |h7-1(V'—V)—X|<e, if |h|< a, and consequently 

Jim (Vi—V)/h = Xx 
which is the desired result.* 

It may be noticed incidentally that the condition, used above, that 
|p| is to have a finite upper limit in the part of the area S which is in the 
neighbourhood of the point (x, y) is by no means necessary, and it is easy 
to see that the final conclusion is correct provided that the two integrals 


{| (p/r) d& dn, ff (p/7’) dE dy 


are convergent. 


2. The Second Deriwates of the Logarithmic Potential of a Surface 
Distribution. 


If the density p is always less in absolute value than a fixed number, 
we have seen (§ 1) that the first derivates of the potential are given by the 


integrals ay é—2 “a - at} 
V y 
a= = 2Qy {le 2 dé dn, abe = y\\o2 2 dé dn, 


and that these results are correct, whether (, y) is internal or external 
to the distribution. 
Thus, to find 0?V/oz?, we have to consider the limit (should it exist) 


lim = || p Ee hassel — =" |aéan, 


where 7” = (€—2—h)?+ (n—y)”. 











* Harnack (Theorie des logarithmischen Potentiales, Kap. 1, § 5) has obtained this result, using 
the method of integrating X, instead of differentiating V. 
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If («, y) is not an internal point, there is no difficulty in proving (by 
the aid of uniform convergence or otherwise) that the second derivate is 
obtained by differentiating under the integral sign, so that 


2 BRR Make eA 
ae ae 2y || pS OY edn, 


C2? 


with similar values for the other second derivates. 

But the discussion is entirely different if (v, y) is an internal point, 
and it will be necessary to postulate some further restriction on p, in 
addition to the condition that |p| is to have a finite upper limit. In order 
to discuss the second derivates at the edge of the distribution, we shall not 
restrict p to be continuous in the neighbourhood of (a, y), but at wall be 
assumed that p is continuous on each radius through («, y). Thus, if we 
ee: E—Z = 7 608 9, 4—y = 7 sin 0, 
we shall assume that the limit lim p gives a definite function of Ooaand 


if p happens to be completely continuous, the function of @ will reduce to 
a constant, in which case the method of § 7 can be used. 

We may restrict the distribution to he within a circle, with centre (a, y), 
of an arbitrarily small radius a; for the second derivates of the potential 
due to the distribution outside the circle can be calculated by differentiating 
under the integral sign. Now the integral to be considered is absolutely 
convergent, and may therefore be written in the form 


h ff ce Ma 7’ —2hr cos 0+ h? cos @ | dr. 


For the sake of definiteness, suppose 2 to be posttive and less than a; 
the necessary modifications when / is negative will be recognized without 
difficulty. Then write » = ht, and the integral becomes 


2a alh {2 cos §—7z 
2 | dd \ Pp ae es cos 0 dt, 


where it is to be remembered that p is a function of ht and 6. But this is 
the same as 4+B+0C, where 


a Heo Vk MeO OE 
Ae dy \ dé |p Cay eye COS 6) abs 


, fs i t? cos O—t cos 20 
2 eer = ae ) 
B A EAY P\Gaaeerne A cos 0 ; dt 





C 


Qa alh 2 
2y | Cos 20.6 | (o/t) dt == 2, | 
0 1 


0 


“cos 20 dO i (p/r) dr. 
h 
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Write now /(0) = lim p, and then there is no difficulty in seeing that 





ae 1/  f cos O—t 
nee (a vat ) 
7 sey \, #10) do \ P—2tcosO+1 aan 
because* att — cos 0 < (?—2t cos 0+1)-3?+1 
??—2t cos 0+-1 
] 
and | [(?—2¢ cos 0+1)-*+1] dt = 1+log (1+ cosee 46). 
0 


Now, since the integral \ [1+log (1+ cosec $6)]d@ is convergent, it is 
0 
clear that the value given for lim A will be certainly correct if the function 


p approaches its limit /(0) uniformly for all values of 0 from 0 to 27. 

To deal with B, let the integration with respect to ¢ be taken in two 
stages, from 1 to 2 and from 2 to a/h (assuming, as we may, that h < 4a); 
then, if for the present we write 





f cos O—t cos 20 
Fit = ee — 
eo) ??—2tcos@+1 aie ae 
B 2a 2 2a a/h 
we have — = | ae | pF (t, aat+| a6 | pF (t, 0) dt. 
dy i) 1 0 2 


By an argument exactly similar to that which was used for finding lim 4, 


Veer 


we see thatt Qn 2 Qn 2 
tim | ae | ea) Ge | FO) ae | EAGAG) aes 
0 1 0 1 


h=0 


Next, we have the identity 


3 alh 1 sa 
\ a oF (t, 8) at—| 76) a6 F(t, 6) dt 
0 2 0 7 


=| a9\ toro, oa+|"ao|" pre aae—|"saae) wee at 
0 2 : Mf i 


where N is any number subject to the restriction N<a/h. Thus 


Q0 alh Qa ce 
| ae | pF it, 6) at—| 7(6)d0 | F(t, @)dt 
») 0 2 


0 





< a i |p—fO || Fe, ®| at+M\" i a BAGH a+) EM at} 
0 2 i . 4 


where M is the upper limit to |p| (and therefore to | /(@)| also) within 
the circle 7 = a. 


* For | @cos@—t | < | 1—tcos@| < (1-2¢coso+ 7). 
+ In fact, here ; 
| F(t, @)| < 2[1+(t2-2¢cose+1) *] and [r+ (e—2 cos 6+ 1)~4] dt < 1+ log (3 cosec 18). 
1 
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t cos 80—cos 20 | 


on Te ¢t (t?—2t cos O+1)’ 

so that ERE O)' |< oa 
N ioe) 

and consequently * | 2 CE) brik lh at, mri gs 

: a/h oe 9, 
while | F(t, @|dt<| | F(t, 0)| dt <——. 

N N N—1 

Let e« be any ora aii nord U small positive number; then choose 

N so that 87M/(N—1)<4e, or N—1>167M/c. 


Next choose H so that 
H<a/N, and |p—f(0)|<e«/87, if h< dH, 
for all values of 0 from 0 to 27, and for all values of ¢ from 2to N. Such 
a choice of H is possible, because the limit of p is /(8) when the product 
ht tends to zero, and the convergence of p to its limit /(@) has been 
supposed uniform with respect to 0; and N has been fixed above. 
It is now clear that 


Qa a/h Qa ce) 
| a | oF (t, ) at—| 76) a0 | F(t, @) at | 
0 2 0 2 





20 N Qa ce 
<| a6| (e/87) | F (t, a)|ae+210 | ae | | F(t, 0)| dt 
0 2 0 N 
< 47 (e/87)+2M[47/(N—1)] <.e, 
provided that h << H. 
Qn alt Qe n 
Hence lim | ae | pF (t, 0) dt =| FO) ao | Hoy at 
= 0 2 0 2 


Tf we combine the value found for lim A with the values obtained from 


the two parts of B, it will be clear that 


t“ cos 0—t 
lim (4+-B) = ay | A 6) dé | en cos 6) dt 


: cos 0—t¢ cos 20 
+} eee COB Ole: ) ae] 
The integrals with respect to ¢ can be found without difficulty, and 


they givet 





* The indefinite integral is given by Se es pt eS log pis 
te 1)2 t—1 t—1 
+ If the upper limit of the ee integral is .V (instead of o ), the result is 
1 : N sin 6 
3 cos 24 log ( 1- 3 COB 6 + =) —sin 26 arc tan — Tener 


where the angle is between 0 and x if sin @ is positive, between 0 and —7 if sin @ is negative. 
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1/ eos O—t “( &eosd0—t cos 20 
\ (aos cos 0+1 lrg a) pier \ (=a cosO+1 gy te t nh 





= (0—7) sin 20, 
where @ is to be taken between 0 and 27. Thus 


lim (A+B) = 2y | (0— 7) sin 20 f (6) d0. 
Na 0 


It is now clear that the existence of the second derwate depends on the 
existence of the limit lim C, and, if this limit exists, we have 
h=0 


eV 


= Qy | (9—-7) sin 20 f(@) dé + lim 2y | eur 20 ae | (p/r) dr. 
0 foe h 


0 

It is to be observed that this second derivate is at present only one- 
sided ; that is to say, h has been restricted to be positive. But, as we shall 
see on p. 352, it is not usually possible to obtain a second derivate which 
is valid for both signs of h, unless p is completely continuous, so that / (0) 
is a constant. 

The simplest kind of discontinuous density occurs when p is constant, 
Say p;,0n one side of a regular curve passing through (x, y) ; and a different 
constant, say ps, on the other side of the curve. 

Suppose that the positive direction of wz 
falls in the p, region: we have then only to 
consider the value of that part* of the integral 
C which arises from the space included between 
the curve and its tangent at (7, y). If we take 
as the other boundaries two circles of radii 74, 79, 
the corresponding part of C is numerically less 









> 


positive direction 
of x 


than 2y | pi— ps | | (pinkdr (rs > 7)), 
where ¢ is the angle between the radius 7 and the; 
tangent to the curve at (z, y). But lim (26/7) is 


the curvature at (x, y), which we assume to be finite; and consequently 
the last integral tends to zero with 7,, whatever 7/7, may be; thus C has 
a limit when hf tends to zero. Further this limit is less than 


2y|p—pal | (g/d 





* For the rest of the integral is equal to 


a wt+a ln 
2 (log a/h) E | cos 20d6 + p2| cos 266 + p, | 
0 a 


nrt+a 


COs 20a0 | = 0, 
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¢ being regarded as always positive ; and consequently the limit of C may 
be made as small as we please by proper choice of a. Thus the derivate 
OV /oz exists and is given effectively by the integral 


Qy i (9—-r) sin 20 f(0) dé 
0 
7 + 


—= 2y p,| (0m) sin 20.d8-+p, | (@—-7r) sin 20 d0 


a. 
0 


a 


ah ae er 20 dd | 


w+ 


+ Pi | 
— — Jy + Ty (Pi — po) COS 2a. 


From this result it is plain that, as stated on p. 351, the derivate 
is, in general, one-sided only; for, if the sign of h is changed, we 
produce the same effect on the derivate as by interchanging p, and py. 
The new derivate is 


—2rypot ry (p2— pi) COs 2a, 
which is only equal to the former one if 
cos 2a = 1, or if the axis of x is parallel to the 
tangent to the curve bounding the regions p, 
and po. 

However, tf the point (x, y) 1s at an angle of 
the boundary formed by two regular curves, 
even the one-sided derivates do not exist; except 
for two special directions. We note first that the 
curves may be replaced by their tangents (provided 
that the curvature of each curve is finite); the argu- 
ment on this point is the same as above (p. 351), and need not be re- 
peated. Then the integral C becomes 


2 log (a/h) E | cos 20.d0+ py | cos 20d0+ p, | 
0 


= y log (a/h) (p;—p.) [sin 2a+sin (28 — 2a) | 
= 2y log (a/h) (py— pz») sin B cos(B— 2a), 
where § is the angle between the two tangents. Hence, excluding the 


case sin 6 = 0 (which is not essentially different from the case of a single 
regular curve), we see that lim C can only -exist if a = 46+47; this 





2r+a—B 
a 


cos 20 a6 | 


Qar 
27+a—B 


gives two special directions, each making an angle of 47 with the bisector 
of the angle between the two tangents.* 








* In the above calculation it was tacitly assumed that 8 was equal to $m at least, but it is 
easily seen, by a fresh integration, that the result is true even if 8 is less than 4x. 
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This conclusion can be verified for the special case of a right angle 
by reference to Maxwell’s results* on the “ geometrical mean distance ”’ 
of a point and a rectangle ; his formula shews that, at a corner of the 
rectangle, the second derivates exist only for the two directions which 
coincide with the sides of the rectangle. Care must be taken, however, 
to notice that the second derivates of the function obtained from Max- 
well’s formula are not precisely the same as those given by the results 
on the last page; for our results refer only to the potential of the area 
contained within a small circle of radius a, whose centre is at the corner ; 
while Maxwell’s calculation relates to the whole rectangle. Still, the 
two formule should give the same difference between the derivates taken 
in opposite directions along the same side of the rectangle ; and this 
appears to be verified, the difference being 27vy (p;— ps). 

The results obtained for the logarithmic potential naturally lead to 
the conjecture that some analogous properties hold for the Newtonian 
potential. It appears, by using Petrini’s test (dc.), that, at a conical 
point on the surface of a solid (of uniform density), the potential has 
second derivates only for directions which lie on the surface of a quadric 
cone. For instance, at the corner of a cube, the quadric cone passes 
through the three edges of the cube which meet there.t Thus the various 
conjectures which were made by some of the older investigators as to 
the value of AV at the corner of a cube are now seen,to be all meaning- 
less, unless we attach some special kind of definition to the symbol. 

If the point (x, y) is an ordinary cusp on the boundary, the second 
derivates certainly exist. For it is easy to see that |C| is less 
than 


tyne [toi 
as on p. 85]. But here lim (p/r?) is finite, 


so that we may write ¢ < Ar’ throughout 
the integral. 

Hence |C| < 4yA|p,—ps| [a*—h'], 
and so lim C exists, and may be made 





arbitrarily Rell poet taking a small enough. 





* Trans. Roy. Soc, Edin., Vol. xxvi., 1872, p. 729; Electricity and Magnetism, Vol. 11., 
$§ 691-693. The particular Perel required is (4) in § 692. 
+ With these edges as axes of coordinates, the equation to the cone is yz+zx+ay = 0. 
‘This equation is obtained by integrating out 
{{ [8 {(@ cos @ + y sin ¢) sin 6 +z cos 0}? — (a + y? +2) ] sin edadp 
over the appropriate solid angle, and equating the result to zero. 
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A simple example of a density which is continuous, but which gives 
a potential without second derivates at the origin, is 
p = (a—y’) sin A/?°A, 


where 7? = a?+y? and X = [log (1/r)]; and, to make the density con- 
tinuous, we must have p = 0 at the origin. For then the integral C 
is equal to 





vy ie cos? 2000 | a dr = Ary (cos \y—c0s A,), 
0 


jdt 
where A, = [log (1/h)}?, A. = [log (1/a)]?. Hence the limit lim Cis 
quite indeterminate; and thus the second derivates 0?V/0z®, 0?V/dy? 
cannot exist. 
8. A Lemma on the Limit of a Definite Integral. — 


In the following sections (§§ 4, 5) we shall have to find the hmiting 
values of certain definite integrals of the type 


alr 
lim | f(t, 7) dt, 
r= b 


where y approaches zero through positive values, and a, 6 are fixed, a 
being positive. 
Suppose that lim FUR eae G A by 


then the truth of the equation 


alr wa) 
lim | JE pike \ g (t)dt 
r=0 Jy b 


depends (i.) on the convergence of the second integral, and (i1.) on some 
further condition. Without attempting to obtain the most general form 
of the second condition, the following will be found sufficient for the 
applications in view :— 

It will be supposed that a number N can be found, corresponding to 
any prescribed positive number e, such that 


alr 
\ Sita dt < é, 
r 





yf N<T<a/r; this mequality holding for all values of r less than 
al/N. 


That some such condition is necessary 1s shown by the example 


T; 


Nal.” id oie 
spe r) — ase ye 
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which gives g(t) = 1/(1+¢@). But the integral 


l/r 
\ f(t, rdt = are tan (1/7)—47 ; 


1/r 
so that tim | ber ati = ita, 
0 
although | giijdt — e737. 
0 


To see that the conditions above are sufficient, we observe that when 
they are satisfied N, N’ can be found so that 


alr 
\, eat | < te, 





Pee) <7, aN. 





|, gat | <6 
fi 
(AP anh beeen Be 
Let P denote the greater of N,N’; then it is easily seen that 


a/v er) 
|, Si, ndt— iL g(t) dt < Ze, 





provided that 7 is less than a/P. 
Since P is now fixed, and since 


him f(t, 7) = 9, 


we can find 6 so that ; é 
7% N—g()| < 4e/(P—Dd), if r <6, 


where ¢ is free to vary from 6 to P. Then 


fie He Bae \, g(t) dt | 


b 





a ar ge 
<| | fG. ndt= |, gtoae|+ | AG nat— | g(dat| < “ 
b b ie 12 


provided that 7 is less than both a/P and 6. Consequently 


i.e) 


lim i. f(t, dt = |, g (t) dt. 
It is plain that exactly similar tests will justify the equation 


r=0 


b b 
lim | Eas | g (t) dt. 

—a/r —2 
ya a 
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4. The First Derwates of the Logarithmic Potential of a Curve 
(at a point on the curve). 


We shall assume that the curve has a tangent at all points with 
which we are concerned; further, that 
the curvature is jimte and that the 
density (c) 1s continuous on the two 
sides of O, with a possible discontinuity 
at O. 

Take the origin at the point O, at 
which the derivates are to be calculated, 
and let the axis of a be the tangent 
at O, the axis of y being the normal. 
Draw the two lines x2 =+a, which 
will cut out a small portion of the 
curve round O; then the potential of 
the remaining part of the curve is continuous and has continuous derivates 
of all orders,* for points which are sufficiently close to O. Write, for 
the coordinates of points on the curve, 7 = €tanyw, so that W is a 
function of € with the property that lim (/é) is finite. 


Then the potential at (7, y) 1s 





+a 
—2y | ko log Rdé, 


where R? = (x—€&)?+(y—n)*, and k& is the secant of the angle between 
the tangent and the axis of x; in the same way the potential at O is 


+a 
-y| ko log (€*+-n°) dé. 


Write x =rl, y=7m, where ?-+m? = 1; then, to find the derivate 
at O, in the direction of J, m, we have to examine 


-2{" ko log (zat =z) dé 


and see whether this has a limit when » tends to zero. If we write 
€= rt, the integral to be considered becomes 


+a/r 
-y| ko log (a5 x 


—alr 





Faery) 


* The proof of this statement offers no difficulty: the method of §1 needs but little change 
to apply here. 
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in which it must be remembered that k, c, and W are functions of rt, and 
= ¢ sec? ~—2t (I-+-m tan W)+1. 
The integral may be written in the form 4+ B, where 


A=-yf- ko | Jog ( acct ae) t4 ws (1 cos %+m sin vy) cos ¥- | dt 
—y (oe ko [toe ooo oar mary) t4 — (lcos Y~+m sin v) cos | dt 


sel 2 
5), i ke log iS aR. i dt 


and (oy em Vey, | ko (Leos +m sin w) cos Wy d€/E 


+2y | ko (lL cos +m sin Wy) cos wy dé/E. 


To the integral A we can apply the lemma of § 3, and we find 


im =— orl [tou (FB) ae J oe) +7) 2! 
—ver[ | floe(t) + hat J tool) ae] 


where oj, c, are the limiting values of o, on the two sides of O, and 


= P—Qlt+1. 


0 
To verify that the condition of the lemma is actually satisfied here, 
we observe that, if is between O and 1, 


log (1—2h cos 0+ h?)+2h cos 0 = — 2 (4h? cos 20+ 4h? cos 80+...) ; 
so that 


| log (1—2h cos 0+ h?)+ 2h cos 0| < h?/(1—hy)?. 
Hence 


2 
log Gear + = (Leos ym sin W) cos y\< 1/(¢seey—1)?< 1/¢—1) 
by taking h = 1/(tsecy); and consequently, if N<T<a/r, 
a/r 2 
dr 2, 
| Y |. ko | log aa) a = (lcos /+m sin Wy) cos v| dt | 


elcit '¢ 
\, Tay Lea 
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where LZ is the upper limit to yko in the small are of the curve. It is 
now clear that the lemma may be applied to the first term in A; and 
a similar argument can be used for the second term in 4; the 
third term requires no special discussion, since the range of the integral 
is fixed and includes no singularity of the integrand other than ¢ = 0 
(which offers no difficulty). 

After carrying out the integrations, it will be found that 


: al wae l 
lim A — Dvey (1—?)? |= +are tan ad 


\ : 
“ed Woe (1—0*)2 |= — are tan qo |—tyle—os. 


As regards B, we note that 
| ko (Leos +m sin W) cos w dé/E 


= | ke (m cos yr—I sin yy) sin vy dé/E+ | lk—l1)odé/E+ | lo dé/E€. 
In the first of these three integrals we have 


|m cos w~—l sin | < 1, 


and lim (sin V//€) is finite; so that the limit 
lim | ko (m cos y—1 sin vy) sin W dé/€ 


exists, and may be made arbitrarily small by choice of a. In the second 
integral | l(k—l)cdé/é, |t] <1 and lim (k—1)/E€ = 0, in consequence 


of the finite curvature. Thus this integral has also a limit (as 7 tends 
to zero) which may be made small by proper choice of a. 
Thus the existence of the limit him B depends on that of 


tim| | indgié-+| ioagié| = im | 11>@—o(—f) a€/é 
Now, if, as we have assumed above, the two limits 
lim o(-+r€) none lim a(—£) =a 


are different, it is plain that the last integral has no limit unless / is zero. 
Thus we obtain the result : 
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If O is a point of discontinuity in o, the general derwate does not 
exist, but the normal derivate does exist, and is given by 


—ary(o,+o9) + terms which do not depend on the distribution near O. 


It may be noted that this derivate vs calculated for the directions away 


from O; so that the discontinuity at O in 0V/dy is —Qry (o1+0%). 








As a verification we may refer to Maxwell’s 0 
result for a uniform rod [l.c., § 692 (1)]; 
the derivate at A, in the direction AO, is Yair 
given by* A P B 
. [AP log OA+PB log OB+OP(ZAOB)|—AB log AB 
ee en aa 8 ME ONE : 


where OP is perpendicular to AB. 
In general this limit does not exist, but, if OA is perpendicular to AB, 
so that P is coincident with A, it gives the hmit 


— 2yo iim CAB eam ya. 


which agrees with our last two results, by taking o, =o, o,= 0. 

For the existence of the general derivate it is, therefore, necessary 
that « should be continuous at O; but this condition is not sufficient, 
as may be seen from the example 


o¢—1-+T1/log(1/é) (€> 0), 
ap a I (e.0) 


Here | [o(+—-o(—)] ale = | (log 1/2)" aé/é = log lox | 


which manifestly has no limit as 7 tends to zero. 
Thus we may conclude that: 
The derivate (in any direction other than the normal) can only exist 


af the limit a 
Lim | [a (€)—o(—£)] ag/é 
exists, a condition which wmplies the continuity of ¢. When this con- 
dition is satisfied, the deriwate is given by 
—Iryo)(1—P)? + terms which do not depend on the distribution near O, 


where a ts the value of « at O. 








* In Maxwell’s notation 4B log R represents the value of the integral flog r dé, integrated 
along the rod ; this is to be multiplied by —2yoe to agree with the form used here for the potential. 
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It is easy to extend the results obtained here 9g 
to cover the case when the curve consists of two 
distinct branches (each regular) meeting at O in 
different directions. A short calculation shews 
that there is generally only one direction in which 
the derivate can exist,* and even for this one a 
further condition (on oc) has to be satisfied. 
For the existence of derivates in all directions, it is necessary that o 
should tend to zero at O (on both branches), and that the 


integral Jo dé/€ should be convergent (for both J 
0 


branches separately). The case when O is an ordinary 
cusp is also easy to discuss ;+ the derivate in a direction 
perpendicular to the tangent always exists. For other 
directions the existence of the limit 


lim | eee enere 


is necessary. 


5. Components of Force (at a Point on the Curve) due to the Logarithmic 
Potential of a Curve. 


We investigated, in the last paragraph, the values of 0V/dr, 0V/oy 
at O; but it does not follow, without special investigation, that these 
results give the components of force} at O. We shall now examine, first, 
the limiting values of 0V/dx, 0V/oy as (x, y) moves up to O along a 
regular are which does not touch the curve at O; and, secondly, the values 
of the components of force at O. 

We take the same axes and notation generally as in § 4; then the 
force at (x, y) in the direction /, m is given by the integral 


+8 ke 
2 i. pa Lie —a) + mn—y)] dE, 


where R? = (€—2)’+(y—y)*. Here, of course, this only represents the 
force due to the small are of the curve round O; the force due to the 
remaining part of the curve is continuous within a sufficiently small area 
round the point O. 





* In the case when o has the same limit at O for both branches, this direction bisects the 
angle between the two tangents at 0. 

+ Of course, certain obvious changes must be made in the previous work, owing to the 
discontinuity in the curvature at 0. Compare the work at the foot of p. 353. 

t For the general proof that oV/dx, dV /dy represent the components of force requires that 
(z, y) shall not be a point of the curve. 
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Write now «= 7f, y= rg, where f?+g? = 1; and, without loss of 
generality, 7, g may be supposed to remain constant as 7 tends to zero; 
of course, it must be remembered that g is not to be zero, though f may 
be zero. Then, as before, put € = rt, 7 = é tan wv, and the limit to be 
considered becomes 


lim 2-y 


[he ot ¢ (i+-m tan vy) — (if-+mg) dt, 
-ar  t sec?W—2t(f+g tanv)+1 


where now, of course, k, o, w are functions of the product rt. 
Now this integral may be put in the form 4+B, where 


¢(v+-m tan Wy) » Val z 
A= By] tol ed Ae oe Weosy) | dt 
¢(U-+-m tan W) 
+2y( ee t? sec* ~—2t(f+g tan + Te 
sale ¢ (+m tan vy) 1 . 
+2y{ ho Beep BE pea 4 eos tmsin y) cos y- | at 
=2y |" ko (f-+mg) dt 


alk 2 sec’ 2h 2¢(f+g tan w)+ 


and 


ip 2y | ke (Leos yr-++m sin W) cos yy dé]é 


+2 | ko (l cos y+ m sin W) cos wy dé /E. 


It will be seen that this B is the same as the one used in the last 
paragraph; so that no fresh investigation of the limit of B will be required. 
Of course, A is not now the same as before. ‘To evaluate the lhmit of 4, 
we apply the lemma of § 3, and we consider first 


\ co (if-+-mg) dt 
r Use? W—2t(f+g tan y)+1 | 


Here |/f-+mg|<1, |f+g tany|<secy; so that this expression is less 


th 
i ke dines , Li ee 
7 (t see yy—1)” 7 ¢—1" ~T— ie 








thus, if N = 1+1/e, and a/r > T>N, the test of the lemma is satisfied, 
provided that |ko| remains less than a fixed number on the small are 
of the curve. 
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A similar argument applies to the case 


ie (if-+-mq) dt 
a € see? Wy—2t(f+g tan W+1\’ 





and consequently 


{ ee er (if-++-mg) dt 
ar Cse?W—2t(f+g tan y)+1 


a4 +? (f+mg) dt a | (if-+mg) dt 
= 2y0, | may, Vets 21 PS Ofi+ 1 


= ayn HE (E44) +29 mE (Za), 


where a = are tan [ f/(1—/f?)*]. 


Take next 


Bee 220 Vd 
he E sec? ~—2t (f+g tanv)+1 ; AG cos +m sin Yr) Cos | ae| 


=|{" (LcosW+m sin Wy) [2t(f cos W+g9 sin vy) — cos vy] at| 
: iP sec yy —2t(F+y tan YP) +1] 


here |JcosW+msinw| <1, fcosw+gsiny! <1; so that the expression 


is less than He bent rg 4 
fa t (¢ sec y~—1)° - \, a T—1’ 


if T>1. Thus, just as above, the test of the lemma is satisfied; so that 


lim 2y 


r=() 




















(c-+-m tan vy) t ap.) : 
lim 27 [ ko Se. MET CaU EES (lcos ~-+m sin Wy) cosyp | dt 


bs ee ie eRe i 
ye 2yn| = z) igi 
Similarly, 





=i 
(7-+-m tan Wy) ¢ pe) : 
lim 2y| ko EE mp oY retam PEI 7 £8 tm sin cosyp | dt 


) 
ue pot 
¥y Bet a fl a 


and, without any special investigation, 


(c--m tan Wy) t 


lim 2y | Nae * sec” Wy — Se Monee 


r= 


ee 0 It 
= 2 BRAT 5, Fig) peek Ge 
yor) P—ofpi eT yrs] P—ofipi 
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The sum of these four integrals is found to be 


Byes Go By (i a a) +2702 qo — #3) mS —«). 


; situa de ee AT Yi mg Wok 
Hence lim A = —2yo; ‘ie a— pe (= +a) Qo a_i — pA (z a), 


where it should be observed that the value of g/(1—/?)? is either +1 or 
—1, according to the sign of g. 

We saw above that when co, and oc. are unequal the limit of B could 
only exist if / = 0; if we write 7 = 0 and m = 1, we see that— 

In case ¢ vs discontinuous at O, the linut of the normal force as (x, y) 
approaches O wis only equal to the normal derivate of the potential at O, 
uf (x, y) approaches O along the normal.* In general, the value of the 
limet depends on the direction of the path followed by (x, y). 

The limit of the tangential force cannot exist. 


As a verification, consider the case of a uniform straight rod; the 
result of Maxwell’s, already used (p. 359), shows that 


ee  OOny a = —2yr(ZAOB), 


av 

Ox 
where now O is the point (x, y). The origin is taken at the end A of the 
rod, with the axis of 2 along the rod. It is clear that 0V/dx has no limit 
when O approaches A, while 0V/Oy approaches the limit 


— Io | Ftare tan (fig) |, 


assuming that y (and therefore g) is positive. This agrees with the limit 
calculated above, if we write o, =a, o, = 0. 
Turning now to the case when o is continuous at O, so that 


it is clear that lim A = + 2ryoym, 
i 
* Because f is then zero; so that lim 4 = Fry(o,+4), the sign + being opposite to the 


r=0 


sign of g. 
In general, f = sina and the value is found to be ¥ [ry (a, + a2) + 2ay (7, — 04) |. 
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where the ambiguous sign is opposite to the sign of g. Comparing this 
with the result at the foot of p. 859, we can therefore state :— 

The force (in a direction not parallel to the normal at O) has a limit- 
ing value only uf the limit 


lim \ [o(+)—o (—8] délé 


exists, a condition which implies the continucty of «. When this condition 
is satisfied, the lumit of the force vs 

+ 2ryoym-+ terms which do not depend on the distribution near O, 
which is the same as the derivate at O, in the same direction. 


The discussion of modifications of these results, consequent on 
geometrical singularities of the curve at O, may be carried out exactly as 
in the last paragraph. 

Finally, to calculate the components of force at O, we must consider 
the hmiting value of 


ao lé-+m “§_ lé-+mn 
\ he a aé+| ho ae dt, 
when 7 and s tend to zero independently. 
If, as before, we write 7 = € tan, we have to evaluate 








lim, i ko (Leos y+ sin yy) cos Wy dé/E 


+| ko (Leos +m sin Wy) cos wv d& é| 
Proceeding exactly as before (p. 358), we see that this is essentially the 
same as ' - 

lim, | lndglé-+| be azlé|, 


Now, unless o tends to zero at O, this hmit is not determinate when 7 is 
different from zero. Thus we may state the result : 


The normal force at O is determinate, and is independent of the dis- 
tribution near O. But the tangential force at O ts generally indeterm- 
inate even when o ts continuous, unless oc) = 0. 

We may call the value obtained by writing s =r the principal value 
of the tangential force. It is then clear that the conditions for the 
existence of this principal value are exactly the same as for the existence 
of the general derivate of the potential at O. 
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6. A Comparison of the foregoing Results with those of Previous Writers. 


The only writer who has explicitly discussed these problems for the 
logarithmic potential is Harnack in his Theorte des logarithmischen 
Potentiales (Leipzig, 1887). However I shall refer to some authors who 
have obtained results for the corresponding problems in the Newtonian 
potential theory, because their conclusions generally apply to the 
logarithmic potential, if suitable modifications are made. 

It should be observed, once for all, that all these writers make the 
preliminary assumption that the density ts completely continuous ; and 
consequently their conclusions cannot be compared with such of the fore- 
going results as relate to discontinuities in the density. 

It will be convenient for the purposes of comparison to examine the 
surface distribution and line distribution separately; and to modify the 
conditions found previously, by introducing the hypothesis of continuity 
at the beginning (compare § 7 below). 


(I.) Surface Distributions—The existence of the second derivate 
O° V/ox? was proved (§ 2 above) to depend on the limit 


lim C— lim \ cos 20d0 \ (p/r) dr. 
Now, if p is continuous and lim P = Po, We have 
{i cos 20d0 \ (po/r) dr = py log (a/h) ir cos 20d0 = 0; 
0 h 0 
so that the limit above is the same as 


Qtr a 
lim | cos 20 a8 | [(e—p,)/r| dr = lim C’. 


(I. a) Holder’s Condition Inaugural Dissertation,* Tubingen, 1882).— 
The condition is that | p—py| < Gr, 


where G, g are positive constants, and 7 is less than some fixed value, 
which we may take to be greater than a. If this holds, 


Pay YT? 
| cos 26 dé | [(p—pp)/7] dr 
0 | 





ag ATT, | |p—pylrtdr< am | “Il dy 





< In (G/g) (31%). 





* This dissertation has unfortunately been inaccessible, but all subsequent writers agree in 
quoting the same form for the condition given by Holder. 
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Thus the limit of C’ exists and can be made as small as we please by 
diminishing @; it is easily seen, further, that the condition is also satisfied 
when h is negative, so that the derivate is not merely one-sided. 

Harnack (l.c., p. 24, footnote) has remarked that Holder’s method for 
the Newtonian potential can be modified to apply to the logarithmic 
potential; and C. Neumann* has given an alternative discussion of 
Holder’s results which can also be modified, although the method of § 7 
would seem to be preferable. 


(1.6) Harnack’s Condition (Theorie dc., Kap. 1, §6).—It is here 
supposed that p has finite and integrable first derivates—a condition 
analogous to the one used by Gauss in discussing the Newtonian 
potential. Then, since 





eee -< eae 


the limit to be examined may be replaced by 


lim \| P= S (E2) aga, 


where the integral is extended over the rig between two circles of radii 
h, a whose common centre is (2, y). 
This integral may be integrated by parts, and it becomes then 


| (p— py) cos” 0 ays \\ ae l e dE dy. 
p= 


0 





The integrals round the circles are together less, in absolute value, than 
dir, if w is the greatest value of | p—p,| on either circle; and, since p is 
continuous, » can be made as small as may be required by diminishing a. 
The surface integral is less,t in absolute value, than 27aM, where M is 
the greatest value of |0p/0é| in the ring. Thus 


\| (peaen “ cs =) aan 








* Leipzig Berichte, Bd. xutt., 1890, p. 327. 


+ This is almost obvious; reference may be made, if necessary, to the methods of § 1. 


1905. | THEOREMS ON THE LOGARITHMIC POTENTIAL. 367 


may be made arbitrarily small by diminishing a; therefore the limit 


a \\ (p—po) (5) aéay 


must exist, and consequently 0? V/0z? also exists. 





(l.c) Morera’s Condition.*—It is here assumed that the limit 


lim | (e—Po) dr 
h=0 h i fe 

exists for all values of @; if this condition is satisfied, it is plain that the 
limit a 


lim It cos 20d0 | [(p—po)/7] dr 
h=0 0 h 


exists, and the condition of § 2 is therefore satisfied. 


(II.) Lene Distributions:—In this connection, the previous results 
appear to relate entirely to the problem of § 5, the calculation of the 
derivates at a point of the curve (asin § 4) not having been undertaken. 
In many cases, too, the point (zx, y) 1s supposed to approach the curve 
along the normal; as was proved above (§ 5), this limitation of the mode 
of approach does affect the force, if there is a discontinuity in the density. 
But in the older work the density is invariably assumed to be con- 
tinuous, and consequently the limitation does not really make the results 
less general. 


(II. a) Hoélder’s Condition (l.c.).—This is |[>—oy|< G|E|%, where G 
and g are positive constants, and | €| is less than some fixed value. When 
this holds the condition of § 5 is easily seen to be satisfied. For then 





<a 20 | Ugiay aie 2G75/g ; 





[ [o(+é) 0 (-8)laéle 
80 that lim | [o(-+-)—o(—8)]aée 


exists and may be made arbitrarily small by choice of a. 








* G. Morera, Rend. del R. Ist. Lomb., Ser. 2, T. xx., 1887, p. 302, and Il Nuovo Cimento, 
Ser. 3, T. xxu., 1887, p. 240. ‘Reference may also be made to G. A. Maggi, Rend. del R. Ist. 
Lomb., Ser. 2, T. xx11., 1889, p. 647; I7 Nuovo Cimento, Ser. 3, T. xxvu., 1890, p. 21; T. xxxim., 
1893, p. 118. 
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(II.b) Harnack’s Condition (Theorie, éc., Kap. 1, § 9).—It is assumed 
that o has a finite and integrable first derivate, say o’(€); and then 


lim [7 (+£)—o (—8)]/£ = 20 0); 


so that the limit lim \ [o(+8)—o(—&) ]dé/é 
certainly exists. 


(II.c) Morera’s Condition.*—It is assumed that the limits 
lim | |e—oglélaé and tim | "| og /é a 


—a 


both exist. If this is so, it follows at once that the limit 
lim [ |o(t-6) =o (—€) | dey 


exists ; and consequently that the condition of § 5 is satisfied. 

It is manifest that of the conditions enumerated Morera’s are the 
nearest to those obtained in §§ 2, 5 above. However, they do not include 
all cases in which derivates exist; thus, with a surface distribution such 
that p) = 0 and p=1/A, where A = [log (1/7) ]?, we have 


a 


hi cos 20 ae | (o/ Aid OE 
0 h 


so that the condition of § 2 is satisfied, and the potential has second 
derivates. But 
\ upeie, dr = 2[log (1/h) }t —2 [log (1/a)}; 
so that Morera’s condition (I. c) would exclude this case. 
Similarly, a line distribution such that 
Opes apy haya (1/| eye 


would satisfy the condition of § 5, but not Morera’s condition (II. c). 


7. Simplified Investigations mm case the Density 1s Continuous. 


If p is completely continuous, the work of §2 can be shortened con- 
siderably by the following method. Let U denote the logarithmic 
potential of the circular area when it carries a wniform density py (the 


* G. Morera, Rend. del kh. Ist. Lomb., Ser. 2, T. xx., 1887, p. 543 ; Il Nuovo Cimento, Ser. 3, 
T. xxu1., 1888, p. 1. Compare G. A. Maggi, Rend. del R. Ist. Lomb., Ser. 2, T. xxiv., 1891, 
pp. 87, 220, 960; L7 Nuovo Cimento, Ser. 3, T. xxx111., 1893, p. 249, T. xxxiv., 1894, pp. 22, 81. 
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value of p at the centre)* ; it is then obvious that 


O2V o2U aoe 
= = a = Hlim {|= (P—Po) (es a no) dé dn, 


Ox 


and a short calculation shows that+ 


U = — 2ryp, [a log a+3 (r?—a’)]. 
2 
Thus — =— 2arypyt lim te 


if J denotes the integral written above. 


For brevity let c denote | h |, and let denote the maximum of | p—pp| 
within the circle of radius a; let a circle of radius 2c be drawn, with 
centre (x, y), and let J,, J, represent the parts of J which arise from the 
area within the smaller circle, and from the ring between the circles. 
Then, by a method exactly like the methods used in $1, we can prove 
that t 
ini me \\ (= af =a HGR) We agh 


7 
To deal with J,, we observe that 


=f Ge C00 eos 6 
y'? 7 7° — rh cos se h? r 


h Eas 20 , h?(r cos 80—/h cos 260) 














= yr ae 7G —2rh cos 0+ h?)’ 
Thus I,—2y is cos 20d0 { [(p — py) /r] dr = K 
0 2c 

na ee (2 (p — pp) (7 cos 80—h cos 20) 
where i= ayn | dé t ieee EOF), ConG EE INET OT GHGROE SID dr. 
Hence EG) = tryco| 2 well 5 adr, 

ae (r—C) 

or t Tye | at (putting + = c-Fcez), 
that is | A | < 87yw. 


It is now clear that 0?V/0x?+27yp, differs from 


lim 2y |" cos 20d0 \, [(p—po)/r| ar 
on 0 2c 








* In fact, here the function /(@) used in § 2 is the constant pp. 
+ This does nut appear to be given by Maxwell (/.c.), but is easily deduced from his results. 
{ It may be remarked that J, corresponds to 4 + B of § 2, and J, to C. 
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by less than | J,|++||; and therefore the difference is less than 207-yw.. 
But » can be made arbitrarily small, by diminishing a, so that the 
existence of 0?V/0z? depends only on the existence of the limit 


Qa a 
lim | cos 20.d0 | [(p — pp)/7] ar, 
C= 0 Cc 


which is the result of § 2 as modified for continuous density on p. 365. 

If « is continuous, it. is similarly possible to simplify the work of 
§$§ 4,5 by comparing the potential of the actual curve with that of a 
short portion of the tangent at O, carrying a wniform density o,; but the 
simplification is not so great as to make it worth while to put down the 
details here. 7 

In conclusion, it may be added that Petrini’s investigations on 
the Newtonian potential of a volume density can be simplified in a manner 
similar to that described in this paragraph, if the density is known to be 
continuous at all points within a small sphere enclosing the point at which 
the second derivates are to be calculated. 
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ORDINARY INNER LIMITING SETS IN THE PLANE OR 
HIGHER SPACE 


By W. H. Youne. 


[Received April 10th, 1905.—Read April 13th, 1905.] 


Parr I, 


1 

A knowledge of the properties of a region (using the word in its most 
general sense) in the plane or higher space enables us to extend to 
n dimensions the theorems about inner limiting sets which I gave for the 
straight line in various earlier papers. 

In giving these generalisations I have availed myself of the opportunity 
to simplify the proof of the fundamental theorem originally given in my 
Leipzig paper.* : 

I quote the following theorems with respect to regions and sets of 
regions, confining myself, for simplicity of expression, throughout this 
paper to the plane: the results and reasoning are, however, perfectly 
general. 


Turorem A.—If R,, Ro, ... be a countably infinite series of closed 
regions, each lying entirely within the preceding, and vf the spant of 
these regions decreases without limit, there ts one, and only one, internal 
point common to all these regions. 

If, wnstead of lying entirely within one another, only the internal 
points of each region are known to be internal to- the preceding region, 
there is, uf the span decrease indefinitely, again one, and only one, point 
determined by the regions, but it may be a common boundary pornt. 

If the span of the regions do not decrease indefinitely, the common 
points form a perfect connected set.t 





* “ Zur Lehre d. nicht abgeschlossenen Punktmengen,” Leipziger Bericht, August, 1903. 

t W. H. Young, ‘‘On Regions and Sets of Regions,’’ Quart. Jour. of Math., 1905. The 
span of a region in any direction is the width of a strip which is bounded by lines perpendicular 
to that direction, contains every internal point of the region, and has on each of its bounding lines 
at least one boundary point of the region. The upper limit of the span in every direction is 
called the span. 


2 Be 
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THroreM B.—The potency of a perfect set vs c.* 


THEOREM C. (Cantor’s Theorem).—Any set of non-overlapping regions 
us countable. 

THEOREM D.—Any set of regions can be replaced by a set of non- 
overlapping regions, having the same internal points. 


THroremM E.—Any set which has no component dense in itself rs 
countable. * 


te 


Definition —Given a finite or countably infinite series of sets of 
regions, overlapping in any way, the set of all the points each of which 
is internal to at least one region of each set is called the inner limiting 
set of the serves of sets of regions, or an ordinary limiting set. 


THeoremM 1. Of the Normal Regions.—Any ordinary inner limating 
set may be defined by means of normal regions, that is, by means of a 
serves of sets of regions, such that (a) the regions of each set are non- 
overlapping and therefore countable, and (b) each region is internal to a 
region of the preceding set, with, however, possibly common boundary 
points. 


The property (a) of the normal regions follows from Theorems C and D, 
already quoted ; (b) is evident, since we only have to cut off from the 
regions of the second set all parts external to the regions of the first set, 
and so with each successive set; it is clear that, in so doing, a region of 
the second set which is reduced will have boundary points common with 
a region of the first set, and so for the other sets. 

In the case when the span of the normal regions decreases without 
limit, every series of normal regions, one from each successive set, lying 
each inside its predecessor, defines one and only one point, which is a 
point of the inner limiting set, unless, from and after some stage, all the 
regions have one common boundary point. 


Lemua.—lIf an winner limiting set is such that the span of its normal 
intervals decreases without limit, and also that we can assign a serves of 
constantly increasing integers 11, 1%, ..., and corresponding to these a 





* Theorem enunciated by Cantor and proved by Bendixon, Bih. Svensk. Vet. Handl., Vol. 1x., 
No. 6 (1884). Cp. also Schoenflies, Bericht tiber die Mengenlehre, p. 86, and W. H. Young, 
Quart. Jour. of Math., No. 148, 1905. 

+ See note + on previous page. 

+ Cantor, deta Math., Vol. vit. See also W. H. Young, Quart. Jour. of Math., No. 1388 
(1908), where the theorem occurs as Cor. to the Theorem of the Nucleus ; the reasoning for linear 
space only requires small verbal alterations to be valid for the plane or higher space. 


‘ 
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region of the 7,-th normal set which contains two regions of the r-th 
normal set entirely internal to vt, each of which contains two regvons 
of the rs-th normal set entirely internal to them, and so on, then the 
potency of the inner limiting set vs ¢. 


To prove this, let us denote the normal region of the 7,-th set by dq, 
and the two regions of the 7,-th set, which it contains, by do, and do,,, and, 
continuing this system of notation, let us denote by dyo: and dy the two 
normal regions, referred to in the enunciation, which lie inside the region 
already denoted by dm, where N denotes any combination of zeros and 
ones with n figures. 

Since these regions have no common boundary points to complicate 
the issue, every series of them lying one inside the other defines a point 
of the inner limiting set. ‘To each such series of regions, however, by our 
system of notation, corresponds one non-terminating binary fraction, 
which, if dy, be any region of the series, begins with the figures denoted 
by N; conversely, to each non-terminating fraction there corresponds such 
a series of the regions. Thus there is a (1, 1)-correspondence between 
certain points of our inner limiting set and the non-terminating binary 
fractions ; so that the inner limiting set is of potency c. 

THrorREM 2.—An ordinary wner limiting set which has a convponent 
dense in itself has the potency c; otherwise vt vs countable. 


By the Theorem of the Nucleus, due to Cantor, any set which has no 
component dense in itself is countable; therefore we only have to prove 
the first part of the theorem. 

Suppose the given ordinary inner limiting set to have a component U 
which is dense in itself. Let P be any point of U; then there is a region 
dy, of the first normal set containing P as internal point, and, since P is a 
limiting point of U, there will be another point @ of U inside the 
region dp. 

Round these two -poits P 
and @ as centres we can then, 
since they are both internal 
points of dj, describe circles ex- 
ternal to one another, and 
entirely internal to do, (Fig. 1). 
If the span of the normal regions 
decreases without limit, we can 
assign a stage at which the span 
of all the normal regions is less 
than the radius of the ;smaller of these two circles; at this stage the 





{Rave We 
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normal regions containing P and @ will be distinct, and both entirely in- 
ternal to d,. Denoting these two regions by dy, and dy, there will be 
in each a component of U, which is therefore dense in itself, and the argu- 
ment can be repeated. Thus the condition of the lemma is satisfied, and 
the inner limiting set is therefore of potency c. 

If the span of the normal regions does not decrease without limit, we 
take, instead of the actual regions, those parts of the regions of the 
second set which contain P and @ respectively, and are internal to the 
two circles, and call these dy, and d,,,. Then, as before, in each of these 
the argument can be repeated, and we get a new series of normal regions, 
obeying the conditions of the lemma, whose inner limiting set has there- 
fore the potency c. But this new inner limiting set is clearly a component 
of the old one, since the defining regions at each stage are internal to the 
original regions. Thus the given ordinary inner limiting set has in this 
case also the potency c. 

Thus the theorem is proved. 


3. 

The converse theorems given by me in my paper on “ Sequences of 
Sets of Intervals containing a given Set of Points,” Proc. London Math. 
Soc., Ser. 2, Vol. 1, Part 4, now follow immediately for ordinary inner 
limiting sets in the plane or in n-dimensional space. The proofs there 
given only require verbal modification, “region” being used instead of 
“interval,” and “span” for length.” 

If any set of points EH be taken, and regions described round the points 
of EH, so as to form a series of sets of regions whose wner limiting set 
contains E! as a conyponent, 

(1) The inner limiting set consists of EH, together with certain 
points of the first derived set H' ; the latter points may sometimes be 
absent. 

(2) The regions may be so constructed that the inner limiting set 
contains every pont of EH’. 

(3) Lf the content of the regvons* vs ever less than that of E', there 
vs a more than countable set of points of E' not contained in the 
nner lunating set. 

(4) The potency of the wner limiting set is necessarily the same 
as the potency of E', unless E contains no component dense in itself, 
while H' ts more than countable. 

(5) If E contains no component dense in ttself, we can so arrange 
the regions that the inner limiting set consists of E alone ; af, more- 





“* That is, the content of the regions without their boundary points. 
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over, E' be more than countable, the regions can also be so arranged 
that the inner limiting set is either countable or has the potency c. 

(6) In general, we can so arrange the regions that those points 
of the inner limiting set which are not points of E are limiting points 
only of U, the greatest component of E which is dense in itself. 


Theorem Y. of this article, in conjunction with Theorem II. of the 
preceding article, gives the necessary and sufficient condition that a 
countable set should be an inner limiting set, viz., the countable set must 
contain no conyponent dense wn rtself. 


Parr II. . 
4, 


It is one of the merits of the theory of sets of points that it brings 
into close parallelism the theory of functions of several variables with that 
of a single variable. In this way theorems for one variable are often 
easily generalised ; we need only cite the theory of multiple integration as 
an example. The results already arrived at in this paper will, in the 
same way, not only have an interest in themselves, but also an important 
application to the theory of functions of several variables. I propose now 
to show that the points of continuity of such a function form, in fact, an 
ordinary inner limiting set of the kind here discussed, while, conversely, 
given any such set, a function may be constructed having the points 
of that set, and no others, as its points of continuity. 

It follows then, from the results of this paper, that the set of points 
of continuity of a function of any number of variables cannot be at the 
same tume countable and contain a component dense in rtself. A particular 
ease of this result is that there is no function of two variables whose 
points of continuity are the rational points of the plane; this is a general- 
isation of the well known theorem for a single variable. 


5. 
THEorEM.— The points of continuity of a function of any number 
of variables form an ordinary mner linuting set. 


Take any small positive quantity e, and describe round every point of 
continuity a region in which the oscillation of the function is less than e, 
which is, by the definition of continuity, always possible.* 





* Tf the point lies on the boundary of the fundamental region, the part of the small region 
within the fundamental region alone concerns us, and the oscillation in this part must, for 
continuity at the boundary point, be less than e. 
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In this way we get a set of regions containing all the points of con- 
tinuity as internal points. If we now let e assume every value of a sequence 


C15 C9) ONS (1) 


having zero as limit, we get a series of sets of regions whose inner limiting 
set certainly includes every point of continuity of the given function. 
That it contains no other points is immediately clear, since any point P 
of this inner limiting set is such that, given any small quantity e, we can 
determine not only a value e, of the sequence (1) less than e but also corre- 
sponding to é,, a region containing P as internal point, in which* the 
oscillation of the function is less than e; thus, by the definition of con- 
tinuity, P is a point of continuity of the given function. Thus the 
theorem is proved.t 


THEOREM.—Given any ordinary inner lumeting set in the straight line, 
or plane, or higher space, a function of one, or two, or more variables can 
be constructed having precisely the points of that set, and no others, as 
points of continuity. 


Construct first a series of sets of normal regions having the given set 
G as inner limiting set, (§ 2, Theorem I.). 
At every point P of G let the function be zero ; 


F(P) = 0. (1) 


If there be any limiting point @ of G which does not belong to G, 
there is a definite smallest positive integer 2@ such that @Q is not internal 
to any normal region of the 2-th set, for all values of 1 >7%. In each 
such point Q let the function have the value e’¢, where e is any small posi- 
tive quantity less than 1 ; ’ 

PER, ee (2) 


This function is then certainly discontinuous at every such point Q. 
Any point R which does not belong to the set I’ got by closing Q has 
a certain minimum distance 7 from the points of that closed set I’, by a 








* See note on p. 375. 

+ Another way of proof is by considering the closed set of all the points at which the 
oscillation of the function >; the complementary set, which includes all the points of con- 
tinuity, consists of all the internal points of one or more regions. Thus, giving / all values of a 
sequence having zero as limit, we get the points of continuity as an ordinary inner limiting set. 
This argument may also be applied to determine the analogous theorem for the points of con- 
tinuity on the boundary. 

t{ This theorem was proved by me for the straight line in the Wiener Bericht, October, 1908, 
in a manner closely analogous to the present. 
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well known theorem easy of proof. Thus any such point can be surround- 
ed by a small region, of span less than 7, containing only points of the set 
complementary to I. It follows that, if we divide the points of this 
complementary set into those which are rational and those which are 
irrational, there will, in every sufficiently small region containing Rf, be 
both rational and irrational points of that complementary set. Thus, if at 
every rational point F of that complementary set the function has the 
corresponding value 7, and at every irrational point R the value zero, the 
function will be discontinuous at every point of that complementary set ; 


J(h') = 0. (4) 


All the points of continuity of this function / are then certainly among 
the points of G, and it is easy to prove, as follows, that every point P 
of G is, in fact, a point of continuity of /. 

Take any large integer m and any small positive quantity h. Draw 
the normal region of the m-th set containing P, and, inside this, draw a 
region d of span less than h, containing P as internal point. 

Then, for every internal point of the region d, r is less than h, since 
the point is within a distance hf of P itself; also, for every point Q of I, 
but not of G, inside the region d, tg > m. Therefore, if X be any internal 


point of the region d, | f(P) —f (®) |< hte”, 


which, by choosing m sufficiently large and h sufficiently small, can be 
made smaller than any assigned quantity; so that the condition that P 
should be a point of continuity of the function / is satisfied. 

Thus the function f has the given ordinary inner limiting set for the 
set of its points of continuity. 


Cor.—If F be any continuous function, the function #+/ will then 
also have the points of the given ordinary inner limiting set, and no 
others, for its points of continuity. 


6. 
It is natural to base a classification of functions on the theorems just 
obtained. We get in this way three chief classes :— 
(1) No points of continuity (totally discontinuous functions). 


(2) A countable set of points of continuity; this set contains then 
no component dense in itself. 


(3) The points of continuity are of potency c. 
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The latter class includes three important special cases :-— 


(8a) The points of continuity are dense nowhere in a certain 
region (the function is pointwise continuous in that region). 


(8b) The points of continuity are dense everywhere inside a 
certain region, but do not fill it up (the function is pointwise dis- 
continuous in that region). 


(3c) The set of the points of continuity contains every internal 
point of a certain region (the function is continuous in that 
region). 

Nothing is here asserted as to the continuity or discontinuity of the 
functions at points outside or on the boundary of the region con- 
sidered. 

There are various special cases of interest in the classes (3a) and (80) ; 
the points of continuity may, for instance in the case (8a), include 
all the points of a curve, or of a set of curves; they may, however, be 
entirely disconnected and contain no curve, and yet be such that for 
every value of «x there is a point of continuity, 2.e., they may project 
into a straight line, as in the case of the set of points discussed by me 
in the Mathematischen Annalen of this year. There are, of course, 
various other possibilities. Remarks of a similar nature apply to the dis- 
continuities of a function. of the type (80). 


7. Ordinary Inner Lumiting Sets ir Curved Space. 


In order to discuss satisfactorily the distribution of the points of 
continuity of a function on the boundary of a region in which, for 
example, it is continuous, we need an easy extension of the idea of an 
ordinary inner limiting set, which is also interesting in itself; this is the 
idea of an ordinary inner limiting set with respect to a curve, or surface, 
or other curved space. 

To take, for instance, a plane curve as fundamental region; a curve, 
in the most general sense, has been defined as a special case of an 
ordinary inner limiting set * :— 


A plane set of points, dense nowhere, and such that, given any small 
quantity e, and describing round each of the points as centre a circle 
of radius less than or equal to e, these circles always generate a single 


* “On Regions,”’ &e., loc. cit. 
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region whose span does not decrease indefinitely as e decreases, is called 
a curved arc, or, shortly, a curve.* 

On such a curve we may have a set of curved ares, like a set of 
intervals on a straight line, and a countable series of sets of ares, and 
the set of points each of which is internal to at least one are of every set 
will be called an ordinary inner limiting set with respect to the curve. 
A similar definition will apply to any curved space. 

It follows from the fact that a curved are is an inner limiting set, 
and that an inner limiting set of inner limiting sets is an inner limiting 
set,+ that an ordinary inner limiting set with respect to a plane curve 
is itself an ordinary plane limiting set, and has therefore the properties 
of such a set. It is now easily proved that the section by a plane curve 
of any plane ordinary imner limiting set ts an ordinary wmner limiting 
set with respect to the curve. | 

For, let G be the given plane set, and H the section, P any point 
of H, and d any one of the regions defining G as inner limiting set and 
containing P. Then the curve cuts the region d in one or more curved 
ares, one of which contains P as internal point. Thus the series of sets 
of regions defining G give a series of sets of ares on the curve, each of 
which certainly contains H, so that every point of H# belongs to their 
inner limiting set. On the other hand, if @ be any point of this latter 
inner limiting set, every arc of these sets which contains Q is a part of 
one of the given regions; so that @ certainly belongs to the inner limiting 
set G, and therefore to #H. Thus # is an ordinary inner limiting set 
with respect to the curve. (Jae ure Le 


Conversely, if I be a set on a curve which is not an wmner lumating 
set with respect to the curve, it is not an ordinary plane wmner linuting 
set. 


8. 


We have now certain information with respect to the distribution 
of the points of continuity of a function on the outer rim?{ of a region 





* This includes a segment of a straight line if the span in one direction only decreases 
without limit. 

t ‘‘Open Sets and the Theory of Content,’’ Proc. London Math. Soc., Ser. 2, Vol. 2, Part 1, 
p- 30. 

t¢ I use ‘‘ outer rim’’ here instead of ‘‘boundary’’ because the former is always a curve, 
the latter not. The outer rim of an ordinary simply connected region is the same as its 
boundary, ¢.g., the outer rim of a circle is the circumference ; the boundary in general is obtained 
by cutting out holes, (whose rims are parts of the boundary, as are also limiting points of such 
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in which it is continuous. These must form an ordinary inner limiting 
set with respect to the outer rim, which is itself a curve. 

Moreover, a function can be constructed, continuous in a given region, 
and at the points of any ordinary imner lumiting set with respect to the 
outer rim. For instance, the points of continuity on the outer rim may 
be countable, but, if so, they must form a set without any component 
dense in itself. If not countable, they are of potency c. 





rims), and dotting in other boundary points, (‘‘On Regions,’’ &c.). A precisely similar theorem, 
however, holds for the boundary, since it is a closed set of points. 

We may, indeed, define an ordinary inner limiting set with respect to a closed set of points E as 
the set G of all the common points of a series of closed components of FZ, or an ordinary inner 
limiting set with respect to any inner limiting set E as the set @ of all the common points of a series 
of ordinary inner limiting sets contained in #. In both these cases the arguments used in the 
case of a curve apply ; so that G is itself an ordinary inner limiting set. 
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A METHOD FOR DETERMINING THE BEHAVIOUR OF CERTAIN 
CLASSES OF POWER SERIES NEAR A SINGULAR POINT 
ON THE CIRCLE OF CONVERGENCE 


ByeG. H. Harpy. 


[Read February 9th, 1905.—Received April 7th, 1905.—Revised May 18th, 1905. | 


1. Suppose that the coefficients a, of a power series 
(1) F(x) = Ag tayxtagr?+..., 


whose radius of convergence is unity, are analytic functions of certain 
parameters a, 8, y, and are capable, when the real parts of a+@—1 and 
y are positive, of being expressed in the form 


(2) dy = ( | log (=) bed (1—u)P~* u¥—**” 6 (u) du, 
mal Us) 
where (wu) 1s an arbitrary function of w which we shall assume to be 
regular at and in the immediate neighbourhood of all points of the straight 
lineasnOe1)e* 
Consider the contour integral 


(3) | (log w)*—* (w—1)8&! ur **” h (wu) du, 
(C) 


C denoting a loop starting from and ending at the origin and enclosing 
the line (0, 1). If this contour is so chosen that ¢(u) is regular on and 
within it, and those values of the many valued functions are taken which 
are defined by the equations 


(log Th — Et log log 4 (u— 1)? — Cea te Ey: uy) _— ey Vinee 


wherein log wu, log log uw, log (w—1) are all real at the point where C crosses 
the line (1, ©), it is evident that (8) is an analytic function of a, 8, and y 


* That is to say that » (wu) is regular within a region which includes the line, while the lower 
limit of the distances between points on the line and points on the boundary of the region is 
positive. 
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regular forall values of a and @ and all values of y whose real part is 
positive. Moreover, if the real part of a+ $—1 is also positive, the con- 
tour C may be deformed into a contour C’ consisting of the two sides of 
the line (0, 1), and the contour integral is equal to 


) 


27 sin ued | {log (= )\ wee du = 2isin {(a+)7!a,, 





since logu/(w—1) is regular near w=1. Hence (unless a+ is an 
integer) 


(4) ibs J | (log u)*—? (w—1)8-! uw¥-1*” db (u) du, 


24 sin{(a +f) 7} Je 
provided the real part of y is positive. 

Now suppose that xz has any value other than a real value greater 
than unity. Then the contour C can be so chosen that the point wu = 1/z 
lies outside it. But in the particular case in which | «| <1 


“du 


1—xzu 


He dog u)*-! (u@— 18-1 6) ——— = 


HAS BUTS AY RAR TRIE LGR 
(5) f(@@) = ae — 2 sin{(a+f) 7} 


This equation therefore holds for all values of z save real values greater 
than unity. 

We now draw another contour C, starting from and ending at the 
origin and enclosing the contour C and the point u=1/x, but no other 
singularities of @(w).. Then it is obvious from Cauchy’s theorem that 


ay: it tens ier 1 * b(u) du 
©) 0) = amet Bay Lg Cee ee 


=i (ue 2)" (Ea) ()] 


Gale eet eae  h(u) du 
aocain eae ri BORG ral) 1—au 
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Now when z tends to unity the second term on the right-hand side of (6) 
tends to the finite limit 


— en tee ASS Us a ast ei 
~ Qsin{(a+f) 7} Ve (log u)*-} (w— 1)? 7? uw?  (u) du. 


Hence 


(7) f(z” =— (log +)" (1—a)®-1 2)-8- + (- =) +4+e, 


sin |(a+{) 7} 


where e, is a quantity whose limit is zero when 2 tends to 1 along any 
path which has no point in common with the straight line (1, ©), the 
many valued functions being fixed by the equations 


(log 7 aa — (4-1) log log (1/2) (1 —g)e-! = ¢(8-1)log(—=) 
7 ? > 
gi—-B-¥ — e(i—B—y) log x 
where log log (1/2), log (1—z), and logz are real when 0< a2 < 1, the 
real part of y is positive, and a+ is not an integer. 
2. I shall now illustrate the application of the general formula (7) by 
considering some interesting special cases. 


i.) Suppose a=1, d(u)=1. Then equation (2) becomes 


1 
is | (1—w)8—1 wr! *” du 
0 


= Sas mL yente vy oe eayt ue) te, 
CT(@+y+y) ay (B+y)(B+y+)...(B+tyty—D’ 
_ yesyal a { sew eses) We 
Hence, if 
yy) 7 
eeepc (St Nig FIT He 
F(z) — iF ce £) (1 —7)P-* gi -B-¥ 


tends to a finite limit when z approaches unity along any point lying 
within or along the circle of convergence. This may be verified by means 
of the‘relations which hold between the particular solutions of the ae 
geometric equation. ; 
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Moreover the equation (5) furnishes the analytic continuation of the 
function f(x) for a region exterior to the circle of convergence ; a region 
whose extent depends on the extent of the region in which ¢ (uw) is regular. 
In the present case ¢(u) is a constant, and, if f(x) is made uniform by a 
cut along (1, ©), the branch of f(z) thus defined is regular all over the 
plane except at x= 1, and its singularity there is completely specified 
by the expression 


iP (6+y)T(—)/T (y)} d—2)8 7? a8 


The restriction that the real part of y must be positive is easily removed 
by the help of the recurrence formula 


S8,y(@)— Xf, y41(2) = ee 
except in the trivial case in which y is a negative integer or zero. We 
also supposed that 6 was not an integer. If 6 (but not 6+) is zero 
or a negative integer, F(x) reduces to a sum of binomial expansions. If 6 
is a positive integer greater than unity, I(x) remains convergent for z= 1; 
if 6 = 1, the infinite term is easily found to be 


y log {1/(1—a)}. 
(.) Suppose 6 = 1, d(u) =1. Then 


ae ie SUEY Ay es Ta) 
by = | {1 g(—)! uy di Gb)" 





++ 





and 7G) 1a) | 


x" ) 
ly SPP iacaaye oes: 


(y = Dene Cyt a)s 


(y+yv)* being equal to exp {alog(y+yv)} where the logarithm has its 
principal value. Hence 


1 £ x Laces 
g AL iti ME ary lo eee 
+ At Gppeh Gaye Taal ies 


tends for z = 1 to the finite limit 


I (1—a) (log u)* , ut du du 
2 Ch Tae 


In this case, too, the restriction as to the real part of y is easily removed. 
The restriction that a is not to be an integer is more fundamental. 
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To consider this case we must go back to the equation 


(9) F(a — eye (=) ) a—1 ery | (og u)#-? ==" ha ‘du 
Ab C1 


sin a7 | 28in ar 1—xzu 








Suppose that a= k+e, where k is a positive integer and ¢ is small. It 
is easy to see that we are at liberty to expand in powers of e and equate 
coefficients. Thus we obtain 


a a wi du TSY Vee 
aah ogy? Fer = {log (sp 2 





LU 
and 
N ee ee BNA ere : (=) 
(10) D(h) ; ane a a. ya (log = log log i 
IE dog" og og (1) #2 
+ oe |, os log log | Ne 


The equations (9) and (10) may be used to study the behaviour of /(z) 
all over the plane. I do not propose to go into this, as the results have, 
in this case, been already obtained by other methods. But there is one 
point to which it is worth while to call attention. 





i t a a— , Ur au ‘du 
The integral D aipaSe \, (log 2) peer 


is plainly ek in the neighbourhood of z = 1, in the power series 
write 

(1—x)’*} U 

In particular the value of the integral (11) can be assigned without 

calculation wheny=0. For itis plainly an analytic function of a regular 


for all non-integral values of a at any rate. But, if the real part of a is 
greater than unity, the value of the integral is clearly 


1! 1 vy 
a aaee Tenn — (a, y); 


the well known generalised Riemann zeta, function. 
It follows that 


ees LV gee a |r x 
(12) lim 1 a arts ye —P(—a) (log —) AB om (a, y). 


(11) ———— > Sey" | (log oa 


2 sin a7 o 





It is interesting to note that the function ¢(a, y), which may, for all values 








* Tt was first proved by Appell (Comptes Rendus, t. Lxxxvu.) that, if 
fal) = Bsa", 
1 


SBE, 2. vou. 3. No. 906. 2c 
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of a, be defined as the finite term* in the asymptotic expansion of 
= Graal 


in powers of 1/n, appears also as the finite term in the expansion of 
x x”/(y-+yv)* in powers of (1—z). 


(iii.) Suppose that a= 1 and ¢(w) = (1—tw)~*, t being any quantity 
whose modulus is less than unity. Then 


ye eae E Cyt) FB) 
pee 1 aa ae te) da F'(, Y, SEM Ne 
e \.« wpa — tay? du = egy FG, yn By ty d 


Hence the term which is not regular at = 1 in the case of the series 


(13) 1+ ar F(6, y+1, B+yt+1, az 


a Vice) 
(8+y)(6+y+1)) 


I'(6+y) al 1) (1—a)P-1 g1-8-748 (a— Ae 
I’ (y) | 


FO, y+2, B+y+2, fa?+... 
1s 


(iv.) Suppose that G6 = 1, and that (wu) is an integral function of 
log (1/u), defined by 


ou) = Ch {og (—- =)" 


such that ¢(w) remains continuous even for w= 0, provided log (1/w) 
approaches infinity by a path which does not recede indefinitely from the 
real axis in the plane of log (1 I), 1.€. MN U ogee 0 by a pe 


then lim | s (a ie al =1 [R(s) <1], 


talk 





when w tends to 1 along the line (0, 1). Various generalisations of this result have been given by 
Appell, Césaro, Pringsheim, Le Roy, and Lindeléf (Césaro, Rend. della R. Accademia di Napoli, 
December, 1893 ; Pringsheim, Acta Math., Vol. xxvut.; Le Roy, Bulletin des Se. Math., 1900-1, 
and Annales de la Faculté des Sciences de Toulouse, 1900; Lindeléf, Acta Soc. Fennice, t. Xxx1., 
No. 3). 

The method used in this paper was devised with a view to proving the particular formula 


iim | 3 3 7, 7 (1-8) | log (=) Jo] = ((3), 


which at the time I supposed to be new. As a matter of fact it was first proved by Lindeléf in 
the memoir cited above (see his Calcul des Résidus, Gauthier- Villars, 1905); M. Lindeléf’s method 
is entirely different and rests on an application of a general summation formula due in principle 
to Abel. The function 3 2/(y+¥)« is an infinitely many valued function whose singular points 
are 0, 1, «© ; but the principal branch is regular at the first of these points, as is obvious. 


* See e.g., Barnes, ‘‘ Theory of the Gamma Function,’’ Mess. of Math., Vol. xx1x., p. 92. 
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which does not wind an infinite number of times round the origin. 
Suppose further that 
= D(atp) ie BLY ISame 
= boca log |—) >; Maem () 
ay = Oat os ol); & d (u) du, 

the series being convergent for all values of ». I shall not delay to discuss 
what hypotheses as to the nature of the coefficients c, are necessary to 
ensure the truth of this last equation; it is enough for my present purpose 
to say that such functions ¢(w) certainly exist. For instance, M. le Roy* 
has proved that 


Spee es =f : ( 4) du 

A tide eh Peas olay 3) aay 

ere nL) a 1 y\ du 
5 Se ae oe ia 

peels i f Pe log ‘> )1—2au, 


of which the first corresponds to the case in which 








(= Gt Sy (wu) = sin {log (1/w) }. 

Then, for example, 
a 5 Bin (log =) Jog tog (=) 
I+@+1?2 & Sted Sere ON Gs 
is regular in the neighbourhood of « =1; a result which may be also 
deduced from (10). 

It would be easy to multiply examples: but I prefer to indicate shortly 
how the same method may be generalised so as to apply to functions of 
several variables. 


(14) 


oMs 


3. Suppose that we have a double power series 
Tay aye an ae Ye 
convergent for aA Sena Lee eal 
and suppose that 


“of 1B a Oe | 
hy = | + log (+)} (L—w)B-* uth torte” & (uw) du 


ei U 


(at any rate for some values of the parameters a, 6, y), @, w’ being two 
quantities whose real parts we shall, for convenience, suppose positive. 








* Annales de la Faculté des Sciences de Toulouse, 1900, p. 342. 
t That is to say, that (1, 1) form one pair of rayons associés ; v. Borel, Legons sur les Series a 
Termes positifs, p. 86. | 


2c 
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Proceeding as in § 1, we find 


(16) f(x, y) = | logujo4u— 1) _ ur pw du__ 
C 


a 
27 sin {(a +) 7} (1—2xu*)(1—yu”) - 
The argument is now exactly similar to our previous argument, except 
that, instead of having to consider only the one pole w = 1/z, we have to 
consider two poles, viz. those points 
1h 


'@ 
9 


1) imc i po es ey 
whose amplitudes are very small when z and y are both nearly equal to unity. 
We deduce that 
a—1 
ei) Nog (=) | a — giiv)p—-1 gl—B—y)iw GiGi) 
LOU salar} | ye 
ra EEC 1/w"\ B—1 , (1—B—y)/w" Ifo"): 
@ * | log re (1—ytle8-1 yt —-B vie" & (y “)) 
1—2y-°” j 
tends to a finite limit when 2 and y tend together in any manner to unity, 
provided that the process to the limit is made in such a way that the 
denominators never vanish. 
Let us suppose, for example, that du) =1 and @=1. Then 


= 








I'(a) 


ral ( 1 ) Pe 
— | ] ed Pee AR y—lt+oputo'v a 
rere \ ( °8 u/) ‘ ay (ytouto'r)*’ 


a ary” 
f(a,y) =V(@ =z ECan 
HNeithS 


Then the part of 22 PETER ine which is not regular near (1, 1) is 


—1 


hao 
vo acy eR 2) 
8 —a) 3) + 
( ) ( 4 | 1l—yx?'” ats 1—azy~°'” 7 


Let us specialise further by supposing w= w' =1. We obtain 


) a—l1 


: Eay ! log (=) eer log (=) 
(19) Pa ee ON el hee gel dg ah 
| ral 


This result may be verified. For 


Ms 


@,yy= 2 2 ayy ay’ = ee baarsaes rg or a 
FRY a0 (ie J 3) a Span yee ) 
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and it follows from § 2 that the irregular part of ¥ a2*+!/(y+h)* is 
T(1—a) a!-* | log (=) Lie 
| x / } 


It may further be shown that 


Se iene one 
420) Be | eo (y+ wu-+o'v)* 
(x, y) denoting the quantity (18) and ¢,(a, a, w, w’) Mr. Barnes’ double 
zeta function, and the procedure to the limit being conditioned as specified 
above. 
It is evident that the same method may be applied to the multiple 
series 


—P(z, y) = € (a, d, w, w’), 


Vi Vo VE 


OS BeU ay 


Vv 


> c 
(yyy e+... yj, ex)* 


in the neighbourhood of the point (1,1, 1,..., 1). The same is true of 
such series 5 : 
: ecg > D(ytyo +... or) ea? 
PV(B+y+y,0,+...+y;, 0x) i 
the natural generalisation of the series considered in §2 (i.). These 
multiple series are exceedingly interesting, and a large variety of results 
can be proved concerning them ; my present object is merely to show as 
shortly as possible that by the method employed in this paper valuable 
information may be obtained conerning them, and I hope to return to the 
subject on some future occasion. 
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THE INTERSECTION OF TWO CONIC SECTIONS 


By J. A. H. Jonnston. 


[Received April 30th, 1905.—Read May 11th, 1905.—Received in revised form May 29th, 1905.} 


Ir is stated in Salmon’s Conic Sections, sixth edition, p. 337, that the 
cases of four real and four imaginary intersections of two conics have not 
been distinguished by any simple criterion. 

In the notes (p. 391) of the same volume it is further stated that this 
discrimination has been made by Kemmer (Giessen, 1878), and his results 
are quoted. 

The problem has been discussed subsequently by Storey (American 
Journal, Vol. v1.) and by Gundelfinger (Vorleswngen, Teubner, Leipzig, 
1895), whose results differ from each other and are distinct from those 
of Kemmer. | 

It is the object of this paper, whose treatment is independent of theirs 
in method, to establish simple criteria for the cases of intersection of two 
conics, with corresponding results for real and imaginary tangents. 

The forms in which both Kemmer and Storey expressed their results 
will be derived at once from the treatment of this paper; of Kemmer’s 
four conditions one will be shown to be unnecessary, and the results of 
Storey will likewise call for modification. 

The following notation will be adopted :—The two conies (abcfgh) (xyz)? 
and (a'b'c'f'g'h') (xyz)? will be called S and 8’. 

The minors of the determinants A and A’ will be styled, as usual, 
ALD, CG, ly Gye ends AD ae eee 


(bc’ + b'c—2ff’) will be called K, 

(ae! Cag2g9) 4 | aL, 
(ab’ +a'b—2hh’) Y M, 
gh +g'h—af'—af) ,, sh TiS 
(fh' +f'h—bg' —b'g) ,; %9 L’, 
Ug’ +/'g—ch'—c’'h) - . M'. 
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The tangential equations of S and S’, viz., (ABCFGH)(uvw)? and 
(A'B'C'F'G'H’') (www)*, will be called Y and >’, and the contravariant 
(KLMK'L'M’) (uwvw)? called, as usual, ¢. 

The invariants of the conics will be A, 0, 0’, and A’, the cubic determ- 
ining the line pairs AS+S’, Ad’+0?+6/A’+ A’ = 0, and its discriminant 
6262+ 18AA’00' — 27 A?A?— 4A0"— 4A’? = D. 

The question of the intersection of the two conics S and S’ may be 
placed upon the simple basis of the nature of the several line pairs \S+S’. 

If AS+-S’ break up into straight lines (la-+-my-+nz) and (l/x-+m'y-+n'2), 
then 7, m, n and l’, m’, n’ can be so determined that 

atta’ = ll’, 

bA+6' = mn’, 

cA+cd = nn’, 
2 GAS) = mn +m'n, 
2(GA--o) — nl 7 l, 
2ArA+N') = ln’ +l'm. 

It readily follows that 


(1) —(AN+KA+A) = {fA —(A-+0’) (CA+e')} = £ (mn! —m'n)?) 
| 

(2) —(BX?+DA+B’) = {GaA+g’P—(A+c’) (aA+a’)} = 4(nl’—n'ly | 
(8) —(CV+MA+C’') = {hA+h'P—(ar+a’) (dDA+b/)| = 2 (dm'— I'm? | 
| 

(4) —(FV+HK 4+ F’) = {a@a+a) (fA+f)—(GA+ 9’) AA+h)} | 
= + (dm!’ — lm) (nl’ —n'1) | 

(5) —(G2+L'A+G’) = {(—A+0) Gr+g—FATF) MAER)} | 
= = (mn' —m'n) (Im — I'm) | 

(6) —IP + MA+H) = (Ate) (MALEK —(PAFS) GA+G)} | 
= 4 (nl! —n'l) (mn! —m'n) J 


(I.) 
From (1), (2), and (8) of (I.) 1t is readily seen that 


ur {—(AN+KA+A)} +04/{ (B+ LA+B)} 
+ wr/{—(CV+MA+C)} =4\u v w. (IL) 
bh 0 | 








, ’ 





onl in, 
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Now, if both sides of (1), (2), (8), (4), (5), and (6) be multiplied by 
u,v’, w’, 2vw, 2ww, and 2uv respectively, and the results be added, | 
—(2?+¢rA4+-2/)) = 1\/u v wi? by AL) 

L m.n 


UY snl 


= [wr/{—(ArM+...)} + o/{—(B?+...)} 


iapaft i GNie ey eye SELL 


If the line pair AS+S’ be real, equations (III.), where w, v, w are any 
real variable line coordinates, show that, since the squared expressions are 
positive, (ZA°-+¢A+2’) is essentially negative in sign. 

If the line pair be coincident, then, since 'w v w vanishes, it 


Ln a 


| 
UA} 


U mn 
follows that (27+ ¢A+ 2’) = 0. 

Again, if the line pair be imaginary, and the values of 2 be real, then, 
since aA-+a' = ll’, bA+6'= mm’, ..., Land Ul’, m and m’, ... are all pairs 
of conjugate complex numbers, and therefore (m2'—m’'n), (lm'—l'm), ... 
are all entirely imaginary and of the form ¢, where ¢ is real, and therefore 


4 wv w\=tU2, where @ is real. Its square is therefore negative, and 


Lo Eilean 


We 


consequently, by (III.), the value of (\*+ ¢A+ 2’) is essentially positive. 
In equation (III.) « v w =O is plainly the equation to a vertex 


| 


TL) wate oe 

Be eae) wit | 
of the common self-polar triangle, and the three values of 4/| —(AA*+...)}, 
/ 1 —(BM+...)}, /{—-(CH+...)} are proportional to the coordinates of 
its three vertices, and so, if we contemplate the case of AS+S’ a parallel 
pair, and these vertices at infinity, the vanishing of sind sinB sin@ 


l m nN 


oad m’ yy! 


indicates also the vanishing of (Z\°+ ¢A+~’) for these special coordinates, 
and includes this case in the above. | 

The nature of the line pair \S+S'; therefore, depends solely upon the 
sign of (ZA’?-+gA+2’). The cases of four real and four imaginary inter- 
sections of two conics, it is well known, have thus much in common, that 


—$—$—$— Da te 
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D, the discriminant of the cubic AX\®+6\’?+6'’+A!' = 0, is positive, and 
that A has three real values; if there be two real and two imaginary 
intersections, D is negative and X has only one real value. 

To distinguish the first two cases, we notice that 


(a) For four real intersections, identified geometrically by 
the existence of three real line pairs AS+S8’, (2\’+ A+’) 
must by the foregoing have three real negative values. ove 


(8) For four imaginary intersections, given by 

(1) s-+ut, s'+it' ; 

(2) s—uvt, s'—it! ; 

(8) ott, o'+i7'; 

(4) o—vt7, o’—it'," 
there is clearly still one real pair of common chords, 2.e., the 
lines joining (1) to (2) and (8) to (4), but the other two pairs are 
imaginary. The values of A are all real, and, as AS+S’ 
imaginary implies that (2\°+¢A+2’) is positive, it follows 
that of the three values of (2\°+¢A+’') two are positive 
and one is negative. Ae 


The three values of (2\*+¢A+2’') may now be regarded as the 
roots of a cubic equation in z, where 


z= D’+¢r+D’, 








subject to AdB+ 67+ OA+LA’ = 0. 
The elimination of A yields 
ae eet yal 0 sma) (VI.) 
Oped. 0 Q’ A’ 
a pd 2-2 0 0 
ei aps >»! —Z 0 
oh Ww > p Pa ome 
in which we note that 
Bai LA teh Net oe ea Ly An An 0.0! AL Oe. 6/2, 
OG Ay ee CO aes 
Pay PS Ae, 
Od ed oe 0 
OP Uae 2c ne 
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and we propose to show that, in all cases of intersection, the determinant 
dis essentially negative in sign. 

By (IV.) the case of four real intersections was distinguished by the 
fact that (Y\’-+¢A+ >’) had three real negative values. The product of 
its values is therefore negative. 

By (V.), four imaginary intersections required that (ZA?-+ drA+ 2’) 
should have one negative and two positive values. The product of the 
three values is therefore again negative. 

In the case of two real and two imaginary intersections the product 
is also negative; for the cubic in A has now two imaginary roots, but one 
real pair of common chords remains, 2.e., the line through the two real 
intersections and the line through the two conjugate imaginary inter- 
sections. (2\i+ oA, +’) is therefore negative for the real pair A,S+S’. 
The product of ean) and Ober, being the sum of 
two squares, is positive. This is clearly the case, since A, and Ag are 
conjugate complex numbers. It follows that the product Il(£\?+¢A+~’) 
is again negative. 

The foregoing having shown that IIL—(A?+ ¢A+2’) is proportional to 
II(wa+vy+wz)’, te, the square of the tangential equation to the 
vertices (%, Yj, 2, ...) of the common self-polar triangle, it is now possible 
to identify this product —é with I’, where [is the well known contra- 
variant of the two conics.* 

The cubic equation (VI.), when written in full, is 
at (2=(—@+ 26’ A) —8A?d’+ 6A@) 

jake 


2 
ee 
) 


>? (0 — 20A')+ =” 8A?+ SD’ (20?—40’A) 


+39 (8AA'— 66) —3'g 2044 g6'A|_, 
ap | 2 
— AA'g?-+ (ODA! +0'S’A) g2— {32/6 + D7A0-+ ED’ (66'—BAA)} 
ee el 
a ee er 


= 0, (VI.)’ 


* The distinctions of the above may be exemplified by reference to the value 7' of the area of 
the common self-conjugate triangle, which can be shown to be given by 
pase Des Tene 
4 8 4 ATI (3A27+ A+ 3’)’ 





where » = 47”? sin? Asin? B sin? C, 7’ = the triangle of reference, and &, ¢, and 3’ contain line 
infinity coordinates. 
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which we shall eall P+n2+qzetr = 0, (VI.)” 
where 7» =—0/A? has been shown to be positive in all cases of inter- 
section. 


The distinction between the cases of four real and four imaginary 
intersections 1s now apparent. 

In the former case the cubic has three real negative roots; in the latter 
one real negative and two real positive roots. 


Therefore, for four real points, p and g must both be positive. 
For four imaginary points, p or g at least must be negative. (VIT.) 


This twofold condition may be embodied formally in one, if we note 
that, at the minimum point of the z cubic, the value is negative in the 
former case and positive in the latter, inasmuch as r is positive. 

This value of z is the common root of the equations 


Q). pe" qze+(r—)) =:0, 


(2) 82°+2nz+q = 0, 


for the minimum case. The elimination of z between (1) and (2) gives 
a quadratic for (>—¢) whose greater root must be chosen, and (p*—8q) is 
positive by the conditions. The common value of z in (1) and (2) 1s easily 


found to be ones 
Peee dee 9 Ws) (3) 


—2(p?—8q)’ 
and therefore 27 (7—¢)?+(4p?— 18pq) (r—Q) + q7(4q—p’) = 0; 


s0 9 (as) — ms Unie Ong) Bp 8g, 


and therefore, by (83), 2 = 4[—p+4/(p’—8q)]. 


For four real points D is positive, +4/(p?—8q)—p is negative. For 
four imaginary points D is positive, +4/(p?—8q)—p is positive, which 
embodies the previous twofold conditions. 

It can be easily shown that the four points of intersection are given 
tangentially by 


(Ny —Ag)/(ZAL+ GAD’) + (Ag—AV/(DA+ AFD) 
+ (\y—Ag)o/(DAB-+ Ag+ >’) = O, 


and this suggests the derivation of another cubic in z’ whose coefficients 
will display collateral symmetry in 2, ¢, 2’ and the invariants. 
If, therefore, the roots of the cubic in z be multiplied respectively by 
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A? (Ay—Ag)”, A2(Ag—A,)”, and A?(A,—A,)?, we shall arrive at a cubic in 
z' whose coefficients are the expressions used in Kemmer’s conditions. 
In this case, to form 2/?+p'z"-+q'z'+r' = 0, 
we have 
D {A20,—Aj)? (DA2+ GA, + D)} 
= 2% (0 —30A’)+ ¢ (60' —9AA’)+ 2! (6?—86'A) ; 


and therefore fips | po d aie 
6 96° «8A 


and similarly 
gq’ =D {AtAy—Ag)? Ag—Ay)? (ZAI+ GA, + D’) (DASH Pry+E)} 
= 1 | p®—(¢?—422’) DI, 








and pita DIA? D0 ee Oe 
[oO A 6-@ AT 
Saas San OMG 
Omr> ae) 
DO ona) aay) 
and the 2’ cubic appears as 
12 pee tic re ade | 
z34+/38A 26 6 |2?+2 5 BA 20 Ob | —(¢?—42D')D 7 2! 
B 26" 3A" (1 @ 96" gar, 
+rDA?=0 (VIII.) 
or ZPty'z?+o@'z'+r7! = 0, 


and all the former conclusions still hold from the positive nature of the 
multipliers of the former roots in 2. 


Criticism of Kemmer’s Results. 


Kemmer’s results are that for four real intersections the following 
four conditions must be satisfied, viz., D, p’, g’, and 7’ must all be positive. 
Now 7’ = rDA’, and, if D be positive, this asserts that 7 must also be 
positive. 

But we have shown clearly that in all possible cases of intersection r 
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is positive and equal to I?/A®; and therefore this fourth condition of 
Kemmer is superfluous. 

The case of four real intersections may now be distinguished with 
advantage by (1) D positive, (2) +4/(p"’—38q')—p’ must be negative. 


The Results of Storey. 


From the original identities (I.) we can deduce very simply the results 
which Storey obtained by a different method. 


(1) —(4A?+KA+A’) = 4 (mn'—m'n)? 

(2) —(BV?+DA+B) = i (nl'—n')? 

(3) —(CV+MA+C’) = 5 (lm'—l'my 

(4) —(FVR+ER AEE’) = F (ln'—l'm) (nl'—n') 
(5) —(G@V+D'°’+G4’) = 4 (mn'—m'n) (lm! —I'm) 
(6) —(HN?+ M+ 4A’) = F (nl'—n')(mn' —m'n) 


If we choose for w, v, w the quantities (ax+hy+gz), (ha+by+fz), and 
(ga+fy+cz) as multiphers, and multiply (1) to (6) respectively by 
(ax+hy+tgz), ..., 2(ha+by+fe)(gx+fytcz), ..., and add once more, we 
shall find the sums to give, as may be readily verified for the two simplest 
conics, . 


— {AS\?+ (6S—AS')A+ ('S—F)! = 4 {EZ (mn'—m'n)(axthy+gz }’, 
(IX.) 


where F' is the covariant conic of S and S’, and the right-hand side now 
represents the square of the equation of a side of the common self-polar 
triangle when equated to zero. . 

The apparent anomaly, common to the right-hand sides of ([X.) and 
(IIT.), that, despite the fact of eal vertices and sides of the self-polar triangle 
in the case of four imaginary intersections, the square of 2 (mn'—m’n) u 
should be negative is explained by the statement that (mn'—m’n), ... are 
only proportional to the values of the coordinates of the vertices, ¢.g., 
(mn'—m'n) = kx,1, where 7, 1s real, &c. 

The function — {ASA?+(0@S—AS') A+ (6'S—F)} now simply replaces 
the former —(2A’+¢4A+~’), and all the conclusions with respect to the 
sign of the latter apply equally to that of the former. 

The most symmetrical form of these new criteria will now be obtained 
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by the simple summations, &c., used for the z cubic, and, just as the sum 
of three values of —(2\?+¢A+~’) appeared as p, so does the sum of the 
three values of — /ASA?+ (@S—AS’)A+(6’S—F)} appear as Storey’s 


S; = (—@'S—O8'+3F). 
Similarly the equivalent of ¢ is Storey’s 
S, = (0A'S?+ 0'AS”-+ 3F?-+ (00'—3AA’) SS'—20'SF—20S’F), 
and, lastly, the equivalent of 7 appears as Storey’s 
S, = F?—F? (08'+0'S)+F {A'0S?+ Ad's’? + (66'—38AA’) SS") — AAS? 
—A'A?S-+ A’ (2A6' — 6) S?S’+ A (2A’0—0"”) SS”. 


Storey states that for four real intersections D must be positive, S, > 0, 
S,S,; >0. Now S3, in harmony with the interpretation of ([X.), and on 
independent grounds, is clearly equal to J’, when J is the Jacobian of S 
and S’, and is, moreover, the exact equivalent of 7, which we showed to be 
positive in all cases. 

The same reasoning applied to S; as to 7» shows that it is also 
necessarily positive. The appearance of J? is what we should be led to 
expect from the reciprocal method implied in the use of the above 
multipliers (aw+hy+gz), ..., and, just as we showed 7 =I”/A? to be 
always positive and I’ always real, so does S; remain always positive and 
J always real. The results of Storey should consequently be modified to 
read D positive, S, >0, S, > 0. 


Gundelfinger’s Results. 


By different methods Gundelfinger arrives at the expression 
(2\?+ A+’), and thence deduces Storey’s 


S, = (—@'S—0S8'+3F), 


the equivalent of p in point coordinates. This function he treats as a 
** combinant ”’ conic vy, gives it a geometrical meaning, and deduces three 
conditions for four real intersections from the fact that it must represent 
an imaginary conic in this case, so as to constantly preserve a positive 
sign for all values of the variables. 

These three conditions, however, contain, in addition to the invariants, 
the specific constants of the two conics S and S’, and do not present the 
results in invariant contravariant or invariant covariant forms appropriate 
to the general projective problem. 
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The following alternative criteria have now been established :— 


For four real points 


(1) D must be positive ; 


(2) pi’ =|2 og, 2 | must he positive; 
Siee2o. 4 0! 
Gen 2G ata! 


(3) g' =1ip?—D(¢?—4=>')| must be positive ; 
for all values of the variables. 


For four imaginary points (1) D must be positive, (2) p’ or q' 
at least negative. (X.) 


Or for four real points 
(1) D must be positive, 
(2) S,; = (—@’S—OS'+3F) must be positive or zero, 
(3) S, = {0A'S?+6'AS”?+38F?-+ (66'—8AA’) SS'—20'SF—208'F} 
must be positive, 
for all values of the variables. 


For four imaginary points (1) D must be positive, but not at 
ONCen so = Ol at Ose oat 


Both sets of criteria require alternatives for special cases of inter- 
section, as follows :— 

In (X.), if D=0, or if there be contact, the other intersections are 
real or imaginary, according as p’ >or <0. If D=Oand p’ =0, q’ is 
also = 0, and double contact is easily inferred. The distinction between 
real and imaginary double contact is given by the sign of p in the 2 cubic, 
or more symmetrically thus. The A cubic has equal roots, one common to 
Y?+¢A+2’ = 0. Two values of YA?+¢\A+2’ vanish, and the third 
value (=—vp) is easily found to be, since the unequal root of A is 
A’ (26?— 6A6')/A(20”—6A’'6), 


_p = TA7QP—6A0)?-+ GAA’ (66'—94')?+ B'A(269— 64/0)" 


A? (20"— 6A’)? alk.) 


and therefore the double contact is real or imaginary, according as p 
> or <0. The cases of osculation require no criteria. 
Similarly in (XI.). For four real intersections S; must generally be 
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positive for all values of the variables; but in the case of four-pointed 
osculation it is easily shown to vanish identically, requiring S, > 0. 

If the quantities p’ and q’ in the z’ cubic receive special constant 
values, z.e., sin A, sin B, sin C for wu, v, w in 2, ¢, and &’, these quantities 
are invariants for projections, such as the linear Cartesian transformation, 
in which the line at infinity is unaltered, and the criteria also have a 
metrical significance exhibited in a footnote.* 

In conclusion, the criteria for real and imaginary common tangents 
may now be developed. 

If we reciprocate the original conics S and S’ with respect to 


ety +2 — 0, 

and apply the foregoing criteria for real intersections to 

R= Av? + By?+C2?+2F yz, ..., 

R' = A'e?+Bly?+..., 
we shall evidently get the criteria for four real common tangents. 

The identities analogous to (I.) now.assume the types 

— {aAd’?+ (BO'+ B'C—2FF’)\+a’'A': =1(mn'—m'n)’*, ... | 
— {fAN+ (GA'+G'H—AF’—A'F)A+f'A’} =4 (In — I'm) (nl —n'D, ei 


(ATL: 
and, if we multiply these six identities on both sides by 


(Au+Hv+Gw), ..., 9 (fut Bot Fw)(Gu—Fv+Cw), ..., 
and add once more, we shall obtain the new equivalent of 
SS 
as — {A*X)\?-+ A (6'2 — AD’)A+A’ (LO— Ag) |, 





* If Q represent the area of the quadrilateral formed by the four points of intersection, and 
yt ul Q? (g?— 423")? 
16u4 ; 
where ui = 47 sin? A sin? B sin? C, 
it can be readily shown that the three values of Q? are given by the roots of the 2’ cubic 





34 yz’? + 9's’ +7 = 0, 
a verification of this equation’s validity. 

For four real points there are three real values of Q? which are positive, viz., the con- 
ventional area (1234)*, (A128 ~ A124)? and (A124 ~ A1384)?. 

For four imaginary points there are two negative values of Q?, and one positive value, 
corresponding to the one real area which is easily shown to remain for two pairs of conjugate 
imaginary points. The invariable values of 3%, 3’, and » here employed, with line infinity co- 
ordinates used for the variables, subside in the case of Cartesians into the well known invariants 
(ab — h*), (ab! +a’b—2hh’), and (a’b’—h’2). 
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where the new cubic determining A&+ fi’ is 
A?)3 + AO22+ AOA + A” = 0. 


As before, the product of the three values of this new quantity is positive 
in all cases and is equal to rA*A”, and we must simply express that the 
sum of its three values is positive and the sum of its product pairs positive 
for four real common tangents. 


The sum = P = (—0A'2— 6'AD’+3AA'¢). 
The sum of the product pairs 
= Q = AA’ {0'A'S?-+ 0AX” + 8AA'd?-+ (00'—38AA’) Sy 
—26A'S6—26'AD'¢}, 
and the product rN Nee LAN 


and the new cubic whose roots are the values of 
— {A?>\?-+ A (8'D— AD’) A+A’ (LO— Ag)! 
is C+ PP+Q6+T°A2A” = 0. 


The discriminant of the new A cubic is now A?A”D, where D has its old 
meaning. 
And therefore for four real common tangents (1) D must be 
positive, (2) P must be positive, (3) @ must be positive. 
For four imaginary common tangents (1) D must be positive, 
and (2) P or Q at least must be negative. (XIV.) 


If D be negative, there are two real and two imaginary common 
tangents. 

These tangent conditions can be thrown into the alternative forms 
involving S, S’, and the covariant F’, by multiplying the identities of 
(XIIL.) by 2, y?, 27, 2yz, 22a, and 2ry, and then adding. 

The result gives —(AS\?+ FA+A’S’) as the analogue of the original 
—(>A?+ gdA+2’). 


Since this new quantity stands in relation to the cubic 
A*A?+ AON7+ AVA +A” = 0 


in precisely the same way as —(2A’+¢A+2’) stood with regard to the 
original A cubic, the new results may be at once inferred from (X.) by 
writing AS, Ff, and A’S’ for 2, ¢, and 2’, and making corresponding 
changes in the invariants. 
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The criteria appear as follows :— 
For four real common tangents 


(1) D must be positive, 





(Dy r8y Sey aS F Ss’ | must > 0, 
| 8A 2A6' 6 | 
Oe ON Dees! | 


(3) S,=11S?—A?A2D (F?—4AA'88')} > 0, 


for all real values of the variables. 


For four imaginary common tangents (1) D must > 0, 


(2) not at once S, >0, S,> 0. 


(XV.) 


The results of (X.) and (XI.), of (XIV.) and (XV.) constitute a complete 
solution of the problem proposed. While it is obvious that the results 
may be expressed in an unlimited number of modes by varying the 
positive symmetrical multipliers of the roots of the cubics discussed, an 
effort has been made to present them in their simplest and most 


symmetrical forms. 
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ON THE PROJECTION OF TWO TRIANGLES ON TO THE SAME 
TRIANGLE 


By Professor M. J. M. Hinz, Dr. L. N. G. Finon, and H. W. Cuapmany. 


[Read March 9th, 1905.—Received March 17th, 1905. ] 


Abstract. 


There are in the theory of projection many constructions for the 
solution of a problem which contain one or more arbitrary elements. In 
such cases interesting results are sometimes obtainable by a consideration 
of the aggregate of all the possible solutions of a problem. 

A simple example is the construction for determining the corre- 
spondence of two homographic point rows when three points of the one 
and the three corresponding points of the other are given. 

In this case the line joining two centres of projection, from which 
both point rows may be projected on to the same point row, touches a 
conic. 

The problem considered in this paper is the projection of two tri- 
angles on to the same triangle, and the results which may be deduced 
from a consideration of the aggregate of all the possible solutions. 

We are not aware that the same problem has been dealt with by any 
previous writer. Grassmann in the fourth section of his paper entitled 
“Die stereometrischen Gleichungen dritten Grades, und die dadurch 
erzeugten Oberflachen ’’ (which section deals with the projective relation 
between planes and pencils of rays in space) obtains incidentally a con- 
struction for projecting any four points in one plane by three projections 
and three sections on to any four points in another plane (no three of the 
four points in either plane being in a straight line). Other writers, of 
whom we believe the first was Seydewitz, discussed the distinct problem 
of finding the number of ways in which a plane containing any four fixed 
points can be moved in space and so placed on another plane that the 
four fixed points are in perspective with four fixed points in the second 
plane (no three of the four points in either plane being in a straight line). 
The number of solutions turns out to be four, and is in contrast with the 
~ number—six—of solutions of some of the problems which occur in this 
2p 2 
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paper. But the problem discussed by Grassmann is of a higher order of 
complexity than the one from which the present investigation arises. 
The present investigation leads to a construction which solves Grassmann’s 
problem in a way which at one step is of a more general character than 
that adopted by Grassmann; and its value consists in the light which it 
throws on that problem. 

The first result that is here obtained is this :—The straight line joining 
two points from which two triangles in space can be projected on to 
the same triangle is a generator of the regulus of which the three directing 
lines are the lines joining corresponding vertices of the triangles (Art. 1). 

It is next shown that the two triangles can be projected into the same 
triangle in any plane in space (Art. 2). 

From this the construction for the solution of the problem considered 
by Grassmann, and referred to above, follows easily (Art. 3). 

It is then proved that the projective. relation between the planes of the 
two triangles is unaltered if the centres of projection be moved to other 
positions on the same generator of the regulus referred to in the first 
article (Art. 4), and in this case the plane on to which the two triangles 
are projected passes through a fixed point on the line of intersection of the 
planes of the two triangles. The fixed point is a self-corresponding point 
of the planes of the two triangles (Art. 5). 

A construction for the determination of this fixed point, when the 
position of the generator of the regulus is known, is then given 
(Art. 6). 

The next two articles (7 and 8) deal with special positions of the plane 
on to which the two triangles are projected, which are important for the 
drawing of the figures required. 

The regulus of Art. 1 meets each of the planes of the triangles in a 
conic. The vertices of one triangle and the point in which the generator 
joining the centres of projection meets one of the conics correspond to the 
vertices of the other triangle and the point in which the generator joining 
the centres of projection meets the other conic. In general no fifth point 
of either conic can correspond to any point of the other conic. If any 
fifth point on the first conic correspond to a point on the second conie, 
then all the points on the first conic correspond to points on the second 
conic, and the projective relation between the two planes is that which 
is determined by making those points on the conics correspond which 
lie on the same generator of the regulus (Art. 9). 

It is next shown that, if three points.4,, B,, C,; in one plane correspond 
to three points A», B,, C. on another plane, then, as the straight line join- 
ing the centres of projection describes the regulus, the point D, in the 
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second plane which corresponds to a*fixed point D, in the first plane 
describes a nodal cubic passing through A,, B,, Cy (Arts. 10 and 11). 

Arts. 12-14 are concerned with the construction of the node and the 
drawing of the cubic, and the way in which the node arises is explained. 

In the last article (15) it is shown that the least number of projections 
and sections necessary to pass from one set of four points in a plane to 
another set of four points in a second plane is zw the general case three. 
There are, of course, the special cases in which two or one of each are 
sufficient. 

It follows that Grassmann’s solution is the simplest. 


1. If A,B,C, and A,B,C, be two triangles situated anywhere in 
space, and if O, and O, be two points such that O, projects A,B,C, 
and O, projects A,B,C, into the same triangle ABC, to prove that the 
sole condition which must be satisfied by O, and O, is that O,O, 1s a 
generator of the regulus determined by the three directing lines A, dg, 
135 die, that OO 

Since O, A, meets O,A, at A, therefore the points O,, A,, Op, Ao, A 
all le in one plane. 

Therefore O,O, meets A, Ag. 

Similarly O,O, meets B, By, and C,C,. 

Hence O, O, is a generating line of the regulus of which A,A,, B,B,, 
and C,C, are the directing lines. 

Conversely, if O, and O, lie on a generating line of the regulus of 
which A,A,, B,B, and C,C, are the directing lines, then O,O, meets 
A, Ag, and therefore O,A, meets O,A, in a point which may be called A ; 
similarly O,6, meets O,B, in a point which may be called B, and O,C, 
meets O,C, in a point which may be called C. Therefore O, projects 
A, B,C; and O, projects A, B,C, into the same triangle ABC. 

Throughout this paper 4,4, B, By, and C,C, will be said to belong to 
the first system of the generators of the hyperboloid on which the above 
mentioned regulus lies; and O,O, will be said to belong to the second 
system of generators, and will be sometimes denoted by the single letter g. 
The intersection of the two planes 4,.B,C, and 4,B,C, will be called the 
line 7. 


2. The triangles A,B,C,, A,B,C, having any position in space, and 
any plane z being chosen arbitrarily, then it is in general possible to find 
O, and QO, so as to project A,B, 11 and A,B,C, into a triangle ABC 
situated in the plane 7. 
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Let the straight lines B,C, C,A,, 4,B,, ByCo, CyAo, Ao Bo. meet the 
plane z in the points J,, K,, Ly, Jo, Ko, L, respectively. (See Fig. 1.) 





raw 1s 


The most general case is that in which each of these six points is a 
single fully determined point and all the six points are distinct. 

This case will be taken first. 

The points J,, K,, L, are collinear, because they le on the intersection 
of the planes A,B,C, and z. 

Similarly Jj, Ky, LD, are collinear. 

The straight lines J, K, L, and J. K, Ly are in general distinct. 
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Since J, K,L, and J,K,L, are in one plane 7z, therefore K, Ky will 
meet L,Z, in a point which may be called A. 

Similarly let 0,0, meet J,J, at B, and let J,J, meet K, Ky at C. 

Then BC is the line J, J,, and therefore meets B,C, at J,. 

Similarly CA meets C,A, at K,, and AB meets A,B, at Ly. 

Since J,, K,, and LZ, are-collinear, therefore the triangles ABC and 
A, B,C, are in perspective. 

Therefore 44,, BB,, and CC, meet in some point Q,. 

Similarly 4A,, BB, and CC, meet in some point Oy. 

The positions of O, and O, have therefore been found which will 
project A,B,C, and A,B,C, into a triangle 4. BC in the plane 7. 


3. The construction given in the last article renders it possible to 
determine the projective relation between two planes when four points in 
the one and the corresponding four points in the other are given. [It will 
be supposed that no three of either set of four points le on one straight 
line. | 

The construction about to be given is in the case of one step a little 
more general than that given by Grassmann (Crelle, T. xurx., 8. 55) 

Suppose that A,, B,, C,, D, in the plane 7, correspond to Ay, By, Cy, Do 
in the plane 7». 7 

Take any point O, (distinct from A, and A,) on the straight line A, Ag. 

Through A, draw any plane a, (distinct from 7,). 

From O, project 4,B,C3D, into A,B,C, Ds, on:73.* 

Draw any plane 7 (distinct from 7, and 7.) through A,. Then, by 
means of Art. 2, find the centres O!, and O} which will project B,C,D, and 
B,C, Dz, into the same triangle BCD in the plane 7. 

Since the point A, is common to the planes 7,, 73, and 7, it follows 
that the projections from O; and O} will both leave it unaltered in position. 

Thus O, projects the points Ay, By, Cy, Dy situated on 72 into A,, Bs, C3, Ds 
ON 73. 

Then O; projects the points 4,, Bs, Cs, Ds situated on 7, into 4,, B,C, D 
on 7. 

Then O; projects 4,, B,C, D on w into A,, By, C,, D, on 7. 

There are, therefore, three projections and three sections, as in Grass- 
mann’s method, necessary to establish the projective relation between the 
two planes when four points in one plane and the corresponding four 
points in the other plane are given. 





'.* Grassmann’s next step is to draw a plane through 4,B,. It is possible, however, to 
proceed more generally, as in this paper, by drawing any plane through 4,. 
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“4. The projective relation between the planes of the two triangles 1s 
fully determined when the position of the generator g, on which O, and O, 
lie, has been fixed; in other words, if O, and O, be moved to other 
positions along g, the point H, in the plane A,B,C, which corresponds to 
a fixed point H, in the plane A,B,C, remains unaltered. 

‘Let g meet the planes ABC, A,B,C, and A,B,C, at D, D,, and D, 
respectively. Then O, projects 4,, B,, C;, D, into A, B, C, D, which are 
projected from O, on to Ag, By, Co, Do. 

Hence A,, B,, C,, D, in the one plane correspond to A», By, Cy, Dy in 
the other plane for all positions of O,, O, on the same generator g. Now, 
when four points in the one plane forming a quadrilateral and the cor- 
responding points in the other plane are given, the projective relation. 
between the two planes is determined by the theorem of which a proof is 
given in the preceding article. 

Hence the point H, in the plane A,B,C, corresponding to a fixed point 
H, in the plane A,B,C, will not be altered if O, and O, are moved along 
the fixed generator g. 

[It must be noticed, however, that the plane ABC is altered in position 
when O, and O, are moved along the fixed generator g. | 


5. To prove that, when O, and O, lie on a fixed generator g, the 
plane ABC passes through a fixed point on the line of intersection of 
the planes A,B,C, and A,B,C,, and that this is a self-corresponding 
point of the two planes. 

Suppose that, for some given positions of O, and O, on g, the straight 
lines J,K,L, and J,K,L,, both of which he in the plane ABC, meet 
at P (see Fig. 1). Then P is the intersection of the three planes ABC, 
A, BiG, 7and As Bs Cs. 

Then O, projects P in the plane A,B,C, into P in the plane ABC, 
and then O, projects P in the plane ABC into P in the plane 4, B, C,. 

Therefore P in the plane A,B,C, corresponds to P in the plane A, B,C4. 

Now, when the generator g is fixed, the projective relation between the 
two planes is determined. 

Hence P in the plane A,B,C, corresponds to P in the plane A,B,C, 
for all positions of O, and O, on g. 

Hence the plane ABC passes through the point P for all positions 
of O, and O, on g. | | 

The point P may be called the self-corresponding point of the two 
planes when O, and O, lie on g. 

The point P in the intersection of the planes A,B,C, and A,B,C, 
will be said to correspond to the generator g. 
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6. To show how to construct the position of P when that of g is known. 
Let PA, meet B,C, at Q,. (See Fig. 2.) 

Let O,Q, meet BC at Q. 

Let O.Y meet B,C, at Qo. 

Then Q, in the plane A,B,C, corresponds to QY, in the plane 4, Bb, C4. 
Also O,Q, and OQ, meet at Y. Therefore Q,Q. meets O,0g. 

Also A,A, meets O,0,. 

Again, P, Q,, A, correspond to P, Qs, Ag respectively. 

Now P, Q,, A, are collinear ; therefore P, Q,, A, are collinear. 
Therefore 4, A, meets Q,Qo. 

We have also proved that A, A, meets O,O,, and QQ. meets O,O.. 





Bre..2. 


Hence there are two alternatives :— 


(a) The three straight lines A,A,, O,O., and Q,Qz all lie in one plane. 

In this case P lies in the plane which contains 0,0, 4, A>. 

Similarly it could be proved that P lies in the plane O,0,B,B, and 
in the plane O,0,C,C4. 

But these planes meet in O,O,. 

Hence P lies on O,O,, which cannot be generally true. 
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(6) The lines A, Ay, O, Og, and Q, Qo have one point in common. 
This being the only alternative left, we take it to hold. 

Let A,A, meet O,0, at Ag. 

Therefore Q,Q. passes through As. 

The line A,Q,Q. meets O,0,, B, Ci, and B,C,. 

This gives the following construction for the point P :— 


Let A,A, meet the generator g, t.e. O,O., at As. Through A, draw 
the single straight line which meets both B,C, and B,C,. Let it meet 
B,C, at Q,, and B,C, at Q,. Then A,Q, and A,Q> meet at P. 


Hence A;Q,Qz 1s a generator of the regulus which has B,C, B,C,, 
and A, A, for directing lines. 

Hence the range of A, on A,Az, is projective to the range of Q, on 
Be Cx. 

Now project the range of Q, on B,C, from A, on to the line of inter- 
section of the planes 4, B,C, and A, B,C,, %.e., on the line 2. 

Then the range of Q, on B,C, is projective with the range of P on 
the line 2. | 

Therefore the range of A, (ze., the point in which the selected 
generator g is met by the fixed line A,A,) on the fixed line A, 4A, is 
projective with the range of P on the line 2z. 


7. It is necessary now to return to the exceptional case mentioned 
in Art. 2, viz., that in which the planes A,B,C, and A,B,C, meet the 
plane zw in the same straight line, 7.¢., J; K,0, and J,K,L, coincide. In 
this case there are the following classes of cases :— 


(a) J, and J, do not coincide, A, and K, do not coincide, and L, and 
Lig do not coincide. 

This is the most general case of this kind, and it arises whenever 
the plane 7 is drawn through the intersection of the planes A,B,C, 
and A, B,C,. 

In this case the straight lines J,J., K,K,, and L,L, coincide with 
the line of intersection of the planes; so that the triangle ABC 
degenerates into a straight line coinciding with the line of intersection 
of the two planes. | 

Tf in this case points O, and O, exist such that O,A, meets(O, A, 
at A, O,B, meets O,B, at.B, and O,C, meets.O,@, at C, where A, B, C 
all lie on the line of intersection of the planes, then A,A, lies in the 
plane A,B,C,, and therefore O, also lies in this plane. 

Similarly O, les in the plane A,B,C. 

As in the general case, O,0O, meets A,A,g, B,B,, and C,C,.. Con- 
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sequently O, O, is a generator of the regulus determined by A,A., B, Bo, 
and C,C,. 

Hence O, is any point on the conic in which this regulus meets the 
plane 4,B,C,; and QO, is the point in which the generator g of the 
second system through O, meets the plane 4, B, Cy. | 

Hence in this case the triangles can (in an infinite number of ways) 
be projected into the same triad of points lying on the line of intersection 
of the two planes. | 

[Although O, is in the plane A,B,C, and O, is in the plane A,B, C,, 
the points on the plane 4, B,C, correspond uniquely to the points on the 
plane A,B,C, ; because the projective relation between the planes is 
the same as when O, and O, have any other positions on the generator g.| 

(6) Let J, and Jy coincide, say at J. | 

Let K, and K, not coincide, and let Z, and L, not coincide. (See Fig. 3.) 

In this case K,K,, which is AC, and L,L., which is 4B, coincide with 
the line 2. 

The point B is the intersection of J, J, with L,L,; hence it is at J. 





Ete. 3. 


The point C is the intersection of J, J, with K,K,; hence it also is at J. 

The straight line BC, which is J; Js, goes through J, but is not otherwise 
limited ; but B and C are not separate points on it. They coincide at J. 

In this case the straight lines B,C, and B,C, meet, viz., at J. 

Hence B,B, and C;C, meet, and therefore in this case there is no 
proper regulus* determined by A, A,, B, By, and C, C4. | 

Again O, lies on BB,, 2.e., on JB, Cj. 

Also O, hes on BBag, 1.¢., on J B,C. 





* It degrades into a plane. All its generating lines lie in the plane B,C,B,0, and pass 
through the point in which 4,4, meets this plane. By taking 0, and 0, on any generating line 
it is possible to project 4,B,C, and A,B,C, into the same triangle. 
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Further O,O, meets A, A>. 

If, therefore, 4,A, meet the plane C,B,JB,C, in M, and any line be 
drawn through M in this plane meeting B,C, in O, and B,C, in Oz,, 
we obtain positions of O,, O, which project A,B,C, and A,B,C, into 
three points A, B, C on the linet; but two of these points, B and C, 
coincide with each other. 

In this case there is no proper projection, 2.¢., so long as the plane 
ABC is drawn through the line 7. 

(c) J, and J, coincide, say at J; K, and Ky, coincide, say at K; but 
L, and L, do not coincide. 

Then BC, which is J,J,, goes through J, but is not otherwise limited. 

Also AC, which is K,K,, goes through K, but is not otherwise limited. 

Whilst AB is the line L,L, which is the same as JK. 

Hence 4 is at K, B is at J, and C is any point in the plane 7. 





, 


Pr 


K 
K 
K 
A 
Fic. 4. 


In this case AA,, BB,, and CC, meet at Cj. 

Hence O, is at C,, and there is no proper projection of the plane 
A,B,C, from 0). 

Also A Ay, BBy, and CC, meet at Cy. Hence O, 1s at C. 

(d) J, and J, coincide, K, and Ky, coincide, and L, and Lz, coincide. 

In this case the triangles are in perspective, and the points O, and 
O, coincide at the centre of perspective. 


8. It is necessary now to consider a particular case of another kind. 

In the preceding cases the six points J,, K,, Ly, Jo, Ko, and Lg are 
all fully determined. Let us now suppose that the straight lines J, A, L, 
and J,K,L, are distinct, but let the point J, in which B,C, meets the 
plane z be not fully determined. 
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This is equivalent to the case in which the plane z is drawn through 
B,C,; and then J, can be regarded as any point on B,Cy. (See Fig. 5.) 

Now C,A, meets 7 at K,. Therefore Ky is at. C4. 

Also A,B, meets 7 at L,. Therefore L, is at By. 

The lines A,A, B,B, C,C meet at O,. 

The lines 4,4, B,B, C,C which meet at O, are now A.A, LB, KC 
respectively. 

These lines meet at A; therefore O, is at A. But O, is on AA,; 
therefore O,A,O, is a straight line; therefore the generator O,O, passes 
through A,. 

In this case there is no proper projection. For the plane ABC 
passes through O,, which is at A. 





Hig: b: 


The distinguishing feature of this case is that the generator g passes 
through A. 

Conversely, let g pass through A,. Then the straight line O, A, is g. 
In the general case O,A, meets O, A, at A. 

Hence in this special case g meets O,A, at A. But g meets 
O,A, at O.. Hence O, coincides with A. 

Now in the general case A,B,C, is projected from O, on to ABC. 
But in this special case O, is the point A in the plane ABC. 
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In this case there is no proper projection. 

Note that in this case, since BC projects into B,C,, the plane ABC 
is the same as the plane O,B,C,, and it therefore passes through B, C4. 

Those points of the plane A,B,C, which are situated on B,C, are 
projected on to BC, and thence on to B,C. 

- This would result in making the point in which B,C, meets the line 7 
not a self-corresponding point unless Jz is taken at that point. This will 
therefore be supposed to be done in the rest of this section. 

All points on the plane A,B,C, not on B,C, are projected from O, 
(which is A) on to A, and thence from O, on to A. 

Hence when g passes through A, all points on 4, B,C, which are not on 
B,C, correspond to A,. The points on B,C, correspond to points on B,C). 

It is required to determine the self-corresponding point when the 
generator g passes through A,. 

The self-corresponding point is the intersection of J,K,Z, and 
J,KoL,. Now in this case Jo. K,L,18s ByCy. Hence the self-correspond- 
ing point lies on B,C. It also lies on the intersection of the two planes 
A,B,C, and A,B,C,. Hence it is the point in which B,C, meets the 
line of intersection of the two planes. 

Hence, if the generator g pass through A,, the self-corresponding 
point P is the point in which B,C, meets the line of interscction of the 
planes A,B,C, and A,B, C4. 

It should be noticed that in this case the points B,, C,, and P which 
are not in a straight line correspond to By, C,, and P which are in 
a straight line and all points on A,B,C, which are not on B,C, correspond 
to A,. This confirms what was shown before, that there is no proper 
projection in this case. 

There are six cases of this class: viz., when g passes through A,, 
B,, C1, Ao, Bo, Cy the self-corresponding points are those in which the 
line of intersection of the two planes meets the lines B,C,, CyA,o, Ao Bo, 
B,C, C,A,, A,B, respectively. 

Although in these six cases there is no proper projection, it is possible 
to make the relation between the two planes quite definite in each case. 
As the self-corresponding point P moves along the line of intersection 
z of the two planes to each point H, in one plane corresponds a definite 
point H, in the other plane for every position of P, except when it takes 
up one of the six exceptional positions noted above. As P approaches 
one of these exceptional positions HZ, approaches a perfectly definite 
position, and this definite position may be said to correspond to HZ, when 
-P occupies the exceptional position. That this is so follows from Art. 10 
below. 
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9. The regulus whose directing lines are A, Ay, B, Bs, C,C, cuts the 
two planes A,B, C,, A,B,C, in two conics. | 

If g meet these planes at D, and D,, then A,, B,, C,, D, on the one 
conic correspond to Ay, By, Cy, D, respectively on the other conic. 

It will now be proved :— 


Gi.) That a general no fifth point of the first conic can correspond 
to a point on the second conic. 


Gi.) That, if any fifth point on the first conic correspond to a point 
on the second conic, then all the points on the first conic correspond to 
points on the second conic, and the projective relation between the two 
planes is that which is determined by making those points on the conics 
correspond which lie on the same generator of the regulus. 


To prove (i.), suppose, if possible, that a point H, of the first conic 
corresponds to a point EH, of the second conie. 

The most general supposition that can be made is that H, and EH, are 
distinct points. This will be taken first. 

O,L, meets O,H, in a point # of the plane ABCD. 

Hence H, 1, meets O, Og. 

Hence 1, H, has in common with the hyperboloid three distinct points, 
viz., H,, H,, and the point where H,H, meets O, Oy. 

It must therefore be a generator of the same system as A,A,, B,B,, 
andy G, Co. 

Now O, projects A,B,C,D,H, and QO, projects A,B,C,D,H, into 
ABCDE. 

Draw the conics through ABCDE, A,B,C,D,y,, and A,B, C,D, £4. 

Take any point Ff on the conic ABCDE. 

Let O, F cut the first plane at F,; then Ff, is on the conic A,B,C, D, £,. 

Let O,F cut the second plane at f,; then fF, is on the conic 
A, By C,Dy Eo. 

Also Ff and F, correspond to each other. 

As F may be any point on the conic ABCDE, it follows that every 
point on the first conic corresponds to a point on the second conic, and 
the line joining two corresponding points is a generator of the first 
system. 

This conclusion is in the general case impossible, because D,D,, 
which joins corresponding points, is a generator of the second system. 

The exceptional cases are (a) when D, D,:1s a generator of both systems, 
4.e., the hyperboloid is a cone; (0) when D, and D, coincide in one point, 
so that D, and D, both he on a generator of each system. 

Putting aside for the present these exceptional cases, it- follows that 
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only the points A,B,C,D, on the one conic correspond to points on the 
other conic, viz., to A,B,C, Ds. 

In the exceptional case (a) the points O, and O, coincide with the 
vertex of the cone and the triangles A,B, C, and A,B,C, are in perspective. 

The second exceptional case (b) is important. It brings us, in fact, 
to the case marked (i1.) above. 

Suppose that the hyperboloid meets the line of intersection of the 
two planes at the points Zand U. Then 7 and U lie on both the conics. 
Suppose that g is taken to pass through 7. Then D, and D, coincide 
at 7. In this case A,B,C,T corresponds to A,B,C,T. Therefore the 
projective relation between the two planes is fully determined. It will 
now be proved that U corresponds to U. Let the rays of the regulus con- 
taining A,A,, B, By, and C,C, which pass through T and U be called ¢ 
and w respectively. Then the points 7’, A,, B,,C, on one conic fall on 
the rays t, A,A,, B, By, CC, of the regulus. The conic and the regulus 
are therefore in perspective, each ray of the regulus cutting the conic in 
the point corresponding to it. 

In like manner the regulus and the second conic are in perspective. 
Hence the point U of the first conic corresponds to the generator w of the 
regulus, and this corresponds to the point U of the second conic. There- 
fore U corresponds to U. * 

It remains only to find the position of the self-correspcnding point 
when g passes through 7. It will be proved that this is at U. 

For, if the plane ABC do not pass through U when g passes through 
T, then U will not correspond to itself. 

Hence, when g passes through 7’, the self-corresponding point is U. 

Also, when g passes through U, the self-corresponding point is 7’. 

Further, these two positions of g determine the same projective relation 
between the two planes, viz., all the points on the first conic correspond 
to points on the second conic, corresponding points lying on generators 
of the first system. 


10. Given that A,, By, C, correspond to A,, By, Cg, to prove that as g 
describes the regulus the point D, corresponding to a fixed point D, in 
the plane A,B,C, describes a cubic curve, having a double point and 
passing through A,, Bo, Cz, 

Suppose that, in one position of g, P is the self-corresponding point. 

Let PA, meet B,C, at Q,; let PA, meet B,C, at Qo. 

Then QQ. meets A,A, at As, where A; 1s the point at which g meets A, Ao. 

Let PA, meet B,D, at R, and C,D, at S\. 

Since A,, B,, C,, P correspond to Ay, By, C., P respectively, therefore 
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A, P, B,C, correspond to A,P, B,C, respectively ; therefore Q,, the inter- 
section of A, P, B,C,, corresponds to Qs, the intersection of A, P, B,C. 

Since A,, Q,, P correspond to Ag, Yo, P, the ranges on A,Q,P and 
A,Q.P are in perspective, and the centre is A, (see Fig. 6). 

Hence, to get the points corresponding to R,, S,, it is only necessary 
to make A,R, meet A,P at Ry, and A,S, meet A,P at S,. 

Then, since D, is the intersection of B,R, and C,S,, therefore D, is 
the intersection of B,R, and Cy So. 

As P moves along the line of intersection of the two planes, Q,, R,, S; 
describe respectively the straight lines B,C, B,D,, and C,D,. 

(). describes the fixed line B,C3. 

Projecting from the fixed point 4,, (P)X(Q)X(R,) A(S)).* 

Projecting from the fixed point A,, (P)X(Q,.); therefore (Q,)*X(Q,). 





Fig. 6. 


Hence Q,Q, describes a regulus, having B,C,, By,C., and A,A, for 
directing lines ; therefore (Q,)X(Q.) (4s); therefore (4,)~ (Ry). 
* The symbol ZX is used to denote ‘‘ projective with’? and (P) 7 (Q,) means ‘‘any four - 
positions of P are projective with the four corresponding positions of Q).”’ 
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Hence A,R, is a generator of a regulus having A,A, and 6,D, for 
directing lines. 

This regulus meets the plane A,B,C, in a conic on which Ry, lies. 
This conic passes through A,, because A, is a possible position of A3. It 
also passes through the point where B,D, meets the line of intersection 
of the two planes. 

Similarly, (43) (S,); therefore 4,8, is a generator of a regulus which 
has A,A, and C,D, for directing lines. 

This regulus meets the plane A,B,C, in a conic on which Sy hes. 
This conic passes through A,. It also passes through the point where 
C,D, meets the line of intersection of the two planes. 

There are, therefore, two conics in the plane A,B,C,, both passing 
through A,. The points R, and S, on these conics are projectively related 
by the lines drawn from Ag. Each such line meets one conic in fy and 
the other in Ss. 

The point D, is the intersection of B, fh, and Cy So. 

If, now, we draw the sheaf of planes of the second order, whose centre 
is B,, and which passes through the generating lines A; h,f, it is pro- 
jective to the regulus generated by A; Rf, R., and therefore to the points A. 

Similarly, the sheaf of planes of the second order, whose centre is Cy, 
and which passes through the generating lines A,S,S,, 1s projective to the 
regulus generated by A,S,S,, and therefore to the points S,, and therefore 
to the points R,, and therefore to the sheaf of planes of the second order 
whose centre is B, and which passes through the generating lines A, A, Ry. 

Now the surface generated by the intersections of corresponding planes 
of two projective sheaves of planes of the second order is, a general, a 
ruled surface of the fourth order having a nodal line, which is a curve in 
space of the third order (Reye, Geometrie der Lage (1886), Zweite 
Abtheilung, Funfzehnter Vortrag, 8.115). 

The section by any plane is, therefore, a curve of the fourth order 
with three double points. 

In this case, however, there is a simplification. 

It will now be proved that the two projective sheaves of planes have a 
self-corresponding plane. The ruled surface of the fourth order will then 
reduce to this plane and a cubic surface of the third order. 

Consider what happens when the self-corresponding point P is at the 
point where 6, C, meets the line of intersection of the planes A,B,C, and 
A,B,C, Then (Art. 8) g passes through A,, and therefore A, is at A. 
In this case both A, and S, coincide with P.* . Thus the locus of Ay is a 








_ * It should be observed that, when #, and 8, coincide at the point where B,C, meets the line 
of intersection of the two planes, it does not follow that D, which is the intersection of By 2, and 
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conic through A, and the point where B,C, meets the line of intersection 
of the two planes. This is the point J,. In like manner the locus of S, 
is a conic through A, and J. Since R, is on A, P, both R, and R, are on 
A,P, and therefore the plane B,R,R, is the plane B,A,P which contains 
C,, since P is on B,C,. It is therefore the plane A,B,C,. In like manner 
the plane C,S,S, is the plane 4,B,C,. Hence the two sheaves of planes 
of the second order B,R, Ry and C,S,S, have a self-corresponding plane. 

Hence the ruled surface of the fourth order reduces to this plane and 
a cubic surface. 

Hence the locus of the intersection of B,R, and C,S, is a cubic curve. 

Since the locus of Ry is a conic through A, and the locus of S, a conic 
through A,, therefore A, is a point on the cubic locus. 

By symmetry B, and C, lie on the cubic locus. 

Hence the locus of D, is a cubic curve through Ay, Bs, Co. 

It has a double point at the point which corresponds to D, when the 
projective relation is that which is determined by making the regulus 
containing A,A,, B,B,, C,C, perspective to the two conics in which it 
meets the two planes. For, if the regulus meet the line of intersection of 
the two planes in 7’ and U, then we get the same projective relation 
between the planes when P is at JT as we do when Pis at U. Hence the 
same point will correspond to D, when P is at Tas when PisatU. This 
point will therefore be a double point on the cubic locus. 

11. We might also have completed the proof thus:—The conic 
which is the locus of R, and the conic which is the locus of S, intersect 
at Ao. The straight line B,C, passes through one of the intersections 
of these two conics, viz., the point Jy. The points Ay, Ry, Sy are on a 
straight line. Therefore R, on its conic is projectively related to S, on 
its conic. So the pencils B,R, and C,S, are projectively related, and 
they have a self-corresponding ray, viz., B,C, (for when P coincides 
with the point in which B,C, meet the line of intersection of the two 
planes R, and S, coincide with P). Hence the locus of the intersection 
of B,R, and C,S, is a cubic curve. Hence the locus of D, is a cubic 
curve. (Reye, Holgate’s Translation, Art. 205; or the German edition, 
irste Abtheilung, 8. 137.) 

12. In order to draw the cubic, a further examination of the loci of 
fig and S, is necessary. 

It will be proved in the first place that the locus of A, touches the 
locus of S, at Ao. : 


C,8,, also coincides with this point, for B, 2, and C,S, have in this case the same direction, and 
the limiting point of their intersection may be different from the point at which B,C, meets the 
line of intersection of the planes. 
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The locus of R, is the section of the hyperboloid generated by 4, fh, Re 
by the plane A,B, C,. | 

The tangent plane to the hyperboloid at A, is the plane which con- 
tains A, A, and the position of A, R,R, when A; reaches Ao. 

But, when A, is at A,, P is at the point where B,C, cuts the line 2. 
This is the point we have previously called Jj. 

Hence R, is at the intersection of A,J,and B,D,, say at Ri. 

Hence the tangent plane at A, is the plane containing 4,4, and the 
line joining A, to the intersection of A,J, and B,D,. But this is the 
plane A,A,Jj. 

Hence the tangent at A, to the locus of R, is Agd. 

By similar reasoning the tangent at A, to the locus of Sy is also Agd). 

Hence the two conics touch at Ao. 





Fic. 7. 


The points in which B,C, meets each conic will next be found. 

Take P (see Fig. 7) where A,B, meets the line %, ¢.e., take P at Ly. 
Then PA,,2.¢.,A,L,, meets B, C, at Q,,and B, D, at R, in the general case. 
Hence Q, and R, coincide with B,. 

The point Q, is the intersection of B,C, and A, Ly. 

Hence Q,Q2 1s B, Q.2, and this meets A, A, in Az. 

Now A,f, meets A,P in RF, in general. 

But R, coincides with Q,. 
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Consequently R, coincides with Qs. 
Hence one position of R, is the intersection of A, LZ, and B,C. 
Similarly one position of S, is the intersection of A, A, and B,C. 
The loci of R, and S, are now completely determined. 
(1) Hach locus passes through A, (Art. 10). 
(2) Hach locus is touched by AgJ, at A, (Art. 12). 
(3) Each locus passes through J, (Art. 10). 
(4) The locus of R, passes through the intersection of B,D, and 
the line 7 (Art. 10). Call this the point K. (See Fig. 8.) 
The locus of S, passes through the intersection of C,D, 
and the line z (Art. 10). Call this the point LD. 
(5) The locus of Ry, passes through the intersection of B,C, and 
A,l,. Call this point M. 
The locus of S, passes through the intersection of B,C, and 
A,K,. Call this point N. 


13. The conics are determined when the positions of A,, B,, Cy, D,, 
A,, Bz, Cy and the line 2 are given. 

But the converse is not true. 

The conics are determined when the positions of J,, K,, LZ, on the 
line 2; the position of J, on the line 7; the direction of the straight line 
B,C, through J, (the positions of B, and C, on this line need not be 
known) ; the position of A, and the position of D, are known. 

If the positions of the points are assumed arbitrarily, it is often very 
difficult to obtain a sufficient length of the cubic to show its characteristics. 

It is, however, possible to construct the cubic in a convenient manner 
by first drawing two conics having a real point of contact and two real 
intersections, and then to construct positions of A,, B,, C,, D,, A», Bo, Ca, 
and 2 which will lead to these two conics. 

Draw two conics touching at A, and having two real intersections. 
Call either of these Jo. 

Draw two arbitrary lines through J,. Call one of these z, and the 
other B,C, (B, and C, may be anywhere on this line). 

Let J, B,C, meet the locus of R, in M and the locus of S, in N. 

Let the line 7 meet the locus of R, in K and the locus of S, in L. 
Then on referring to Art. 12 it is seen that it is necessary to take J, at 
the intersection of the common tangent at A, to the conics with the line 7, 
K, at the intersection of A, N with 7, L, at the intersection of A,M with 7. 

It is possible now to draw any three lines through J,, K,, Ly, viz., 
J,B,C,, K,C,A,, L,A,B,, which will give the positions of A,, B,, Cj. 

Then D, must be taken at the intersection of B, A and C,L. 
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It will now be proved that the positions assigned to A,, B,, C;, D,, 
A,, the line 7, and the line B, C, lead uniquely to the conies selected. 

For (1) both conics pass through A, ; 

(2) both conics touch AJ, ; 

(8) both conics pass through J, ; 

(4) the locus of R, passes through the point K, which -is the in- 
tersection of B,D, and 2, and the locus of S, passes through 
the point ZL, which is the intersection of C, D, and 7; 

(5) the locus of RA, passes through the point M, which is the 
intersection of B,C, and A,.L,; and the locus of S, passes 
through N, which is the intersection of B,C, and A, Ky. 

Hence the conics are uniquely determined by the positions assigned 
to A,, B,, C,, D,, A, and the lines B,C, and 7. 

In order to draw the cubic, all that is necessary is to draw the conics ; 
then any line through A, meets the conics in corresponding points R, 
and So. 

Then B,R, and C,S, meet on the cubic. 


14. Construction for the Double Point of the Cubre. 


Take any point A, on the locus of R,; let A, A, cut the locus of S, in Sy. 

Let B,R, cut the locus of R, in Rs, and let A, R> cut the locus of S, 
in, Se- 

Then, if S,S2 passes through C,, the double point of the cubic is the 
intersection of Rz;Rz and S285. 

For call this point of intersection 6. ‘Then, when 4, R,S, occupies its 
first position, B, AR, and C,S, intersect at 6, and therefore 6 is a point on 
the curve. 

Now let A,R,S, move into the position 42R:S;. Then B,R; and C,S% 
intersect at 6, and therefore the curve passes a second time through 4, and 
therefore 6 is the double point of the cubic. 

It is necessary to find a construction for the double point 6. 

Draw any straight line through A, meeting the conics at R, and Sj. 
Then (R,) X (S,). 

Let B,R, meet the locus of R, in Ry Then the points R,, Ry are 
corresponding points of an involution on the locus of R,. Therefore 
(R.) XK (R2). 

Let A,Rs cut the locus of S, in So Then (Rz) A (Ss). Therefore 
(Sq) 7% (S:). 
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The points S: are determined uniquely from the points S,, and the 
construction is reversible. 

Hence the points S, and S2 form an involution on the conic. 

Hence 8,82 always passes through a fixed point W. (See Fig. 9.) 
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Hence C, W will meet the locus of S, in corresponding points S, and 
So, such that the line joining the corresponding positions of R, and 
Ry will pass through B, Then R&,R2 meets C,W in the double 
point 6. 

This construction can be completed if C,W meets the locus of S, in 
real points, but, if C, W meets the locus of S,S: in imaginary points, then 
it is not immediately apparent how to construct the corresponding posi- 
tions Ry, Re. 

It has, however, been shown that the ‘double point 6 lies on the 
straight line C, W. 

It is now possible to get another line which passes through 6d thus :— 
Draw through C, any straight line meeting the locus of S, in Sg, Sz. 
Let A,S, and AS: cut the locus of R, in R,and Ry Then R,, Rs are 
corresponding points of an involution on the locus of Ry. 

Therefore R,R: passes through a fixed point X (see Fig. 9), and the 
double point lies on B,X. 

The double point is therefore the intersection of the fully determined 
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straight lines B,X and C, W, and the construction is one which does not 
fail when C, W cuts the locus of S, in imaginary points. 

To find the position of W, take S, at A,. Then R, is also at Ag. 

Therefore R: is the other point in which A,B, cuts the locus of Ry, 
and S, is the other point in which A,B, cuts the locus of S,. Hence in 
this position S,S° coincides with A, Bs. 

Hence W lies on 4, B,. 

Next take S, at J. Then R, is also at Jo. Then R2 is at the other 
point in which Bad, 2.e., B.C,, cuts the locus of Ry. Call this point M. 
Then A,M cuts the locus of S, in S:. Call this point M’. Then 8,8: is 
now in the position J,M’. Hence W lies on J,M', and, as it also lies on 
A, By, it is fully determined. 

Similarly X can be determined. In the first place, by taking Ry at Ag, 
S, coincides with A,. Therefore S) is the other point in which 4,C, cuts 
the locus of S,, and Ry is the other point in which A,C, cuts the locus 
of R, Hence in this position R, Rj coincides with A,C,. Hence X lies 
on A,C,. 

Take R, at the point J, in which B,C, meets both conics. Then S, is 
also at Jo. Then Sy is at the other point where C,Jo, 7.e., ByCs, meets 
the locus of S,. Call this point N. Then R; is at the other point in 
which A,Z meets the locus of R,. Call this point N’. Hence RR: 1s 
now J,N'. Hence X lies on J,N’, and also on AgC,. It 1s therefore 
fully determined. 


15. It has been shown that the points A,, B,, C; may be projected on 
to the points A, Bs, C3 in an infinite number of ways by two projections 
and two sections. The locus of the point D, in the second plane corre- 
sponding to a fixed point D, in the first plane has been shown to be a 
cubic. 

Hence it is in general impossible to project four arbitrary points 
A,, B,, C,, D, in one plane into four arbitrary points As, Bs, C3, Ds in 
another plane by only two projections and two sections. 

Hence it follows that the fewest number of projections and sections 
necessary to project four arbitrary points A,, B,, C,, D, in one plane on to 
four arbitrary points As, Bs, Cs, D; in another plane is three, which is 
the number given by Grassmann. 

Suppose now that a third plane is drawn, and on it three points 
Ay, By, C, are taken arbitrarily. 

Now let A,B,C, be projected by two projections and two sections on 
to A,B,C,. Then the locus of the projection of D, will be a_ cubic 
through A,, Bs, Co. 
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Now let A,B,C; be projected by two projections and sections on to 
A,B,C, Then the locus of the projection of D; 1s another cubic through 
Ay, By, Cy. These two cubics intersect on A,B,C, and six other points. 

Let D, be one of these six points. Then 4,B,C,D, are projected by 
two projections and two sections into 4,B,C,D,, and A,B,C,D, are pro- 
jected into 4,5,C, Dz in the same way. 

Hence A,, B,, C,, D: can be projected into 4;B;C;Ds; by four projec- 
tions and four sections in six ways, as there are six positions of Dy. 

This case is illustrated by a comparison of Figs. 8 and 10. 

Fig. 8 shows the projection of A,, B,, C;, D, on to Ag, By, C., Do; 
whilst Fig. 10 shows the projection of As, Bs, C3, D,; on to the same four 
points Ae, Bo, Cz, De. There are then six points any one of which may 
be taken as Do. These are marked on each figure by a circle, but are not 
lettered, and the two figures 8 and10, which are drawn separately, must be 
superposed. The points A,, By, C,, D,, J;, K,, L, of Fig. 8 correspond to 
As, Bg, C3, Dg, J3, Ks, Lg of Fig. 10 respectively. 

In Fig. 11 the position of the points is such that the cubic has a cusp. 
This is due to the fact that corresponding positions of B:R2, C282 simul- 
taneously touch the conics. This figure was constructed by drawing a 
ray AoR.S,. Then tangents were drawn to the conics at Re and S2 to 
meet the line taken for B.C: in By, C2. The intersection of the tangents 
gives the cusp at 6. 

In Fig. 12 the position of the points is such that the cubic has an 
acnode at 6. The figure is obtained thus:—The conics. and the positions 
of J, and Bz are first selected. J2B. meets the locus of Ry in M, A,2M 
meets the locus of S, in M’, JoM' meets’ 4,.B, in W. Then Cz is so 
chosen that C2W does not cut the locus of S: in real points. Then X 
and therefore 6 are determined. 7 and U are conjugate imaginary points 
on the line of intersection of the two planes. 
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ON THE CONDITION OF REDUCIBILITY OF ANY GROUP OF 
LINEAR SUBSTITUTIONS | 


By W. Burnsipe. 
[ Received June 3rd, 1905.—Read June 8th, 19085. | 


m 


Ler 2X; = > aij 
XL; — > Bij; (2 — uf 2,, 30659 Nn) 
nN 

i = & yi 

be the substitutions A, B, C of a group G of linear substitutions, Then, if 

A Be tC? 

where, in the product 4, the symbols are to be read from left to right, 

Yi = > Bix yj « (1) 


Ii in these equations the a’s are regarded as the original variables and the 
y’s as the transformed variables, then they define a group of linear sub- 
stitutions in n* variables simply isomorphic with G, the substitution 
given being that corresponding to B. Moreover this group is reducible, 
transforming each set of » variables 

Og Ai L502, ee, 78) 


among themselves exactly as G transforms the 2’s. 
If G is reducible, it is possible to choose new variables 


CBA oy) (te eee 


so that the first 7 (<n) of them are transformed among themselves by 
every substitution of the group. The transformed group so set up may be 
represented by itiee ; 
B = Laiyf; = ile 2, Soni kh 
the substitution given corresponding to A ; and in this form 


ay =.0, = 1,2, ...5 715 pee le 
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for every substitution of the group. But in this transformed form of the 
group ai; ms »> jaye das 

where the B’s are constants depending on the equations defining the new 
variables. 

Hence, if G is reducible, so that a set of 7» new variables may be 
chosen which are transformed only among themselves, then the coefficients 
of every substitution of G must satisfy a system of r(m—r) independent 
linear homogeneous equations. 

Conversely, suppose that the coefficients of G satisfy a system of s 
independent linear equations 


DOP By = 0 (= 1,2, 0005 8). (ii) 


If in the equations (i) the n” variables are replaced by n? independent 
linear functions of themselves, of which the first s are 


A), = Oi as (k = if: at 5906 Ss), 
the new form of the group defined by them will be 


k=n? 


A; a » Bi Ar (2 — the 2, eeey n’), 
Hr | 


where the B’s are linear functions of the 6’s with constant coefficients 
depending on the C’s. If in any given set of these equations, specifying 
a particular substitution of the group, the a’s which occur in the definition 
of the A’s are replaced by the coefficients of an arbitrarily chosen substi- 
tution of G, the equations become identities. Now, when this is done, 


Ale Se ily Se SS SS SS a OE ee 
Hence the first s equations become 
k=n2 
>» By, Ax cen AN) (a = ih 2, ones Se (111) 
k=s+1 


Now, if for any given substitution of the group on the n” variables the B’s 
of these equations are not identically zero, these s equations are equivalent 
to a further set of linear homogeneous equations connecting the coefficients 
of every substitution of G. 

Hence, if the set of s equations (ii) are the only linear independent 
equations connecting the coefficients of every substitution of G, the B’s in 
the equations (ii) must be zero for every substitution of the group on the 
n* variables, and the s symbols 


APA aves FAs 


are transformed among themselves by every substitution of this group. 
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Now it has been seen above that each set of  a’s which have the same 
second suffix are transformed among themselves by every substitution of 
the group. Hence for each 7 the set of s linear functions 


OR) 
2 Ci ij (k = 1, 2, aera s) 
4= 


are transformed among themselves by every substitution of the group. If 
for any second suffix 7 which actually occurs this set of s functions is 
linearly equivalent to 7 (< m), then a set of 7 linear functions of 

Aj, aj, ceey Anj 


exists which are transformed among themselves; and therefore there is a 
corresponding set of r linear functions of the 2’s which are transformed 
among themselves by the substitutions of G, v.e., G is reducible. 

If for each second suffix that occurs the s functions were equivalent to 7 
(in which case s must be a multiple of 7), successive sets of symbols with 
the same second suffix might be eliminated from equations (ii) till there 
remain only n equations. These may be brought to the form 


jose ni pe ey Seok i) 
Po, +.Boj, +... = 0 Gy) 


Brix ABrigt ee ati b 
where Bj;,, Bo, ..., Brj, are m linearly independent functions of 


Prjos Projo» eeey nae 


Now, in the group on the n? variables, symbols with the same second 
suffix are transformed among themselves. Hence, if 4,;, is the same 
function of a1j,, aaj, ---, Gj, that B,;, is of the corresponding (’s, then 


oj, +Aryt+..-, 
9}, spice bon ea thot 


dn FAnjoT +: 
are transformed among themselves, and therefore ayj,, ag, ..., Gnj, and 


Aj, Aj» -+-» Anj, undergo the same transformation for every substitution 
of the group. 


Hence also Tih Clay ates , Kcr, 


and Ay,,, Aoj,, sehen Any 
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undergo the same transformation for every substitution of the group. 
‘This is the same as the statement that every substitution on 


Aljos AQjo5 c0eg Anjo 
is permutable with 
/ 4 / 
Alj, = Ate: a2, = A>,,, LAE } Anjo = Agta 


and therefore either that 
ppm ee (Teme | soe 1) 


where & is a constant, or that the group on 
. ; Aljn, Ajo, -++5 Anjy 
is reducible. 
Now, if for each set of symbols, such as B,;,, which occur in the 
equations (iv), B,;, = kG,,;,, the equations would be 


Cinch oie (Oe. = 0, 
Po. h Ba Boe... = 0, 


implying that the determinant of the substitution is zero. This is not the 
case. Hence the group in a set of symbols with the same second suffix, 
and therefore also the group on the z’s, is reducible. 


The result may be stated as follows :— 

Theorem.—The necessary and sufficient condition that a group of 
linear substitutions on a finite number of symbols should be reducible is 
that one or more homogeneous linear equations should be satisfied by the 
coefficients of every substitution of the group. 


It follows that, if a group of linear substitutions in 7 variables has a 
set of n? substitutions A,, A, ..., An», such that 





(1) (1) (1 
M1 Aj\2 see Onn +# 0, 
(2) (2) (2 
Q1 2 tee Ann 
| 
(n*) (n?) (m2) | 
M1 Vo see Ann | 


the group is irreducible ; and, conversely, if the group is irreducible, there 
must be such a set of n? substitutions. 

If, in analogy with groups of finite order, the sum of the coefficients 
in the leading diagonal of a substitution A, viz., 


Oy + Gag «+--+ Onn, 


is called the characteristic of the substitution and is denoted by xu, the 
SER. 2, voL. 3. No. 909. PIS, 
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preceding condition can be expressed in terms of the characteristics of 
the products, two and two, of the set of n? substitutions. In fact, apart 
from sign, the square of the preceding determinant is the determinant 
for which the element in the k-th row and /-th column is 

Dd) as 

i ae 
But this is the sum of the coefficients in the leading diagonal of A; A). 

The necessary and sufficient condition, then, that a group of linear sub- 

stitutions in » variables should be irreducible is that it should be possible 
to choose from it a set of n* substitutions for which the determinant 


xa 
does not vanish. 
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ON CRITERIA FOR THE FINITENESS OF THE ORDER OF 
A GROUP OF LINEAR SUBSTITUTIONS 


By W. Burnstve. 


[Received June 8rd, 1905.—Read June 8th, 1905. | 


1. The coefficients in the substitutions of a group of homogeneous 
linear substitutions are in general complex quantities of the form 
a+6/(—1), where a and # are real numbers. If the group is one of 
finite order, there is a finite number of coefficients, and there must 
therefore be a finite positive number M, such that for each coefficient 


Rae |B| < M. (i) 
Similarly there must be another positive number m, such that for each 
coefficient either 


c= tote A ued es aie 4 
} (i) 


and ie EOmnoveme| Oe 277 


The existence of these two numbers M and m is a necessary condition 
if the group is a group of finite order. 

I propose to shew that, if two positive numbers M and m can be 
assigned so that each coefficient in every substitution of a group satisfies 
the system of relations (i) and (11), then the group is a group of finite order. 


i= 


The equations Te —eranrjaiiis 1.2, 1,00), 
j=l 


defining a linear substitution of a group G, imply the equations 


I 
3 


J 
z= Daz = 1,2,..., 2), 
qed 


where x and «z denote conjugate imaginaries. These 22 equations are 
equivalent to 


tH, = Fay +a) (e+) 
~ Bact mI 5 wd) oH BD 
1 iid We A eee teh: 
1) ie x;) = ow 2 a 1) (ag— ay) (xj;+2;) 


i 2 4(ay-+ ay) eT — %;) 


or Q 
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which define a linear substitution with real coefficients on the 2 variables 


ts 1 a : 
Li: +2, SUT hg) Rd a Le 
ee ree, 

It may be easily verified by direct calculation that the system of linear 
substitutions thus formed from all the substitutions of G have the group 
property and constitute a group G’ simply isomorphic with G. 

Moreover, if the coefficients of G satisfy the system of relations (i) 
and (ii), then the real coefficients of G’ are such that each one of them 
is either zero ‘or numerically (¢.e., apart from sign) less than M and 
oreater than m. 

As the succééding argument does not depend in any way on the 
number of variables being even, their number will still be represented 
by n, and any substitution of G’ by 

; Gh 
Di Oy oe ee Le 
| ie 
where now ad; is a real number, such that either 
or Mea) ar 


The sum of the squares of the coefficients of any substitution is certainly 
less than n?M?. Hence, if ay, Ayo, ..., Ann be regarded as the rectangular 
co-ordinates of a point P in space of n? dimensions, the point is restricted 
to be within a sphere of radius nM with the origin as centre. Consider 
now the aggregate of points P which correspond to the totality of the 
substitutions of G’. If the aggregate is a finite one, the number of 
substitutions of G’, 7.e., its order, is finite. If the aggregate is not 
finite, then, since the points are restricted to be within a certain sphere 
of finite radius, the aggregate must have at least one limit point. Let 


A, A 4p, 50) ae 


‘be the coordinates of a limit-point. Then, if d¢ is any given small 
positive quantity, an infinite number of points of the aggregate lie within 
a sphere of radius te described about the limit-point as centre. If 

, Qi 49> Ct eg Ann 


be an assigned one of these points, and 
Ou, bia, a: Dan 
be any other, then pa (ay— by)? < é’, 


and therefore for all suffixes | aj—by|< e. 
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Let A and B be the two substitutions of G’ which correspond to these 
points, and denote by C with coefficients cy the substitution A~'B. Then, 
since i snpatien 
where 7 lies between —e and +e, 

| cx~—1 | << nMe, 
ley |<nMe (+); 


and G’ has an infinite number of substitutions whose coefficients satisfy 
these inequalities, however small « may be. If, for every one of them 
ci; (¢ 7) were zero, every one of them would replace each of the symbols 
by a real multiple of itself. Since there is an infinite number of these 
substitutions, the multipliers cannot all be either +1 or —1. But, if any 
multiplier is different from +1 and —1, a sufficiently high power of the 
corresponding substitution would have a coefficient which is either greater 
than M, or without being zero less than m. If, on the other hand, some 
cy is not zero, then, by making e small enough, it will be numerically less 
than m. In either case the supposition that the aggregate of points P is 
not finite leads to a contradiction. It follows therefore that, with the 
limitation of the coefficients given by the relations (@) and (ii), the order 
of G’, and necessarily also the order of G, is finite. 

It is perhaps worth remarking that either relation (i) by itself, or 
relation (ii) by itself, is not sufficient to ensure that the order shall be 
finite. In fact the group 

x’ = az+6y, 
y! = yr oy, 
where a, 3, y, 6 are real integers such that 
| ad—By = 1 | 
is not of finite order, and has no coefficient other than zero numerically 
less than unity. Again, the group RO 


x’ = cos nOx—sin nO y, 
y’ = sin nOx+cos nO y, 


where 7 is an integer and 7/@ is not rational, is not of finite order and 
has no coefficient numerically greater than unity. 


9. If the order of a group of linear substitutions is finite, the order of 
every substitution of the group is a finite number equal to or less than 
the order of the group. I propose to show that the converse of this 
theorem may be proved in the form :— 
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If, in a group of linear substitutions on a finite number 7 of symbols, 
the order of every substitution is equal to or less than a finite number m, 
then the group is a group of finite order. 

As above, any substitution A of the group is given by the system of 
equations eh 

i ij Lj (En aL 


The substitution A being one of finite order, equal to or less than m, its 
characteristic 
O44 + dog + ore = Onn 


is the sum of » roots of unity, the index of each root that occurs being 
equal to or less than m. Such a set of roots of unity can only be chosen 
in a finite number of ways, and therefore there is only a finite number of 
distinct characteristics. Now the characteristic of AB, where the co- 
efficients of B are (;;, is 

Bi 2 aj Bir, 


and therefore, whatever substitution of the group B may be, its coefficients 
satisfy the equation 
: z > ij Bi nase 
where y is one of the finite number of distinct characteristics. 

Suppose now that it is possible to choose n* distinct substitutions of 
the group, A,, Ag, ..., Anz, such that 
fe a... | 30; 


ROL 740) aq 


11 22 ae nn 








ec ee 
then the coefficients of any other substitution B satisfy a system of n° 
linear equations of non-vanishing determinant, the right-hand sides of 
which can take only a finite number of distinct values.. In this case then 
the number of substitutions, and therefore the order of the group, is 
finite. 
If no such set of 2? substitutions as 

At; Aa, eeeg An 
exists, there must be one or more homogeneous linear equations 

XB Bij = 0 
satisfied by the coefficients of every substitution of G. This, however, is 
known to imply that the group is reducible. Hence under the conditions 
assumed the group is either reducible, or, if irreducible, of finite order. 
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From this it immediately follows that it must be of finite order in any case. 
Suppose, in fact, that of the » variables 7 are transformed irreducibly 
among themselves. So far as it affects these » symbols the group is of finite 
order, and therefore it has a self-conjugate sub-group of finite index for 
which each of the » symbols is unchanged. The substitutions on the 
remaining n—r symbols, if in the equations defining them the first 
r symbols are all made zero, give rise to a group with the properties of 
the original one in a smaller number of symbols, which may or may not 
be reducible. If it is not, it again is a group of finite order; and G has 
a self-conjugate sub-group of finite index, whose substitutions are of the 


form ; 
Fp. ey (SB 3, ae camer) a 
F 
/ 
Lr+s = Qe DX Ase Lt (s — ike 2, eta mM—Y). 
1 


Unless the coefficients a, are all zero, so that the sub-group reduces to 
the identical operation, the substitutions of this sub-group are clearly 
not of finite order. 

If the group on the n— 7 last symbols is reducible, it may be treated 
as the original group. Hence, finally, in any case, whether reducible or 
not, the group is necessarily of finite order. 


8. A group of linear substitutions of finite order has a finite number 
of distinct sets of conjugate substitutions. The converse of this theorem 
is also true in the form :— 

If a group of linear substitutions on a finite number of symbols has a 
finite number of distinct sets of conjugate substitutions, the order of the 
sroup is finite. 

The characteristics of two conjugate substitutions (7.e., the sums of 
the coefficients in the leading diagonals) are the same. Hence, if the 
number of conjugate sets is finite, the number of characteristics is finite. 
When the group is irreducible, the argument of the preceding paragraph 
then shows that the number of substitutions is also finite. When the 
group is reducible, the same argument shows that the group must have a 
self-conjugate sub-group H of finite index, whose substitutions are of the 
form 

Ls — Xs (Stas 2, eae ONE 


t=T} 


Dees oe Lryiet % Ast Lt Sh pe peer lp 


U=T2 EV iy 


etre Crt ry tace 2 Bu brut S Yutv (s— 1, 2, ., 7). 
L= v=1 
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If this sub-group actually exists, z.¢., if it does not consist of the identical 
substitution only, it is necessarily not of finite order. 

Now, so far as the first 7,;-+-7, symbols are concerned, it is an Abelian 
group, whose substitutions can only be conjugate in respect of the substitu- 
tions of G not contained in H. Of these there are only a finite number 
of classes, and therefore unless all the a’s are zero the group would con- 
tain an infinite number of sets of conjugate substitutions. But, if the a’s 
are all zero, the group, so far as it affects the first 7,+7,-++73 symbols, is 
Abelian ; and the same reasoning shows that all the 6’s and y’s must 
vanish. Hence, if the group contains only a finite number of distinct 
conjugate sets, H must consist of the identical substitution only, and G 
must be a group of finite order. 
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ON A CLASS OF ANALYTIC FUNCTIONS 


By G. H. Harpy. 


[Received May 17th, 1905.—Read June 8th, 1905.—Received in revised form* 
August 3rd, 1905.] 


il 
1. The distinction between integral functions whose increase is 
regular (fonctions a croissance réguliére) and those whose increase is 
irregular was first explicitly formulated by M. Borel.t According to him 
a function is @ crovssance régulvére if 


oe log log M (r) 

r= 0 log r 
is determinate, M (r) denoting the greatest value of the modulus of the 
function on a circle of radius 7. A function is then & croissance irré- 
guliere if we can determine two constants a, 8 (a<) such that for an 
infinity of values of + tending to infinity 


M0) <e", 
and for a similar infinity of values of r 
M(r) > e™. 


The numerous extensions which have been given lately to the theory of 
integral functions render it necessary to give a greater degree of precision 
to this definition. We shall say that f(z) is a function whose increase is 
irregular if we can determine §,, y, (6, << y,) so that for two infinities of 
values of 7 tending to infinity M(r)<e"™ and M(r) > e”™ respectively, 
a Vi) = Ayr (ogy 7)® «.. (log,1 2)*"* (og, 7)* 

and Va pA Th ORT) eae LOR gare logy), 


log, r, log. 7, ... denoting as usual log7, loglog7, .... It is evident that 
this definition applies only to functions of finite order (genre), but it is 
easy to frame similar definitions for functions of higher order, the general 
principle being obvious. 

* The contents of the paper have been considerably altered in revision, and the title has 


been changed. 
+ Legons sur les fonctions entiéres, pp. 107 et seq. 
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In this paper I propose to consider certain classes of series of the 
general type 
(1) 


iv) 
Ge Vv 


=- Lee 
y=1 $1N v7rA 





where A is any quantity which is not real and rational.* The peculiar 
interest of these functions lies in the fact that for the same set of values 
of the numbers c, the series may 


(i.) be convergent for all values of z, and represent an integral 
function whose increase is either regular or irregular ; 


(ii.) have a finite circle of convergence which is a critical line for 
the function represented by the series ; 


(iii1.) diverge for all values of z. 


All these peculiarities, for example, present themselves for different values 
of A in the case in which c, = 1/v!, to which I shall devote particular 
attention. 

I wish to point out that the series (1) is not an instance of a series 
artificially constructed in order to provide an illustration of certain 
theoretical possibilities. On the contrary, the series 
a” 


2 ae eh Sr ak Ar | 
) y! gin vyAqw 


presents itself naturally and inevitably when we attempt to determine the 
behaviour of the function represented by the simple definite integral 


r 
\ e—" du 
Pd 
i een 


and is therefore (in some cases) an instance of a fonction a croissance 
irrégulvere quite unlike those devised by M. Borel. 


(3) 





2. There is another point of view from which the series (1) may be 
regarded. Let us suppose that 


(4) RR) Cy ee 


and that A has such a value that (1) is convergent for at any rate some 
values of z. The function defined by (1) is then the most obvious solu- 





* 'The series is obviously meaningless if A is real and rational. 
t Loe. cit. 
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tion of the difference equation 

(5) F (xe) — F (xe*™") = if (2), 

an equation which is fundamentally the same as the classival difference 
equation 

(6) @ (c+ a) —P (x) = $ (2), 


to which it may easily be reduced by means of the substitutions 


( — ele +a) a ING — P (w), 


fi! : 
@ | aif {otD*4| = gw), Wa. 


> Cats 
yal SIN VAT 


The Serves 


3. I shall now consider directly what is the nature of the function 
defined by the series (1) in those cases in which it has a radius of con- 
vergence other than zero. I shall suppose for simplicity that 


(8) hed 5 lees 


for all values of v, and that lim c!” is determinate. 


Vv 


4, (i.) If A is complex and equal to A,+ 7g, 
(9) | sin vAw | ta) (], le). 


where ¢ is small when y is large. The radius of convergence of (1) is 
then pe™!*!, p being the radius of convergence of (4). This case 
possesses no particular feature of interest. 


(ii.) If X is real, we may without loss of generality suppose it positive, 
irrational, and less than umty. The region of convergence will then 
depend upon the arithmetical nature of A. The radius of convergence of 
(1) is certainly not greater than p. I shall prove first that, of » ws an 
algebraic number, the radius of convergence of (1) is equal to p. 


For suppose that A is algebraic and of degree m, 7.e., the root of an 
irreducible equation 


(10) 2" +a,2" 34+... +m = 0, 


where dj, ..-, @m are integers. Then, by a well known property of 
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aleebraic numbers,* 


) | Km ° 
(11) Ly dare 


Vv 








where K,, is a constant (depending only on m) for all integral values of 
mandy. Hence 


(12) | Uu—vA | So TC a Re 
from which it obviously follows that 
(13) | cosec vA | < Kinv™ 


for all values of v. Hence the radius of convergence of (1) is not less 
than that of Dc,v™x’, 7.e., than p, and therefore it is equal to p. In 
particular, if p = o, the series (1) represents an integral function of «. 

In the second place, values of X can be found such that the radius of 
convergence of (1) 1s any quantity R, where 


cha 0m h<p. 
In order to prove this and the further results which we shall establish 


later on, we must consider certain properties of simple continued 
fractions. t ? 


5. Let us suppose that » is expressed as a simple continued fraction 


1 1 1 


a , 
a Gy “ie (qlee 











and that p,/q. v= 0, 1, ...) are the successive convergents, while 





gL) re i RNIN RR ik LO he EN aR, 
To 1 Ty A J2 Ay a+1 


and let us denote the complete quotient 


al I ss 
Curt sis Gree Lak 


by a,. Let m be any positive integer such that. 


(17) dy+ 


(18) hy SS ROR GE 





* Borel, Legons, 1., p. 27. This inequality is employed in a very similar manner by H. J. 8. 
Smith, ‘‘On some Discontinuous Series considered by Riemann,’’ Mess. of Math., Vol. x1., 


pp. 1-11. 
+ The purpose of §§ 5, 6 is simply to establish the equations (30) and (31) at the end of § 6. 
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We can form successively the equations 


m = kyqv tm (OK, i Sy Oy), 
Mm, = keqv-1tme UO ee er ats Oe ty <4 
(19) vot. a Se vee 19. sty a A 
Myo shat Tt a1 (OK es Oe, Olee My e Jo), 
MN, 1 — ey aia ty (Oren O71 =. 07) 
and in one way only. Then 
(20) mn > kis Qv—ssi tm. 
Now i 


(— Lyrks 1 


Ay — s+1 Pv ina a nee 
By— 541 Qv—st1 tGr—s 


dy spe Vv- tit Gr s ion ane 


Gv— 1A = oa Qv- s+1 


since Pv—-s VWv—s4+1— Wr—s Pv—sti = (are, 
Hence 
(21) MN Ln-mA+(—)" Dal 
where 
(22) pete Dye, 

sa 


which is integral, and 
(23) f= 35 


S= 


(=) 
Cy — s+19r— Peicicgee —s 


In what follows I shall suppose v odd. ‘The work in the case in which » 
is even is strictly analogous. And I shall write 
: Pr+1 = Or Ort Gr-13 
so that 
V ee 
28" S,= 5 


— Vv—s+2 


— 


In the first place we can prove that, if 4, is the last & which does not 
vanish, S,» has the sign of (—)"~', z.e., the sign of its last term. In fact 
the last term is numerically greater than the sum of all ieee renga: 
of opposite sign, that is to say, 

k. > Kyo +. ky 


, / 
Vv—r+2 dv—r+3 Qv—r+5 


(24) 


Suppose, for example, that » is even. The most unfavourable case is 
obviously that in which | 


ky = by ees = Ay —r+2) ks = Ay—r+4y ht ky —= Ay 
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and all the other k’s vanish. This case cannot actually occur. For, if it 
could, we should have 


M— My = Ay Gv + Ay-2Qy-2t --- FQy-142Qv—14 2 T Yy—r 41» 


2.€., = Qii- But, even if it could, the inequality (24) would still be valid. 
For we should have 
Qv4iA ee Nope hes = Dane 


Now, as v is odd, pea As 


Hence S,,<0; 2.¢., Sn has the sign of (—)"~’. A fortiori this is true in 
any case which can actually occur. Moreover, since at least one & must 
differ from the value assigned to it in the most unfavourable case, the 
excess of the left-hand side of (24) over the right-hand side must be at least 


(25) a, 

Qv+l 
and therefore the modulus of S, must be at least equal to the same 
quantity. 


If, on the other hand, 7 is odd, the most unfavourable case is given by 
oer ky = 1, (Pon = A—r+2) OOD keg = yi; 
M—My = Uy—1Jv-1 + Gy—3 Qv-3$ --- FAy—r42Qv-rt2 TT Go—r4is 


.€., = gy. But then we should have 
QvA = Hie eye 


and, as pp > q,A, Sm would be positive, from which we can draw the same 
conclusions. Thus an inferior limit for |S,,| is given by the quantity (25). 

We shall also require a superior limit for |S,,]. If S,, is positive, it is 
certainly less than S,,, deduced from S,» by taking 


ky = Ay, ke —— 0, ins ee Ay—25 eeeg ky —— Uy, 


M—My = Ay Gy Ay—-2 9-2 Fs FAN = M41 - UN = H-l. 








Then Qyt1A = In—Sm-A, 
1 
and, as QvtiA = Prtit 
Gv+2 
and ik ip. 1> 
(26) s, =a—— : 
Gv+2 


which is less than A, and nearly equal to X when » is large. 
Now Sm can be equal to S;, if, and only if, m= q11—1, m = 0. In 
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this case S, <r; in all other eases 
1 


(26') on Ao 
QVv+1 
since at least one & must differ from the value assigned to it in the 
formation of S;,. 
If, on the other hand, S,, is negative, it is numerically less than — 8", 
deduced from S,, by taking 


ky = 0, ke = Qy—1; ie — ‘p eeeg fea = 0, 





M—M, = Ay-1 9-1 F Wy-3 G3 + --- FA 92 = Wh = YM. 








Then qr aS Dia Sata ty Ns 
1 
and, as G7N — py; 
Qv+1 
and is = py—l, 
(27) = St Se ge ee 
Qv+1 
yeh an 1 
which is less than een ae’ 


and nearly equal to it when » is large. 
To sum up, we have obtained the following limits for S,, :— 


(elt S70} 

















(28) ee ee : ihe 
Qv+1 Gv+l 
(115) 212 S500, 
(28’) q a —Sn aod [—a,A— u ° 
Qv+1 Qv+1 
6. Now 
(29) | sin mAzx | = | sin (m,A—S,,) 7 |. 
There are two cases to consider : 
(a) Suppose m, = 0. Then 
| sin max | = | sin S,a | > a 
v+1 


where £K is a constant. 
(0) Suppose 1 < m <a—l. If Sy» > 0, it is clear that 
Me Na Saat 1) A 


On the other hand, mA—Sn >A—Sn > z= : 


v+l1 


* One exception to the second of these inequalities was noted above. In this exceptional 
case the inequality S,, <A will be sufficient for our purpose. 
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If Sn <0, myA—S >A, and, on the other hand, 


My — Bm Sty — 1) A—Sn = 1X 
And wn all casés 








(30) | sin mAzx | > = (Gy <M <1) 41). 
v+1 
On the other hand, | sin g,41 A7 | = sin a; : 
vp+2 
so that for large values of v 
(31) | sin gy41A7 | = ee 
v+2 


where e, is small when y is large. The two formule (80) and (81) will 
form the basis of the succeeding argument. 


7. We return now to the series (1). In all that follows I shall suppose 


that 
i Oy ig — (ol ees 


so that for large values of y 

Gy Os | Gail Gy 
are large and Cy Cs eG age 
nearly equal to unity. 

Suppose first that the radius of convergence of 2c,x#" 1s finite; we 
may without loss of generality suppose it equal to unity. And let 
fees thipiea al: 

It is easy to see that, if we are given any sequence of ascending 


integers Q, such that lim Qv4i/Q, = ©, we can find a continued fraction 
such that 


Ibvenniepy Gp ae 
We can therefore find a value of A such that 
(32) lim gy41/a” = 1. 


The radius of convergence of the series 


Qe Gg 

(33) pla ie a 
sin gy Aw 

is the same as that of Dy Yr41.09, 0%, 


and is evidently R. 
The remainder of the series (1) is > w,, where 


Hes | F 
q+) relies 


g,41 SIN NAT 





Uy, = 
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Now las] <= Ke 7 | cy 2 





and so the radius of convergence of the series Yw, is at least R. Hence 
the radius of convergence of (1) is R. 


y+l1 


In this case the circle | «|= R is a cowpwre for the function 
(34) Me = pee 
sin vAt 
For EF (ges) — FF (xe7*"'), = Qaf(a), 


where f(x) = 2c,x”. There is at least one singularity of F(x) of the 
type « = Re, and it is plain that, if & is any integer, 


— Rei @+ thar) 


is also a singularity; and these points are everywhere dense on the 
errcloy|i2.|— iv. 

If p is infinite, we can still without loss of generality suppose 
R=1/a<1, and we can determine 2X so that 


lim (edie a. 


The argument is then substantially the same. And it is obvious that by 
supposing g,+1 a function of qg, whose increase is sufficiently rapid, we 
can in any case ensure that the series (1) shall be divergent for all 
values of 2 other than zero. 


8. In order to justify the assertions made in § 1, it remains only to 
prove that, when f(z) 1s an integral function, values of » can be found 
for which F(x) is an integral function and its increase irregular. 

I shall consider, for simplicity, the particular case in which c, = 1/v!, 
which enables us to illustrate adequately the different cases which may 
occur. | 

In the first place, the increase of f(x) may be regular. Suppose, for 
example, that AX is an algebraic number of degree m. By a well known 
theorem M/(r) is greater than the modulus of the greatest term in the 
series (1), and so certainly sigue & 


On the other hand, the terms of (1) are less than those of the series 


y” 
mM 
K>yy AB 


V 








n Vb 
* Since, by Stirling’s theszem, _ f_ (l+e,) when » is large. 


ni / Inn 


c a 
SER. 2. vot. 3. NO. 912. 2G 
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(by § 4), and so M(r) < Ke'r”. 
Thus, if M(r) = eh, 
r—4 logr-+K < Vir) < #-+-m logr-F kK, 


and therefore the increase of F(x) is regular. 


9. I propose now to find inferior and superior limits for M(7) when 
r= q,, and to deduce that F(z) may be an integral function whose in- 
crease is irregular. J shall write w, for the general term of the series (1), 
and U, for 


welt 


VE 


dy 


Assuming for the moment that F(z) is an integral function, an 
unferior limit to M(r) is given by the fact that M/(r) is greater than the 
modulus of the numerically greatest term in the series. Selecting the 
q,-th term, we find that 


(36) M1) > qrghlq!. 


Again, since |z"/n!| is pain when » = q,, 











(37) 2 oo 
and, if the q,’s are so chosen that 
(38) im Qilg —— oe 


this is certainly small in comparison with (36). 
On the other hand, if « > », 


I 
(39) OR segs ty” = COs 
Te! 





fos) 
me 


U v,v+l f, Lay) re. Fi : eq lees 
A U7 fs Sica Ee Z ¢ Ty wily E 2 
say. Now i < k= ss pe Wi et Ht jae iV is 


9 
vv gq yaa, dere Fey Qv+1 


a 


by an easy application of Stirling’s theorem, and so, by (88), 
(40) < Kq?,,.q7 3h. 

If the q,’s are such that | 

(41) lim 44/9; = 

the quantity on the right hand of (89) will be exceedingly small. 


Similarly we can prove that U,,,4:/U,,, is exceedingly small for 
any w>vy. From this fact, in Sea ol aa wie and (87), it follows 





* In the notation of § 7, vv = Wo, +U,. 
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that the series is convergent for «= q, and that the modulus of its sum 


is less than d 
2 Be 
q, in te 

+1 qv! 


The series (1) therefore represents an integral function F(z), and we 
have the inequalities 


dy 
Vv 


gq’ 











(42) Qe SMO) <a 
f gq’ e 
B t, p= ’ Te ————— 
ut, since q r Paid 0/577 
Hence 
(43) em kg oo 
oe VJ Qarvr \ do) / 2rr 


for r= q,, provided the conditions (88) and (41) are satisfied. 
Now let us suppose that when » is odd 


Vv+l Jie qe (p > 2), 
and when y is even Ved AE AG oe 4). 


Then when r = q, and » is odd 
| Mir) < Kr°?-2e’, 
and when 7 = q, and y is even 

M(r) = Kr72 6% sr tr, 


Hence the increase of F(z) is irregular. 


10. In a precisely similar manner we could, by taking 
Com eemonar ca = Li (y-t-1), 
construct functions F(x) such that, for an infinity of values of 7, M(r) 


is (roughly) of order hae and, for another infinity of values of r, M(7) 18 
(roughly) of order 


ar/& logr 


€ 


We can also find functions of infinite order which possess similar 
peculiarities. For example, by taking 


6, — lag 2elog ot... log vy; 
we can define a function whose maximum modulus is of the order of 
ef lt 
for one infinity of values of 7, and of order 


ek” logr 


2a 2 
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for another. And the whole of the preceding analysis might be made 
considerably more precise, as we have generally left a considerable margin 
in our inequalities. 

The preceding method, however, does not (as might at first sight 
be expected) enable us, for a given set of coefficients c,, such as ¢, = 1/v!, 
to determine » so that the increase of F(x) shall be arbitrarily great. 
For, since we must for convergence have q,1 < qv!, |w,,| is never, when 


r log r 


r = q,, of order substantially greater than e 


1b. 


11. It might well be thought that functions such as those which 
I have considered in the first part of this paper were merely examples 
of an artificial character constructed in order to illustrate theoretical 
possibilities. This is far from being the case, as I shall proceed to 
show. 

Let us consider the function 


CO 1 tal 


aU 
0 Ute 

2 being a complex variable whose variation is restricted by a cut along 
the negative real axis, A and a being any real or complex quantities 
subject to certain restrictions which will be defined later, and w* and w*~' 
having their principal values. This function includes as particular cases a 
number of well known functions. For instance, 





(1) PG | 


a.) if A= a=1, and we suppose for a moment that 2 is real 
and positive, 


CON ns or) n—1 ,.n 
(2) te) SS i - dw = —e*lu(e~”) = e€ os tae y—log x ; 


this expansion defining the behaviour of F,1(z) for all values of «. 
ai.) Lf A=1, a=, and x = £* is real and positive, 


2 Cada Hi 2/7 el e-” dt* 
is 





(8) Fy 3 (2) 


Dee apiate Tones 
me Saree (Suh ie as | 
wie c eee 


after some transformations which will easily be supplied. This ex- 
pansion again defines the behaviour of F, ,(x) for all values of z. 





* G. F. Meyer’s edition (1871) of Dirichlet’s Lectures on Definite Integrals, § 98, p. 285; 
Arendt’s edition (1904), p. 208. 
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Gi.) If A= 4, a = 4, and -« = €? as before, 


Fy, (2) = | saith = = (cos g{ sin £¢ dt— sin € | 05 = at).” 
é 1 1 


go @ S 





From this we can deduce, by some ee transformations, 


_ 2 cos r/x {4 $ (—)"2” } 
(4) END eo Sarasin)" a eal clas YD EEIT py 
2sin/x { 1] SA) ae | 
ay VJ 2 ta en ee 1 2.2m!) 
a formula which again defines the behaviour of F;,;(x) for all values of a. 


12. Let us now consider for what values of X and a the general 
integral is convergent. 

(i.) If A is complex, we may without loss of generality suppose 

its real part positive, since the transformation of the integral by the 





substitution w= ; 
a 1 1 

Py, g(x) = — He ta (=) . 
x x 


If 7X = w+, u* has its principal value, and so 


—w { — ,—wu" cos(y log u 
|e | care NaN y 


and it is easy to see that the integral is divergent. 
Gi.) If A is purely vmaginary, the integral is convergent if 
Ooh (aya, 


and may be expanded in the form 


ton ie qyrivta— 1 oe a) gn 
4) eC > mt |" ute peace ae sin (a+niv) 3’ 
where x°~' has its principal value. This series represents an integral 
function of «”. 

(ii.) If A is real, we may suppose A>O0 after what precedes. 
The case of A = O is trivial, Fo, .(v) reducing to a constant multiple 
yin ee 

(iv.) We need, therefore, only consider the case in which X is real 
and positive. In this case the integral is convergent, if R(a) > 0, for 
all values of 2 save real and negative or zero values, and it represents 
a branch of a function of « whose only singularities are 0 and © .t 








: « Dirichlet (Arendt), p. 209. The transformation really dates from Cauchy’s ‘‘ Mémoire 
. sur les Intégrales Définies ’’ (Gwvres, t. 1., p. 377). 

+ Although the integral ceases to converge when « is real and negative, it is easy to see that 
no finite negative value of x is really a singularity. 
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13. I shall now consider the integral 


“44 


(6) P | lr (—te-® dt, 


the contour of integration being the imaginary axis in the plane of 
t = €+%, and P denoting the principal value.* Since 
| '.(—7) | eet OE | |= Camere); 


the integral is convergent, provided the imaginary part of « is numerically 
less than 47. 
By a simple application of Cauchy’s theorem we obtain the formula 


(7) P| LT (—t)e7" dit = 2xi(e~* —32). 
This may also be put in the forms 

6) Pl Véeay = ane" "—H, 
(9) P| I (in) u-*" dn = 2a Cnet 


If wu = re, we must, in (9), have |AO| < 4a. The formule (7) and (9) 
are particular and slightly exceptional cases of the formule | 


| [(—de-“ dtt = Qrie~* "(x > 0), 


—ni—K 





2 . , sl 
| ih (i oF A vee i) = Qrus be 


where A and s—1 are real and positive. 





a—1l 
14. Now multiply (9) by is rey where 0 < Ai(a) <1, and integrate 
from. 2% — 0) tomn—eo olnce | 
cs ye—1-rin . ar 
ad — pe—l—-aAin : ; : 
\ xtu ‘ sin (a—Atn) 7 





* T(—?) becomes infinite for ¢ = 0 like —1/¢. I have considered the theory of ‘principal 
values ’’ in great detail in three papers in these Proceedings (Vol. xxxtv., p. 16; Vol. xxxrv., 
p. 55; and Vol. xxxv., p. 81). 

+ This formula is due to Mellin, Acta Soc. Fennice, Vol. xxrx., 4, p. 41. . 
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where 2*~'~*” has its principal value, we find* 





a—l “@ ; —Ai 
(10) OF, (a) = 7 pgerp| Tide 
: sin a7 —~» 8M (a—Aty) + 
This is our fundamental equation. It has been proved on the assumptions 
that A>0, —7 <am.z2< 7, and 0 < R(a) <1. 


15. Another easy application of Cauchy’s theorem shows that 


° TV (in) 27 1 ( ’  T(—d 2™ 
oo. fall Sa a v ff ee osin GG” 


= 27 {4 cosec aw— lim Sp}, 
R=0 

where Sz denotes the sum of the residues of the subject of integration 
for which the real part of ¢ is positive and |¢| less than R, and R 
tends to infinity in such a way that the circle | ¢ |= R never passes at less 
than a certain fixed distance from any pole of the subject of integration. 
Hence 

(12) Fy, a(z) = 7a"! (cosee ar— lim Sp). 


Fij==00 


15. Let us suppose first that A is rational; and we may without loss 
of generality suppose it integral. For, if X\=a/8, a and £ being 
integral, we find on transforming the integral which expresses PF, «(x) by 
the substitution «= w®, and splitting up 1/(w*+<) into partial fractions, 
that Fag, a(x) may be expressed as the sum of a finite number of functions 
of the type A;F,, ag (Xs). 

We may remark further that the formule of § 14 were proved on the 
assumption 0< AR(a)<1. The case in which R(a) = 1 will be con- 
sidered later. Those cases in which h(a) >1 may be reduced to these 
two cases by means of the formula 


(13) | Nea 4 10 (+) aide ey (0): 


We shall therefore at present confine ourselves to the case in which A is 
an integer and 0 < #(a) <1. 


16. There can be no double poles of the subject of integration in (11), 
for this would require 0<a<1 and p=a-+dAqg for integral values of p 


* The inversion of the order of integration is easily justified. 
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and g, which is manifestly impossible. Hence we find that 


a Gerd Sse a ls “a nT (— — ee 
SETI > ie or Uh 


4 


(14) Sr = 





and the two series are clearly convergent separately when prolonged to 


infinity. Hence 

” a) (—)™ hm ips ( ay 
ae a—1 Al Aiea ede i a Poe an Peay SEN aie Wire ee NE atc 
(18) Fae (e) = 7x 2. m! sin (a+Am) w+ + r 2 Cos r Hon 
Here —7<am.x4<7, and #*~* has its principal value. It can easily 
be verified that, if X = 4, a= 4, this equation reduces to (8) of § 11. 


17. It is easy to see that, if a = 1—e+ic (s #0), each of the two 
sides of (15) is continuous fore = 0. Hence (15) holds for a = 1+ 7%. 

If ¢ = 0, this is still true, but we can no longer simply substitute the 
limiting value of a in the right-hand side. We find after a little reduc- 
tion that 


(16) Fy, 1(e) = —log a." + + 2 tb G x) i) 
{ce (—)AtD2 oP ( 1 =| 
— = Y —_—_ (y-1-— -..- — 
r = p!} f 2 p)’ 


the dash over the sign of summation denoting that it extends to all values 
of m except multiples of X. 


iba, ON Se 


oe 2 ay? 1 1 
(17) By, 1 @) wet hare a) Pa Gale eee ae): 
Comparing this with (17), we are led to the conclusion that 

«o Pp COU (man \ 1th ay 
(18) S(it5+..¢4)5 see 

0 2, Dida pe 1 n.n! 


which is easily verified with the help of the well-known identity* 


Toperobye SUI fgh oy) as G| de Stet = 


18. We may now proceed to consider the much more interesting case 
in which A is wrrational. Before doing so we may summarize our con- 
clusions as regards the rational case as follows :— 


(i.) If A is positive and rational, and the real part of a positive, 








* Chrystal’s Algebra, Vol. 11., p. 19, Ex. 18. 
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the function F,, « (x), which is partially represented by the integral (1), 
has two singular points, viz., 0 and ©, and no others. 


(u.) If the x-plane is cut along the negative real axis, then in the 
rest of the plane Py, a (2) = 2° 1G, (2) +4 (a), 


where G and G, are integral functions, and x“! and 2* have their 
principal values, except in the special case in which A = a/8 and a8 
is a positive integer, when the expansion contains logarithmic terms. 
In this equation F,,(z) is of course the principal branch of the 
function partially represented by the integral (1). 


We may observe further that, if € is positive and 7 small, the values 
of Fy,a(—§€+%) and F,,,(—E—in) differ by a quantity whose limit for 
7) = 0 is Wri ef Et}, 

Ct pol 
and the value of P| Susie dehy, 

fe Oink 
is the arithmetic mean of these two values; and, finally, that every branch 
of the function tends to zero when « approaches infinity by any path 
which does not wind an infinite number of times round the origin. 


19. When A is irrational the condition for double poles is as before 
py =a+)q, and this is in general impossible: it is always impossible, for 
example, if @ is complex or real and rational, and in any case cannot occur 
for more than one pair of values of p and q.* We shall therefore exclude 
this possibility ; the modifications necessary if it should occur present no 
difficulty. 

Using Cauchy’s theorem precisely as before, we find 

be ey { wi, [R] (—)™ r™ 
(19) Fi, a) = sae Roe = m! sin (a+Am) 3 
4 [AR+R(a)—1] e n-+1—a a 
sooth 2k meanest r jer} 
where [| denotes as usual the greatest integer contained in k. The limit 
on the right-hand side is certainly determinate, but it will be clear from 
the first part of this paper that the series 


~ (—)™ gk 7) Gr. n+1—a i 
i 2 Seren mame yrenrc AU) r(- A )a 


are not necessarily convergent. 


iit; ¢.9.,A = - ( 1-4) i a= aH it occurs for y = 1, g = 2, and no other pair of values. 
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20. If one series converges, so does the other. We can prove, as in 
the first part, that— 


(i.) each series is convergent if @ is complex, or if a is real and 
rational and A algebraic ; 


(i1.) that for suitably chosen values of d the series may have any 
radius of convergence, and represent functions for which the cirele of 
convergence is a critical line ; 


(i1.) that, if the series represent integral functions of z* and x 
respectively, the increase of these functions may be regular or 
irregular. 


21. If a=1, the form of the equation (19) must be modified much 
asin § 17. We find 
Ql) Fy1@) =—(logz+ X) 


[R] SINAN [AR] 
+ lim ka > pil eae iL > (—y"T( ~ a 
R=a0 1 


1 m! sin Amr r 


| 
aN ‘ 


The series Sarr eo 
m! sin Am 


is one of those to which the first part of this paper was devoted. The 
case in which its radius of convergence is finite is particularly interesting, 
it being not a little curious to find that the sum of two functions of x and 
«* respectively, whose region of existence is bounded by the circle 
| «|= R, should be a function of x, which exists all over the plane. 

Many other pairs of series can be constructed possessing similar pro- 


perties. For example, 


(—)™ gma Ay > (—)” gn 
sin mA7 ag r _ mr 
sin es 


is such a pair. In this case the radius of convergence of either series 
cannot possibly be greater than 1, and is equal to 1 if A is algebraic; and 
the circle of convergence (whatever its radius) is a coupwre for the function 
represented by either series. But the two series taken together in a 
manner analogous to that indicated by (21) in any case converge through- 
out the interior of the circle r = 1 (supposed cut along the negative real 
aXis). 


22. When the series in (21)—or in (19)—are not separately con- 
vergent, we have an interesting example of the phenomenon of a “pair 


1905. | A CLASS OF ANALYTIC FUNCTIONS. 459 


of series’? which only converge when taken together in the manner 
specified in those equations. Such “ pairs of series’? have been con- 
sidered before by Prof. Lerch and myself,* but, so far as I know, not in 
connection with the question of the representation of an analytic function 
in the neighbourhood of a singular point. 

When the series diverge separately for all values of xz the equation 
(21) serves none the less to determine the behaviour of F,,(z) near the 
origin.t Thus F,,: (x) behaves like 


(22) _ (log a+ Y), 


and we can determine the way in which any given differential coefficient 
for #1 (2) behaves near x = 0. For instance, qe (xz) behaves like 


(—)"n! a th (—)"(n—1)! 
Bo DMieen (args) Sareea 





(Off a NUP a en \ 
a P(—)" Am (AmM—1) ... (Am—n+ 1) yan, 
1 


m! sin mA7, 


where p is the greatest integer such that A»—n <0. In fact the in- 
formation furnished in this case is really not less complete than in the 
case in which the series are separately convergent. 


22. We can write (21) in the form 


i (oe (log 2+ x) 


igh fe > (—)”™ pm oe S (aye a ; 
1 m! sin Amr Apes Te Ntsan Tl 
T (1+ —) sin — 
r Nes 
(—7 < am.x <7). 


The function F,,; (x) therefore satisfies the two difference equations 


Riée) = (ée-") = — Oaie =, 


(24) | ieee | 
Be") —F Ge") = — = iy (—8), 





* See a paper ‘‘ On certain Series of Discontinuous Functions connected with the Modular 
Functions ’’ (Quart. Jour. of Math., Vol. xxxvi., p. 93), where references are given. 
+ Our previous conclusions as to its behaviour elsewhere are still valid. 
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where /,(€) is Mittag-Leffler’s function* 


77 a) = - ca 
Bag) = = T(an+1)° 


The latter equation may be verified by means of the expression of H,(£) as 
a contour-integral given by Mittag-Leffler.t+ 





* Acta Math., t, XxIx., p. 101. 

+ A full investigation of the properties of this most interesting function will be found in 
Mittag-Lefiler’s memoir quoted above and in two memoirs by A. Wiman in the same volume of 
the Acta Mathematica, I may mention incidentally (though it has no connection with the subject 
of this paper) that the function Z, (x) gives (for suitable values of a and s) an interesting generali- 
sation of Heine’s contour integral for the gamma function, viz., 

Capea Cao eee 
Qa T (1—as) 
the contour being the same as in Heine’s formula, to which the above equation reduces for 
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LINEAR CONTENT OF A PLANE SET OF POINTS 
By W. H. Youna. 


[Received June 15th, 1905.—Read November 9th, 1905. | 


Ir G be a measurable set of points in a plane, in particular if G be a 
closed set, it has a definite plane content, which may be found by enclosing 
each point of G in a small region of span* less than some assigned norm d, 
calculating the content Ff (d) of this set of regions,+ and proceeding to the 
limit when d is indefinitely decreased. 

If the set G lies on a straight line, this content is always zero: the 
content, however, calculated by the rule for the straight line, and which 
may be called the ordinary or linear content of the set with respect to the 
straight line, may be quite other than zero. In the same way, if G lies 
on a circle, or on some other curve whose ares can be measured, and 
which is of zero plane content, the plane content of G will be zero, but, 
enclosing each point of G in a small arc of length less than some assigned 
norm d, the content A (d) of this set of ares may have a limit quite other 
than zero when d is indefinitely decreased, and it is clear that this limit 
will play an important part in the theory of such sets, a part exactly 
corresponding to the ordinary or linear content of a set of points on a 
straight line. We naturally call this the linear content of the set with 
respect to the curve. 

Given a plane set G, however, it is not always easy to decide whether 
or no it lies on a Jordan curve, or indeed whether it lies on any curve at 
all, still less whether the ares of such a curve can be measured, and how. 
If it lies on a curve, it may again lie on various curves, and the doubt 
arises whether the linear content with respect to all the curves is the 


* The span of a region is the upper limit of the distance between two points internal to the 
region. 

+ Any region without its rim has a definite content, and any set of regions without rims has 
a definite content, viz., the sum of the contents of the equivalent set of non-overlapping regions 
without rims. 

The rim of the region is the locus of those points in the neighbourhood of which there are 
always both ordinary internal and ordinary external points of the region. (‘‘ Regions and Sets 
of Regions,’’ Quurterly Journal of Math., No. 145, 1905.) 
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same, and, if not, to which curve we must give the preference. We want 
a definition of linear content from the point of view of the plane itself, 
and to develop the theory of linear content in the plane independently. 

There is another way in which we may approach the matter. 

It is clear that the mere fact that the plane content of a certain closed 
set G is zero is not of itself sufficient to justify our putting all such sets 
in one class without further sub-divisions. In fact, denoting by /’(d) the 
content of the small regions corresponding to the norm d, to say that the 
plane content of G is zero is merely to assert that F'(d) has the limit zero 
when d is indefinitely decreased. The question arises: What is the order 
of smallness of F'(d)? In actual calculations this might be of importance, 
and in theory it cannot be overlooked. It may be that F(d) is of the 
same order as d, or of some higher or lower order. Examples of this are 
familiar on the straight line, where a set of zero content (linear content) 
is of order d@? in general, or at least of the order d'**, where z is positive, 
while a set of positive content (linear content) is of order d. 

We want a classification of sets in the plane whose content (plane con- 
tent) is zero, and it is clear that this theory must be based on the mode in 
which F'(d) vanishes. To attempt in detail the discussion of all possible 
modes in which F'(d) can vanish is by no means desirable as a basis of 
classification ; but the analogy with ordinary geometry will lead us, in the 
first instance at any rate, to confine ourselves in the straight line to one 
kind of content, in the plane to two kinds of content, in space to three 
kinds of content, and so on, just as in ordinary geometry of three dimen- 
sions we have length, area, and volume. 

So far as I know, however, no more has been attempted in this depart- 
ment than the formulation of definitions which would occur to the merest 
tyro. The theory of the length of curves, which is closely connected with 
that of lmear content, has indeed been the subject of investigation by 
more or less varied methods from old times; but even this theory has not 
been attacked from a broad standpoint, and few general theorems in it 
have been discovered. 

The theory of curves, however, is not a mere part of the theory of sets 
of zero content. One of the most important contributions to this theory 
with which I am acquainted as having been made of late years is that of 
Prof. Osgood in what may be called the reverse direction to that in which 
I am at present proceeding. It relates to curves of infinite length. 
Osgood showed that the points of a Jordan curve without double points, 
although nowhere dense, may, so to speak, have an area, or, more 
technically, may have a positive plane content. Every are of a curve 
which is not of infinite length has necessarily zero plane content; it is 
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not difficult, however, to construct curves of infinite length, or which, in 
the ordinary sense of the word, cannot be said to have a length at all, and 
yet of zero plane content.* 


We want in the first instance a definition of linear content. One such 
definition has already been referred to.t It presents itself naturally, and 
we may assert with confidence that it must have occurred independently 
to all workers in the subject; it is given explicitly in § 2. In the follow- 
ing articles I trace out some of the consequences of this definition, and 
show that it leads to surprising and even paradoxical results :— 


(1) Even the linear content of such a simple set as a countably infinite 
set of concentric circular arcs, with no other limiting point except the 
centre, is not necessarily the sum of the lengths of the ares, but may 
be greater than this. 


(2) The linear content of a closed countable set of points in the plane 
is not necessarily zero. It may even be infinite. 


The question naturally arises: Is it possible to give a different 
definition of linear content, one, in fact, more consistent with what our 
knowledge of sets on the straight lime would lead us to expect? In 
the concluding articles in this paper I return to this point. I have not 
been able to frame such a definition, and careful consideration suggests 
that such a definition is impossible. Content, whatever its dimensions, 
is a property of a set with respect to the fundamental region R. Ii 
the set lies in a fundamental region R’ of lower dimensions m, there 
is every reason to suppose that the m-dimensional content of the set 
with respect to R will depend not only on the m-dimensional content 
with respect to R’, but also on the le of A’. In particular, the linear 
content of a plane closed set of points lying on a curve whose ares can be 
measured may or may not be the same as the linear content of the set 
with respect to the curve, according to the form of the curve. 

I may add, finally, that the particular example I have constructed of a 
closed countable set with a jimte linear content has a simple closed 
expression for its content, viz., 27rlog(,/2+1). ‘This, I think, is worth 
noting in view of the fact that, even for sets on the straight line, closed 
expressions for the content are not easily found, and have, as far as I know, 
never been given. 





* Osgood, Trans. of the Amer. Math. Soc., Vol. 1v., p. 1, 19038; Grace Chisholm Young, 
Quarterly Journal of Math., No. 145, 1905. 


+ Cp. Lebesgue, Legons sur l Intégration, 1904, p. 37, footnote. In this note there is a hint 
of the possibility of such a definition, and a reference to Minkowski’s use of a similar idea in space 
of three dimensions to define the length of a curve or the area of a surface. 
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2. The definition of the linear content of a plane set of points is as 
follows :— 


Let small regions be described round the points of a closed set G, as in 
the process of finding the plane content, and let them be chosen to be 
circles of diameter d with the points of the set as centres, and let F (d) be 
their content. Let fid)=F(@/d; then, of fd) has a defimte lumt I 
when d rs indefinitely decreased, I is called the linear content of G. 


It is easy to prove that in the case when G is a closed set of points 
lying on a straight line the linear content so defined is the same as the 
ordinary or linear content of the set with respect to the straight line. It 
is easy to show also that when G is a closed portion of a polygon, or a 
closed are of a circle, ellipse, or other ordinary curve, the linear content 
defined as above is the length of the are. 


3. The linear content of a set of intervals on a straight line is the sum 
of their contents (lengths), and the same is true of circular arcs on a 
single circle or on a finite number of circles. It might be supposed that 
this property would hold for any countable set of measurable arcs, in 
particular for a countable set of circular arcs. 

The following example, simple as it is in geometrical character, shows. 
that this is not the case, and that even circular arcs may be so arranged 
in the plane that their linear content differs from the sum of their lengths 
(that 1s, the sum of their linear contents). | 

It is clear that, for this to be the case, the number of arcs must be 
infinite. This necessitates the presence of at least one limiting point. <A 
simpler case of an infinite set of arcs is inconceivable than such a set as 
is given below in which the ares are countable and have only one limiting 
point. Yet even in this simple case it is shown that the linear content of 
the arcs is more than the sum of their lengths, and depends therefore not 
only on this latter sum, but also on the lie of the ares. 


4. Kx. 1.—Take a set of concentric cireles of radii 
MS Se Ad WE ee 


having O as centre. On the circle of radius 1/k place 4(k+1) points at 
equal distances all round the circle (Fig. 1). 
The are between two consecutive points of the set on the k-th circle 


is of length 1 pe) 


ANTE cies 
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We can therefore make each point the middle point of an are of length ax, 


where 1 
4(k-+1) ae = Sep (1) 





Hira. 1. 


without these ares abutting or overlapping at all, since 


Qa 1 

Fe > eat 
In this way we get for all positive integral values of / a countable set of 
circular arcs, the sum of whose lengths is 


lI 


k=o k 


1 


[j= 


oe 


peri 


—t1 
2 


iM 


k 


These arcs therefore may be said to have length 4. The only limiting 
point is the centre O; so that the arcs together with O form a closed set 
of points in the plane. I shall now show that the linear content of this 
set is, owing to the lie of the arcs, certainly greater than the sum of the 
lengths of the ares. 

Let y, denote the length of one of the free ares on the circle of 
radius k. Then 


oy 


1 {= LU iey 470 1 at 1 
hae Oke Dn ie le-1) khe (e-h 


iG A aDalahom eed 


: 1 
Therefore, when & is sufficiently large, y;, 1s greater than E41)’ which 


is the distance between the k-th and the (k+1)-th circles. It follows 
that, if we describe small circles of diameter d with the points of the 
chosen arcs x, as centres, these will form bean-shaped regions with semi- 
circular ends, containing each one of the ares «;, for the smaller values 


SER. 2; von. 3. No. 911. DET 
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of k (Fig. 2). When, however, k reaches the value /, defined as a positive 
integer by the following ee 


Pe (2) 


TED “T= 1)’ 
the bean-shaped regions will begin to overlap. 
The area of such a bean-shaped region is 


wm {(2+2)-G 2) a8 


= dx}. is ae 
Thus, by (1), the sum of the areas of these 0 
bean-shaped regions on the k-th circle 


O<k</J is 
A(k+-1) dep t(R+D er? = 





TGs 


on + (R-+1) 7a. 


The sum of the areas of all these bean-shaped regions outside the /-th 
circle is therefore | 


a! t+ aet.t a} +P O43... 40 
=d' L242 ei-i49. 


This last quantity is therefore less than the content F (d) of all the small 
circles of diameter d. 
Dividing by d, we get therefore 


Oa HO >F—yt tal—-yi4». 


Now, by (1), pda: 
d=0 
; 1 7 
Therefore Lt f@>—+—. 
d=0 2 2, 


That is, the linear content of the set of ares, or of the closed set consisting 
of the arcs with their single limiting point, is greater than the sum of the 
lengths (linear contents) of the ares, the linear content being not less 
than +37, while the sum of the lengths is only } 


5. One of the most characteristic properties of the content on a 
straight line, or of the plane content in the plane, or the n-dimensional 
content in space of 7 dimensions, is that the content of a countable closed 
set-is zero. On this theorem are based some of the most important 
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theorems about the content, ¢.g., the theorem that the content of a closed 
set is the same as that of any one of its derived and deduced sets. I am 
about to show that this property of the content is not true of the linear 
content in space of dimensions higher than one, although the linear 
content of a plane countable closed set may in special cases be zero. The 
following are, in fact, examples of such sets having positive linear content. 


6. Hx. 2.—A Plane Countable Closed Set of Positive Linear Content. 
—Describe round the origin O as centre a countably infinite series of 
concentric circles of radii 1, 3, 4, ..., and place x’ points at equal distances 





Viaie® tae 


round the circumference of the k-th circle, for all positive integral values 
of k, where k’ is defined as an integer by the mequality 


Qn (b+1) < ki < Ar (K+D)-41, (1) 


and let the points be so placed that on a fixed straight line OX through O. 
there is one point of the set on each of the circles (Fig. 3). 


These points together with the C 
origin form a countable closed set on 
whose linear content is about 54. ¢ k 


: , Cw} 
Now, since (Fig. 4) _ Wed. 
[TRAN | EE os if il 
— sin == (sin =, | (|) s—*, 
azine = (sing) (Fagen <a 


2.72 
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the distance between consecutive points of the set on the k-th circle 
(represented by the first of these expressions) is less than the distance 
from the k-th to the (4+1)-th circle (represented by the last of these 
expressions). 

If therefore we describe, round the points of the set as centres, circles 
of diameter d, these will, for the earlier values of &, be quite separate, but 
will begin to overlap, in such a way as to form rings covering over the 
circumferences of the successive circles, as soon as & reaches the value /, 
defined by the following inequality :— 


| eee, 1k Fie 
2—7-sin5- <d <4 7- sina; (A< J). (1) 

Let OX be the fixed radius, C the point in which it meets the k-th 
circle (k > J), C’ the point in which it meets the (k+1)-th circle, and C, 
the point on the k-th circle consecutive to C when we move clockwise on 








lia. 5. 


the circle. Fig. 5 shows the part of the plane between the k-th and 
(k-+-1)-th circles cut out by the radii OX and OC,. 

The point in this part in which the circles of radius d and centres C 
and C, meet is 7, and OT meets the circle of centre C’ in JT’, and the 
chord CC, and the parallel chord C'C; in B and B' respectively. 

The circles of radius d and centres C and C’ meet, if, and only if, d is 
greater than CC’, that is, if 
1 


da sey 


Also, since CC’ is the minimum distance between a point of the set on the 
k-th circle and one on the (k+1)-th circle, no one of the circles whose 
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centres are on the k-th circle can overlap with one of the circles whose centres 
are on the (k-+1)-th circle unless those with centres Cand C’ do so. Thus 

the rings corresponding to values of & lying between J and (m—1), both 
inclusive, will not overlap, where the integer m is defined by the following 
inequality :— 1 1 aficig: 


mine Tie is m 


mn) i 


The circles whose centres are on the k-th circle (k > J) entirely cover over 
a simple circular ring bounded by two circles of centre O and passing 
through the points of intersection of consecutive small circles whose 
centres are on the k-th circle; one of these points is 7 in Fig. 5. 
Denoting the length of the common chord of the small circles of centres 
C and C’ in Fig. 5 by &, 

io bs joe Ati, 


and tis the width of the simple circular ring in question. 

On the (k+1)-th circle there are at least k’ points of the set, and 
therefore the distance apart of consecutive points of the set on the 
(k-+1)-th circle is less than it was on the k-th circle. Therefore 


tr+i => ty. 


It follows that the simple circular rings round the k-th and (k+1)-th 
circles will certainly overlap, provided & is not less than n, where the 
integer n is defined by the following inequality :— 


1 


eS ie 7 GEL) | 9) 


Thus the whole area of the n-th circle (at least) is tiled over by the small 
circles. 


Now BI?+BC = CT, 
Dike eq Cie 2 
that is, 1¢ 4 les sin a = 1¢@, 
tee (= : a a 
a | (3 eg pe aa }) (6) 


Now, as d approaches the value zero, J, m, n, U’, m', mv all Bponoaee infinity. 
Moreover, since, by (1), 


ailesale Peeia aa bor 


faxeey Leta eten Dt! ., ) ay hetero ow ia « 


Bean 
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for all values of k, we have, for / and U, 


the same equation reaie for m and m’, and for 7 and n’. 


Again, since, by (3), — : a gin = is greater than 1 when & is J, and less 


than 1 when k is (/—1), we have 


— aaot ih | 
seal ; 7 gin — - : 
C Dar Ge 1) fea Lo 
that is, He (= sin =) ae i) a Pd 1: 
whence, using (4), 1) Pde eel ibs: (7) 
d=0 d=0 
Similarly, using (5), 
T : ae ( 1 AS in 
Lt = sin= iG (= in =\( nt sai Li 5 = Lt 
hence, by (6), each of these limits has the value 1/,/2; so that 
Lt n?7d = /2. (8) 
d=0 


The content of the small circles is best calculated in three parts : 
P@=LTM+N, (9) 


where Z is the content of all those small circles whose centres lie outside 
the l-th circle, M of those of the remaining circles whose centres lie out- 
side the m-th circle, and N is the content of the rest of the circles. Thus 


; 


a? 
Fp as — ‘yf TET 
ee | 4 


therefore, by (1), 


k=l-1 k=l—1 
By = +) <L ee ar S (k-+2) 


=1 


DIG 9.1 Oh a2) 
fiat is, moe Wise = ue (—1)(1+-4), 
fA) red "a 
whence, by (7), ag at Sit aga (10) 


The ring formed by the small circles round the k-th circle, when & > J, is 
less in area than the ring between the two circles with centre O touching 
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the ring all round, that is, it is less than 


Up aye pene) Far 
# at aig a) 28 
k=m—1 
Thus,* using (7), Lit Bik <a liban! > ee 0. (11) 
Ba ihe 7 ee 


To calculate N, we will first calculate the content of the parts of the plane 
which are covered by the small circles between the circumferences of the 
k-th and (k-+1)-th circles, where m << k <n. 

By (1) the number of points of the set on the (k+1)-th circle is less 
than k'+8. Thus, if we replace the points of the set on the (4’-+1)-th 
circle by k’ points at equal distances, beginning on the fixed radius OX, 
we shall alter the area covered between the k-th and the (k+1)-th circles 
by at most 8(47d’) or 2d?7.+ 

Thus, if we calculate the content between the k-th and (&A+1)-th 
circles on the supposition that there are only &’ points of the set on the 
(k+1)-th circle, and then sum from k =m to k =n—1, we shall in- 
troduce an error in N of at most 27(2—m)d’, and therefore an error 
in the linear content of at most it 2r(n—m)d=0. Thus it is allowable 


to calculate N in this manner. We have then k’ small uncovered areas 
between the k-th and (k-+-1)-th circles, all equal, and each bounded by 
four circular arcs, as in Fig. 5, where one of these areas, 7MT'M’, 








* Here we use a particular case of the general theorem 


Kem-1 ] ey | 
Lt = —= Lt lbg——. 
ee a, Ne ae Bi 
k=m-1 ] 4 
To prove this we have aes es os 
ber are l+a 
: mat—t 


where A = > and « has the values 0, > en ; 


the ratio 1:¢, we get as the limit of the summation 


ie ae = log t 
ik 1+ . 


; thus, if /, m are made infinite in 


+ Let 2, denote the content of the circles whose centres lie on the /-th circle, and 4, the 
content of (4’—g) circles of diameter d placed evenly round the circumference of the /-th circle. 


Then 
eo (6 — sin @ cos 6), cos @ = — sin — 


@2 r2 
Ry ee Oe ; 
¢ 4 4 kd kf 





* a? qd? : 4 Oe x . 
Ro = e —¢) 2 i —o) — (0 —ain 0’ cos 6” 108 0’ = — sin > COs 6. 
Rea em | kg too 8D aad 
‘Therefore 0 < 6 
r , wi? , a ; 
and Ri, > (k’-@) 7m —2k ic (8—sin 6 cos @), 
. whence Rp—-Bi <q cide ‘ 


4 
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is shaded. Now 
4 area TMT" M' , 
= = smart alBCC'B'—tr ianglesBCT, i5y O'T", CC’ M —sectorsTCM,7"C'M 


— 1 gine See id jsin 6, cos 0,+sin 0441 COS Ox 41 
ee a (k+1)2) k! zr 


+2.5in yx cos vito — FO —vit St BO Ya}, 
where 6; is BCT and yy, is MCC"; so that | 


2sin 


k! ie ih 
| cos 0), = —>a— DIAS sa Baap 
Thus, neglecting small quantities which vanish in the limit, 
Bb aS Re a la spp by A | sin cos — 
di Mone We EA Ne Ss i 


—1¢? {4 —0,— O41 — 2. + sin 4; cos O,+ sin 6;,41 608 O.41-+ 2 sin Yr, cos Wr} it 


Now, writing cos ¢@ = 1/k*d, we see that 0;, Wr, and ¢;, all have the same 
limit. Thus, writing 7 for k’ sin z/k' cos 7/k', 27k for k', and ¢; for 0;, 
9,41, and W;,, we introduce no error in the limit, 


N ot k > 1 | a lm a a or 
Lt i ey (eo l= 2 iw rat ae By 
+2rdk | o;—sin ¢, cos x} |) 
ma An lea ed a cad 
=i (Gaqulaeaea ae 
k=n-1 
+7 = 2kd (d,— sin Pr: COs #) |) 
= It (3+2 ae (92 —m)d—7 1S Safi Gy ite gy; COS p). 
Now .. sec dy4i— sec dy = 2kd+a = A(sec gy) ; 


thus, neglecting under the sign of summation small quantities whose sum 
vanishes in the limit, we may write A (sec ¢;) for 2kd, and sum with 
respect to @ from +0 to 47—0: in the limit the summation becomes 
the integral. 

Now 


| (p—sin ¢ cos ¢) d sec ¢ = (¢—sin ¢ cos d) see 6—| sec p (1—cos 2¢) da 
= (¢—sin ¢ cos ¢) sec 6—2f (1—cos” d) see ddg. 
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Thus i (p—sin pcos d)d secd = (= — =) y2—2 log (24+) +25 


oe (= <r + /2—2 log (/2-+0), 


whence 
ig may + 7 WV2— 1-7 y2— FV? 4 96 Jog (V2+D 
=— e +2 log (\/2-+1). 
ie Tes x 
Now, by (10), Lis = 7 


Thus J = 27 log (\/2-+1) = 5°538 approximately. 


7. Ex. 3.—A Plane Closed Countable Set of Infimte Linear Content. 
—Take a set of concentric circles of radii.1, 4, 4, ..., 1/K,...... On each 
cirele, of radius say 1/k, place 2” points at equal distances, beginning on 
a fixed radius, the same for all values of k. The points so constructed, 
together with the centre of the circles, form a closed countable set al 
infinite linear content. 

To prove this, consider that, since, for all values of k fed than 5, 


a Tr 
as ee IE 1) ae 


the distance between consecutive points of the set on the k-th circle 
(represented by the former of these expressions) is less than the least 
distance between points of the set on the #-th and on the (£+1)-th 
circles (represented by the latter of the two expressions). Thus, if d be 
sufficiently small, small circles of diameter d, with the points of the set as 
centres, will be distinct from one another for small values of k,-and will 
first begin to. overlap when k = J, where the integer / is defined by the 
following inequality :— 

fing < $< sin Z-1. | . (1) 


From the /-th to the »-th circle, where 7 is defined by the ple py 
a 7 (2) 
n aT 1) n(n—1)’ 
the small circles form rings round the circumference of each of the circles 
of radii 1/X, but the rings are distinct from one another; as soon as we 
get to the n-th circle, however, the rings begin to overlap. It is only 
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necessary to consider the content N of these rings in order to prove the 
content to be infinite. 

The area of the ring round the k-th circle is greater than that of the 
ring bounded by the two concentric circles through the points of inter- 
section of the small circles; that is, it is greater than 


1 " 1 sO, 
7 (+ ts) eeu (+ Se tr) = a ti, (3) 
2 
where : 1 £ =— 1q?— (= sin z) ' (4) 
Let m be the integer defined by the following inequality :— 
1 i, err. 
= SID 5 an st See a nl Sh gent? (5) 
Then, since se sin a <40 < 4d, 
m PA 


m is not less than 7. Also, since 
Rice ea ee ae Se cura RW cer!) 
mim+1) |m—1 2-1) «e mim+i1)’ 
which, if m is sufficiently large, is greater than 


4 7 4 Aa Oi 
m— 1.2%" a Waly gle 


Po 1 
t follows that a is 
it follows tha pial) Del hs 


so that m is less than 7. 

By (4) and (5), for all values of & greater than m, i, is greater 
than $d’; and therefore ¢ is greater than 4d. Thus, after k = m—1, the 
area of each of the rings is, by (8), greater than 7/kd. Thus 











N n—Il 1 u—l 1 7 
Lt —>Lt — > ee log 
a=0 va? ain 0 + l ct a k eek nm it ie d Fye Hi °S MM 
ST hilon eee n (n+ 1) 1) 
n= (m —1)° 
Now, by (2) and (5), 
Gan rir ae si Soe Se 
(m—1) 4 sin —— a eo} ae 5 


which can be made as large as we please by sufficiently decreasing d. 
Thus ‘ 
N 


Lt —= o; 
geo ed. 
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a fortiori the linear content of the whole closed countable set of points is 
infinite. 


8. It is not clear from the definition of linear content given in § 2 that 
the linear content in the case of a closed set always exists. In other 
words, it 1s conceivable that f(d) may oscillate between certain positive 
limits of variation. In the case of the plane content in the plane or the 
Iinear content on the straight line this difficulty did not exist, since F'(d) 
is clearly a monotone function of d which is continuous. In the examples 
given in §§ 6 and 7 the linear content was definite, but it cannot be 
assumed without proof that this is always the case. It is, however, 
important to devise a definition by which the content of a closed set is 
always definite, since this would enable us to extend the theory of linear 
content to open sets, precisely as was done in the case of the ordinary 
content. If it could be shown that the linear content as defined in § 2 is 
not always definite for a closed set, it might be convenient to take the 
lower and upper limits of variation of the limit as measures of the content. 

There is another point which cannot be passed over. In the case of 
the ordinary content (whether linear content on the straight line, plane 
content in the plane, or n-dimensional content in space of m dimensions) 
it can be shown that, if regions of span* less than d be described in any 
manner so as to enclose all the points of the closed set, and the content of 
these regions be @(d), then &(d) approaches a definite limit as d is in- 
definitely decreased, independent of the form of the regions. Thus the 
choice of circles with the points of the set as centres and of equal 
diameters d is merely apparently arbitrary, and the ordinary content as 
originally defined by Cantor by means of circles (or spheres) can be found 
by the rule given at the commencement of this paper. 

In the case of the linear content, however, it may be shown that, if 
 (d)/d have a definite limit as d is indefinitely decreased, this limit may 
be quite different from the linear content as defined in $2. It is easy to 
see that the limit may be zero, even when the linear content is positive 
(for instance, when the set lies on a straight line, we only have to take 
the span of the regions in the direction perpendicular to the straight line 
to decrease without limit compared to d), but the limit may also be 
sreater than the linear content as defined in § 2. y 

If the set lie on astraight line, it is easy to show that the regions may 
be so constructed that, if J be the linear content as defined in § 2, we get 
for b(d) the hmit 2d/, but they cannot be constructed so as to get a greater 





§ See footnote, p. 461. 
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‘limit. Supposing for simplicity the set to be a closed segment AB, we only 
have to divide AB into two sets G, and Gy, both dense everywhere in AB, 
and describe circles round the points of G, with their centres on one of the 

parallels to AB at a distance $d—e, where e is as small as we please com- 

pared to d, and circles round the points of G, with their centres on the 
other parallel. Such sets of circles have a content differing by as little 

‘as we please from 2d/. 

On the other hand, whatever set G we have wm the plane, of linear 
content I, the content of a set of small regions of span d enclosing 
the points of the set cannot exceed 2d([+d’), where d’ vanishes with d. 
For each such region lies within a circle of radius d with its centre at any 
point internal to it. Therefore the content of the small regions is not 
greater than that of a set of circles of diameter 2d with their centres at 
the points of the set. By the definition of the linear content, the content 
of these circles is 2d([+d’), where d’ vanishes with d; which proves the 
statement made above. 

It is not, however, always possible so to choose the regions as to 
reach near the limut 2dI. Ex. 2 is a case in point; whatever form 

of region we take, we cannot get a content much, if at all, greater 

‘than dI. ‘lo prove this, consider that the regions of span d, however 

constructed, cannot possibly cover over the whole circumference of the é-th 
circle, where / has the same meaning as in § 6, so that 


inde le 
d=0 


Thus we get an upper limit for the content of the small regions if we 
suppose the whole area of a circle of radius (1//-+d) to be tiled over, and 
‘the remaining small regions to be non-overlapping. Since the area of a 
region of span d is at most 47d’, we get as upper limit 

+ (+ +d) + 5 brPh! <a (4 +d) +hnd > { On (b-+1) +1} 

<d a Va PgP d 

<d{a+tin’+d'} 
< d {8°1416+2°4674138+¢a'} 
<d {5°609013-+-d’ } 
< d{I+0°071013+4a" |, 


d' and da" being small quantities which vanish with d. 


9. These considerations suggest that the following definition of linear 
content might be used instead of that given in § 2. 
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Let small regions of span d be described wn any manner round the 
points of the given closed set. Let their content be P(d), and let B(d)/2d 
be denoted by o(d). As d is indefinitely decreased, let J be the upper limit 
of the variation of Lt (a) ; J ts called the linear content of G. 

a=0 


It is clear, from what has been pointed out, that, if G le on a straight 
line, or circle, or ordinary algebraic curve, J will coincide with J. Hx. 2 
shows, however, that J does not always coincide with J, since by the 
calculation of § 6 we can get the limit of ®(d)/2d = 4/, the regions being 
chosen to be the circles of § 6, but we cannot get a limit greater than 
4I1+0°'035507, by the preceding article, so that J cannot differ much, if 
at all, from 4. 

By this definition the linear content J of a closed set is always definite, 
and the content of a set of regions of span d round the points of the set rs 
less than 2d (J+d’), where d' vanishes with d, but can, by proper choice 
of regions, be made as near as we please to 2dJ. 


10. Neither of the definitions of linear content given in §§ 2 and 9 
affects the anomalous results alluded to in the introduction. The investi- 
gations of §§ 6 and 7 show that, whether J or J be taken as the linear 
content, a countable closed plane set may have positive or even infinite 
content, and § 4 shows that J for the set of ares of Ex. 1 cannot be less 
than 4(4+47), and is therefore greater than 4, which is the sum of the 
lengths of the ares. 
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